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Preface

The concept of almost periodicity was introduced into mathematics by the
Danish mathematician Harald Bohr, the brother of the physicist Niels Bohr.
He wrote a series of papers during the period 1923–1925 in which the fun-
damentals of the theory of almost periodic functions can be found. Harald
Bohr published a book (see the references) that synthesizes the basic know-
ledge on the subject, at least for the initial period of its development. Bohr’s
theory quickly attracted the attention of very famous mathematicians of
that time, among them V. V. Stepanov, H. Weyl, N. Wiener, S. Bochner,
A. S. Besicovitch, and J. von Neumann.

The applications of the new theory to various fields appeared shortly after
its beginnings, and results concerning the almost periodicity of solutions of
various classes of differential equations became known during the late 1920s.
One of the first results was due to Bohr and Neugebauer and stated that
the bounded solutions of the differential system x′ = Ax + f(t) are neces-
sarily almost periodic when f is. The case of solutions to partial differential
equations did not come much later in the discussion, and C. F. Muckenhoupt
approached the case of hyperbolic equations (the vibrating string equation).
Therefore, both oscillations and waves of almost periodic nature were inves-
tigated in the early stages of this new theory. A historical remark seems to
be in order in this context related to a short mention H. Poincaré made in
his famous treatise on celestial mechanics (1893). He obtained a series of sine
functions with rather arbitrary frequencies and proposed the right method of
developing a function in such a series by showing the way to calculate the
coefficients. This method is simply based on the concept of mean value for
an almost periodic function—just a small step from the core of the theory!
An inspection of the literature in the applied fields shows that the simple use
of the term almost periodicity is often avoided. This occurs despite the fact
that the use of almost periodic functions or processes appears in a natural
way in the solutions of various problems. A recent example is the publica-
tion Encyclopedia of Vibration, edited by S. G. Braun et al. (2002), which
does not dedicate a single entry to the concept of almost periodic vibrations.
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On the other hand, journal papers authored by engineers sporadically use this
concept, which is so often absent in monographs, treatises, or textbooks.

Our main goal in writing this book is to make the concept of almost
periodicity more familiar to its natural users: applied mathematicians, various
categories of scientists who study oscillations or waves, engineers who are
either researchers or interested in these forms of motion so often encountered
in their fields of specialization, and – why not – graduate students in science
and engineering, who will be the future users of these topics.

In the introduction, we illustrate the fact that almost periodic oscillations
or waves are more often encountered in the study of various phenomena than
the rather special case of periodic ones. Classical problems such as oscillations
of a pendulum or the vibrations of an elastic string are sufficient to emphasize
the fact that almost periodicity has a much higher occurrence than simple
periodicity.

The body of the book consists of six chapters, Chapters 2–4 dealing with
the concept of almost periodicity in various senses and stresses the idea of
organizing the almost periodic functions in Banach function spaces, while
Chapters 5–7 contain applications of the general theory to oscillations and
waves. More precisely, the theory of oscillations, related to systems that can
be described by a finite set of parameters, is first illustrated in the linear case
(Chapter 5), and then the nonlinear case (Chapter 6). The final chapter is
dedicated to wave theory, with the main concern being periodic or almost
periodic waves. The quasi-periodic waves are summarily surveyed in the last
section of the book, pinpointing the fact that they are under close scrutiny
in contemporary research. Their particular interest stems from the fact that
they are approximating the almost periodic ones in various ways and therefore
can be regarded as approximate solutions of the almost periodic ones. Most
of the topics included in the book have been taught to graduate students at
the University of Texas at Arlington as part of the course Generalized Fourier
Analysis and Applications. I thank my former students Amol Joshi and Rohan
D’Silva for providing their class notes.

I take this opportunity to express my thanks to my colleagues
A. Korzeniowski (University of Texas at Arlington) and Liviu Florescu
and Ştefan Frunză (University Al.I. Cuza of Iaşi) for fruitful discussions con-
cerning various topics and for bibliographical references. Also, my thanks to
Mrs. Elena Mocanu, the secretary of the Mathematical Institute O. Mayer,
with the branch of Iaşi of the Romanian Academy. She has deployed hard
work and used her skills diligently in order to provide adequate form to the
manuscript. Finally, it has been a real pleasure to cooperate with Springer
in the persons of Mrs. Ann Kostant and Mrs. Elizabeth Loew in presenting
the manuscript in the required format. I thank them for their amiability,
patience, and understanding.

November 2007 C. Corduneanu
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Introduction

Oscillatory motion, encountered in dynamical systems with a finite number
of degrees of freedom, and wave propagation phenomena, in continuum me-
chanics, electromagnetic theory, and other fields, have been investigated under
various circumstances by mathematicians, physicists, and engineers. In most
papers and books dealing with oscillations or waves, the periodic case has
been illustrated more frequently. The case of almost periodic oscillations or
waves has also been considered by many authors, but it has been primarily
considered in journal papers or monographs. It is surprising that the almost
periodic case has not attracted the attention of authors of textbooks dedicated
to these topics. As an example, we mention the well-written and comprehen-
sive textbook by K. U. Ingard [52] addressed to undergraduate students. But
even graduate textbooks avoid or expeditiously mention the almost periodic
case.

The occurrence of almost periodic oscillations or waves is actually much
more common than for periodic ones. It is our aim to present in this book,
which we would like to serve as a graduate textbook on oscillations and waves,
the basic facts related to the almost periodic case. We have taught this topic
for several years and have received positive feedback from students.

In order to achieve our goal of presenting the basic facts related to almost
periodic oscillations and waves, we will need some preliminaries, which will
be treated in Chapter 2. These include the concept of metric space and some
related topics. These introductory concepts will enable us to provide a solid
mathematical foundation for the theory of several classes of almost periodic
functions and their applications in physics and engineering.

Oscillations

The word oscillation suggests the motion of a pendulum and in its simplest
realization is described by a mathematical model known as the harmonic
oscillator.

C. Corduneanu, Almost Periodic Oscillations and Waves, 1
DOI 10.1007/978-0-387-09819-7 1, c© Springer Science+Business Media, LLC 2009



2 1 Introduction

If we consider the rectilinear motion of a material point of mass m without
friction that is attracted by a fixed point on the line of motion with a force
proportional to the distance to this fixed point, then Newton’s law of dynamics
(ma = f) leads to the following second-order ordinary differential equation:

mẍ(t) = −kx(t). (1.1)

In equation (1.1), x(t) represents the abscissa of the point in motion, while
k > 0 is the proportionality constant. We must assume k > 0 because the
fixed point of attraction is taken as the origin on the line of motion, and only
in this case is the origin attracting the point of mass m. Of course, ẍ(t) stands
for the acceleration a = dv

dt , where the velocity v = dx
dt = ẋ(t).

Let us now consider equation (1.1) and denote ω2 = k
m . Then equation

(1.1) becomes
ẍ(t) + ω2x(t) = 0, (1.2)

which is a homogeneous second-order differential equation with constant coef-
ficients. It is well known that cos ωt and sin ωt are linearly independent so-
lutions of equation (1.2). Therefore, the general solution of equation (1.2)
is x(t) = c1 cos ωt + c2 sinωt, with arbitrary constants c1, c2. If one denotes
c1 = A cos α, c2 = −A sin α, which means A = (c2

1+c2
2)

1/2, α = −arctan
(

c2
c1

)
,

c1 �= 0, and α = −
(

π
2

)
sign c2, c1 = 0, these notations allow us to write the

general solution of equation (1.2) in the form

x(t) = A cos(ωt + α). (1.3)

Formula (1.3) shows that any motion of the harmonic oscillator is a simple
harmonic of frequency 2 π

ω . The positive number A is called the amplitude of
the oscillatory motion described by equation (1.3). The number α is called
the phase of those oscillations. Both A and α depend on the initial conditions
x(0) = x0 and v(0) = v0. In terms of x0 and v0, the amplitude and the phase
are expressed by A = (x2

0 + v2
0ω−2)1/2, α = −arctan(v0

ω x0).
Equation (1.2) describes the motion of the material point without friction

and free of any external force. When other forces are involved, we have to
modify equation (1.2) accordingly. We are led in this manner to deal with the
so-called forced oscillations, as opposed to the free oscillations described by
equation (1.2). The new equation will have the form mẍ(t) = −kx(t) + F (t),
with F (t) designating the external force acting on the point at the moment t.
Denoting f(t) = m−1F (t), the equation of forced oscillations becomes

ẍ(t) + ω2x(t) = f(t), (1.4)

in which f(t) is the density of the external force, or the force on a unit of
mass of the moving point.

In mathematical terms, equation (1.4) for forced oscillations of the material
point is an inhomogeneous equation of the second order. Using the variation
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of parameters method (Lagrange), the general solution of equation (1.4) can
be expressed by the formula

x(t) = A cos(ωt + α) + ω−1

∫ t

0

f(s) sin ω(t − s)ds. (1.5)

Formula (1.5) can describe both oscillatory and nonoscillatory motions.
For instance, for f(t) ≡ 1, one obtains

x(t) = A cos(ωt − α) + ω−2(1 − cos ωt),

which obviously describes periodic oscillatory motions of the material point
for any A and α. On the other hand, if we choose f(t) ≡ K sin ωt, K �= 0, one
easily finds from equation (1.5) that

x(t) = A cos(ωt + α) − K

2ω
t cos ωt. (1.6)

Formula (1.6) shows that none of the solutions of equation (1.4) can be pe-
riodic in t. They have an oscillatory character, but the amplitude can grow
beyond any limit. Such oscillations, occurring in the so-called cases of reso-
nance, are not of interest in applications.

Equation (1.4) can possess solutions that describe bounded oscillations
that are not necessarily periodic. Investigating such examples will lead us to
classes of oscillations that are not periodic but almost periodic.

Let us choose f(t) = K sin γt with γ a number incommensurable with ω
(i.e., γ

ω = irrational). Then, the general solution of equation (1.4) is

x(t) = A cos(ωt + α) + K(ω2 − γ2)−1 sin γt. (1.7)

Both terms on the right-hand side of equation (1.7) represent simple harmonic
oscillations, and their sum also represents an oscillatory motion. Under the
hypothesis of incommensurability of the numbers ω and γ, which is the same as
incommensurability of the frequencies of the harmonic oscillations in equation
(1.7), we can show that x(t) given by equation (1.7) is not periodic in t.
Shifting to the complex-valued functions, we will show that c1e

iωt + c2e
iγt,

c1, c2 �= 0, cannot be periodic. In other words, if

c1e
iωt + c2e

iγt ≡ c1e
iω(t+T ) + c2e

iγ(t+T ),

then
c1(1 − eiωT )eiωt + c2(1 − eiγT )eiγt ≡ 0,

and taking into account the fact that eiωt and eiγt are linearly independent, we
must have 1− eiωT = 0, 1− eiγT = 0. This implies iωT = 2πki, iγT = 2πmi,
with k and m integers, and ω

γ = k
m . This contradicts the hypothesis that ω

and γ are incommensurable.
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The discussion above illustrates the fact that we can generate oscillatory
solutions to equation (1.4), that are not periodic. As we shall see later, such
oscillatory solutions belong to the class of quasi-periodic motions. This type
of oscillation is a special case of almost periodic oscillation.

A more general situation can be illustrated by choosing in equation (1.4)
f(t)=K1 sin γ1t+· · ·+Km sin γmt. The solution to be added to A cos(ωt+α) is∑m

k=1 Kk(ω2 − γ2
k)−1 sin γkt, which is also generally quasi-periodic.

Another choice for f(t) in equation (1.4), which takes us even closer to the
concept of almost periodicity, is provided by

f(t) =
∞∑

j=1

Kj sin γjt, (1.8)

where
∞∑

j=1

|Kj | < ∞. (1.9)

Of course, we assume γj , j ≥ 1, to be arbitrary real numbers. If the distribu-
tion of γj on the real line is such that

∞∑
j=1

|Kj ||ω2 − γ2
j |−1 < ∞, (1.10)

then the series
∞∑

j=1

Kj(ω2 − γ2
j )−1 sin γjt (1.11)

is a candidate for a solution to equation (1.4). Indeed, for formula (1.10), we
can infer the absolute convergence of the series (1.11). In general, the functions
represented by the series (1.11) may not be twice differentiable, as required
by equation (1.4). If the series

∞∑
j=1

|Kj |γ2
j |ω2 − γ2

j |−1

converges, then the function represented by the series (1.11) will be a solution
of equation (1.4). As we shall make precise later, the series (1.11) provides an
almost periodic solution for which the Fourier series is absolutely convergent.
The space of these functions will be denoted by AP1(R, C) (see Chapter 2).

Remark 1.1. It is easy to provide conditions under which both formula (1.10)
and the series (1.11) hold true. For instance, if |γj | −→ ∞ as j −→ ∞ and
formula (1.9) is verified, both conditions required for convergence will be true.
It suffices to note that |ω2−γ2

j |−1 −→ 0 as j −→ ∞, while γ2
j |ω2−γ2

j |−1 −→ 1
as j −→ ∞.
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In concluding these considerations on the possible motions of the harmonic
oscillator, particularly in the case of forced oscillations, we see that various
types of oscillatory motions can be displayed, both periodic and — more
generally — quasi-periodic or almost periodic. Such oscillations occur in the
simplest model of the harmonic oscillator (which is the same as the mathema-
tical pendulum), but they are also present in many other mechanical (and not
only mechanical!) systems. We shall deal with such systems in the forthcoming
chapters.

Waves

The usual mathematical tool in dealing with wave propagation in continuum
media is the so-called wave equation. In one space dimension, it is written in
the form

utt = a2uxx + f(t, x), (1.12)

with u the unknown function, a2 = const., and f(t, x) a given function re-
presenting forces occurring in the phenomenon of wave propagation. There
are auxiliary conditions to be imposed on u = u(t, x) in order to determine a
single solution of equation (1.12). There are usually two initial conditions of
the form

u(0, x) = u0(x), ut(0, x) = u1(x), (1.13)

to be satisfied for those x in the domain of definition for the solution, and
one also imposes boundary value conditions. They can have various forms, de-
pending on the interpretation of equation (1.12). For instance, when equation
(1.12) describes the vibrations of an elastic string occupying at rest the seg-
ment 0 ≤ x ≤ � of the x-axis, with its ends fixed at x = 0 and x = �, the
boundary value conditions look like

u(t, 0) = 0, u(t, �) = 0, t ≥ 0. (1.14)

More complex conditions than those in (1.14) can be dealt with in looking for
solutions of equation (1.12), and we shall later consider such conditions.

Before moving further, we note that the homogeneous equation associated
to equation (1.12) is

utt = a2uxx, (1.15)

and its general solution can be represented by d’Alembert’s formula

u(t, x) = f(x + at) + g(x − at), (1.16)

where f and g are arbitrary functions of one variable twice continuously dif-
ferentiable on the real axis.

Formula (1.16) emphasizes the so-called solitary waves, represented by
v(t, x) = f(x ± at). We are not going to deal with this kind of wave here.

If in equation (1.16) we fix x ∈ R, then assuming f and g are periodic
functions, or even almost periodic, then equation (1.16) defines a periodic or
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an almost periodic function. The almost periodic case will be clarified later,
while the periodic case is obvious from equation (1.16). In order to obtain a
periodic or almost periodic wave, it suffices to allow x to belong to an interval,
say x1 ≤ x ≤ x2. Then, the family of periodic or almost periodic functions
given by equation (1.16), depending on the parameter x ∈ [x1, x2], provides
the parametric representation of a periodic or almost periodic wave.

We will now return to equation (1.15) and consider the initial conditions
(1.13) and boundary value conditions (1.14). The method we will use to find
the solution is that of separation of variables, also known as Fourier’s method.

Let us first look for a special solution in which the variables x and t are
separated, namely

u(x, t) = X(x)T (t), (1.17)

where X(x) and T (t) are to be determined by substitution into equation
(1.15). We find

X(x)T ′′(t) = a2X ′′(x)T (t), (1.18)

which by excluding the zero solution leads to the equality

T ′′(t)
a2T (t)

=
X ′′(x)
X(x)

· (1.19)

Because x ∈ [0, �] and t ∈ R+ are independent variables, keeping one of the
variables fixed leads us to

X ′′(x)
X(x)

= −λ,
T ′′(t)
a2T (t)

= −λ, (1.20)

with λ = const. Hence, X(x) and T (t) must be solutions of the equations

X ′′(x) + λX(x) = 0, (1.21)

T ′′(t) + λa2T (t) = 0. (1.22)

The conditions (1.14) lead to the following conditions for X(x):

X(0) = 0, X(�) = 0. (1.23)

The initial conditions (1.13) cannot be used at this moment, and we shall try
to satisfy them later.

Therefore, the function X(x) in equation (1.17) must be subject to
equations (1.21) and (1.23). In other words, we have a second-order linear
differential equation with the boundary value condition (1.23). This type of
problem constitutes one of the simplest cases of the so-called Sturm–Liouville
problems, amply treated in any textbook on ordinary differential equations. It
is shown that the only possible values of λ for which the problem has nonzero
solutions are the eigenvalues λ = λn = n2π2

�2 , n = 1, 2, . . . , with corresponding
solutions, called eigenfunctions,

X(x) = Xn(x) = sin
nπ

�
x, n = 1, 2, . . . . (1.24)



1 Introduction 7

Returning to equation (1.22) and substituting into λ the eigenvalues indicated
above, we obtain the second-order equations

T ′′(t) +
n2π2a2

�2
T (t) = 0, (1.25)

whose general solutions are given by

T (t) = Tn(t) = An cos
nπa

�
t + Bn sin

nπa

�
t, (1.26)

with An, Bn, n = 1, 2, . . . , arbitrary constants. Therefore, from equations
(1.17), (1.21), (1.22), (1.24), and (1.26) we obtain for equation (1.15) the
solution

u(t, x) = un(t, x) =
(
An cos

nπa

�
t + Bn sin

nπa

�
t
)

sin
nπ

�
x, (1.27)

which satisfies the boundary value conditions (1.14). We cannot expect to
satisfy the initial conditions (1.10) using particular solutions of the form
(1.27). But relying on the linearity of equation (1.14), we can obtain new
solutions of this equation by using the particular solutions (1.27). Indeed, we
notice first that any finite sum of solutions in equation (1.17) is also a solution
of conditions (1.13). In other words, any function of the form

u(t, x) =
n∑

k=1

uk(t, x) (1.28)

is a solution of conditions (1.14) because each term of the sum is a solution.
Still, we won’t be able to satisfy the initial conditions of the general form
(1.13) unless u0(x) and u1(x) are trigonometric polynomials with adequate
exponentials. It is natural to take one more step and consider, if legitimate,
solutions of the form

u(t, x) =
∞∑

k=1

uk(t, x). (1.29)

This is obviously possible if the series in equation (1.29) is uniformly conver-
gent, together with the series obtained by differentiation term by term, twice
(in either x or t). We shall discuss this problem in some detail in what follows.
Proceeding formally, if we impose the initial conditions (1.13) on the function
(1.29), we obtain the following relations:

u(0, x) = u0(x) =
∞∑

k=1

Ak sin
π

�
x, 0 ≤ x ≤ �, (1.30)

ut(0, x) = u1(x) =
∞∑

k=1

πa

�
Bn cos

nπ

�
x, 0 ≤ x ≤ �. (1.31)

The equations (1.30) and (1.31) display on the right-hand side Fourier series
(of sine or cosine only!). Since u0(x) and u1(x) are specified functions, we can
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determine Ak and Bk, k ≥ 1, such that equations (1.30) and (1.31) are valid.
That is, Euler’s formulas for Fourier coefficients lead to

Ak =
2
�

∫ �

0

u0(x) sin
kπ

�
x dx, (1.32)

kπa

�
Bk =

2
�

∫ �

0

u1(x) cos
kπ

�
x dx. (1.33)

Based on Bessel’s inequalities for the Fourier coefficients, we can write

∞∑
k=1

A2
k < +∞,

∞∑
k=1

k2B2
k < +∞. (1.34)

Actually, the first inequality (1.34) can be substantially improved. We will
show that the inequality

∞∑
k=1

k2A2
k < +∞ (1.35)

holds true. Indeed, starting from the obvious inequality

∫ �

0

y
′2(x)dx ≥ 0, (1.36)

valid for any continuously differentiable function y(x) on [0, �], we substitute

y(x) = u0(x) −
n∑

k=1

Ak sin
kπ

�
x, (1.37)

with Ak given by equation (1.30). We must assume that u0(x) is continuously
differentiable on [0, �]. The result of substituting equation (1.37) is

n∑
k=1

k2A2
k ≤ 2�

π2

∫ �

0

u
′2
0 (x)dx (1.38)

after elementary calculations and taking into account equation (1.32). Since
n is arbitrarily large in formula (1.38), one obtains formula (1.35).

If we now consider u(t, x) given by the series (1.29) and take into account
solutions (1.27), one easily derives that the series (1.29) is uniformly and
absolutely convergent, together with the first two derivatives (term by term),
in either x or t. This remark justifies the fact that the series (1.29) represents
the solution of the problem (1.13), (1.14), (1.15). It is obvious that this solu-
tion, regarded as a function of t with fixed x, is periodic (because the sines
and cosines are periodic in t with period 2�

a ).
It will suffice to modify the boundary value conditions (1.14) and obtain

in the same manner as above solutions for equation (1.15) that are almost
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periodic in t. Namely, instead of conditions (1.14), we will impose on the
solution of equation (1.15) the conditions

u(t, 0) = 0, ux(t, �) + hu(t, �) = 0, h > 0, (1.39)

which can be physically interpreted if we assume that equation (1.15) describes
the motion of an elastic string fixed at the end x = 0 and whose end x = �
obeys the second relationship in conditions (1.39). In conditions (1.39), ux(t, �)
stands for the tension at the end x = � and, according to conditions (1.39),
should be proportional to the elongation u(t, �). Following step by step the
procedure of separation of variables shown above, we come up with the fol-
lowing equation and boundary conditions for X(x):

X ′′(x) + λX(x) = 0, X(0) = 0, X ′(�) + hX(�) = 0. (1.40)

For T (t) such that equation (1.17) will represent a solution of equation (1.15),
equation (1.22) remains the same. Of course, different values of λ will lead to
the eigenvalues and eigenfunctions of problem (1.40).

We shall now proceed to the investigation of the Sturm–Liouville problem
(1.40). Since the general solution of the second-order equation in problem
(1.40) is given (using complex functions) by

X(x) = c1e
i
√

λx + c2e
−i

√
λx, (1.41)

the first boundary value condition leads to c1 + c2 = 0, which means

X(x) = c1(ei
√

λx − e−i
√

λx), (1.42)

with c1 an arbitrary constant �= 0. Imposing now the second boundary value
condition at x = �, one obtains from equation (1.42), after omitting the fac-
tor c1,

i
√

λ(ei
√

λ� + e−i
√

λ�) + h(ei
√

λ� − e−i
√

λ�) = 0. (1.43)

This relation is equivalent to the trigonometric transcendental equation
√

λ

h
+ tan(

√
λ�) = 0, (1.44)

provided ei
√

λ� + e−i
√

λ� �= 0. The values of λ to be excluded are given by
e2i

√
λ� = −1, or 2i

√
λ� = (2k + 1)iπ, k = 0,±1,±2, . . . , or

√
λ =

(
k + 1

2

)
π
� .

These values of λ cannot be roots of equation (1.43), and tan(
√

λ�) is not
defined for these values. Since λ = 0 is not an eigenvalue (the corresponding
eigenfunction should be X(x) ≡ 0!), there remains to examine the cases λ =
μ2 > 0 and λ = −μ2 < 0.

For λ = μ2 > 0, one obtains from equation (1.44)

μ

h
+ tan(μ�) = 0, (1.45)
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which possesses infinitely many roots. It suffices to look only for positive roots
of equation (1.45) because μ and tan(μ�) are both odd functions. If we draw
the graphs of the functions −μ

h and tan(μ�), we see that there are infinitely
many common points, say μm, μm −→ ∞, and μm 


(
m + 1

2

)
π
� , m = 1, 2, . . . .

The corresponding eigenvalues are

λ = λm =
(

m +
1
2

)2
π2

�2
, m = 1, 2, . . . . (1.46)

For λ = −μ2 < 0, equation (1.44) becomes

iμ

h
+ tan(iμ�) = 0, (1.47)

which is equivalent to
−μ

h
+ tanh(μ�) = 0. (1.48)

Excepting μ = 0, which has been excluded already, equation (1.48) does not
possess any positive root. This can be easily seen by drawing the graph of
the two functions involved. Therefore, as seen in the case λ = μ2 > 0, the
eigenvalues of problem (1.40) are

λm = μ2
m 


(
m +

1
2

)2
π2

�2
, m ≥ 1, (1.49)

and the corresponding eigenfunctions are

Xm(x) = sin μmx, m ≥ 1, (1.50)

excepting a constant factor that is not material for our considerations.
Returning to equation (1.15), with the boundary value conditions (1.39),

we can state that any function of the form

um(t, x) = (Am cos μmat + Bm sinμmat) sin μmx, m ≥ 1, (1.51)

is a solution. Repeating again the reasoning in the problem (1.14), (1.15), we
are led to the conclusion that

u(t, x) =
∞∑

m=1

um(t, x) (1.52)

may satisfy equation (1.15), with the initial conditions (1.13) and the
boundary value conditions (1.39), if the coefficients Am and Bm, m ≥ 1,
are conveniently chosen.

The first relationship (1.13) to be satisfied by formula (1.51) leads to

u(0, x) = u0(x) =
∞∑

m=1

Am sin μmx, (1.53)
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which appears as a development of u0(x) on 0 ≤ x ≤ � in a series of sines.
We must note that an orthogonal relationship holds true for the sequence
{sinμmx; m ≥ 1}:

∫ �

0

sinμmx sin μkxdx = 0, m �= k. (1.54)

This orthogonality relationship is valid for more general systems of eigenfunc-
tions and its proof can be found in many sources (see, for instance,
C. Corduneanu [30]). Taking formula (1.54) into account, multiplying by
sin μkx for given k, one obtains by integration (also assuming the series in
(1.53) is uniformly convergent)

∫ �

0

u0(x) sinμkxdx = Ak

∫ �

0

sin2 μkxdx, (1.55)

which uniquely determines Ak (k ≥ 1). A similar approach leads to formulas
for Bk (k ≥ 1) uniquely determined.

Somewhat more intricate calculations than those shown above in the pro-
blem (1.12), (1.13), (1.14) lead to the conclusion that the series (1.52) con-
verges uniformly, and absolutely, together with the series obtained by twice
differentiating term by term. In other words, the series (1.52), with um(t, x)
defined by formula (1.51), represents a solution of the problem (1.15), (1.13),
(1.39), if Am and Bm, m ≥ 1, are determined as described above.

The most important aspect for us in finding the formula

u(t, x) =
∞∑

m=1

(Am cos μmat + Bm sinμmat) sin μmx (1.56)

for the solution of the problem (1.15), (1.13), (1.39) consists in discussing its
oscillatory, or wave-like, properties. This discussion will lead to the conclusion
that periodic motions are just a rare occurrence in the class of more general
wave-like motions that we shall name almost periodic.

Indeed, the series (1.29), with the terms given by solution (1.27), represents
a periodic motion (of a rather general type because we find in it harmonic
terms of arbitrarily large frequency; more precisely, the periods are integer
multiples of a basic frequency, πa

� ). On the contrary, formula (1.56) represents
for each fixed x ∈ (0, �) a function of t that is clearly of the oscillatory type
but is not periodic.

As we shall see in Chapter 2, such oscillations belong to a class of almost
periodic motions (to be more specific, to the class of motions described by
almost periodic functions whose Fourier series are absolutely convergent).

In order to get an image of an almost periodic wave, we need to visualize
the trajectories of various points x, say in an interval belonging to (0, �), as
forming a surface. Such a surface provides us with the image of an almost
periodic wave.
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If we take into account the variety of types of boundary value conditions
similar to conditions (1.39), then we can get an idea about how seldom the
periodic motions occur in the much larger class of almost periodic ones.

We shall briefly return to the nonhomogeneous wave equation (1.12). This
equation is also a source of waves that are not periodic but quasi-periodic or
almost periodic.

As we have seen above, the homogeneous equation (1.15) possesses periodic
as well as almost periodic solutions, depending on the type of boundary value
conditions we associate to equation (1.15). Even if we preserve the simplest
boundary value conditions (1.14), we can generate quasi-periodic or almost
periodic solutions to equation (1.12), by conveniently choosing the term f(t, x)
on the right-hand side of equation (1.12).

To give consistency to this statement, we shall note that adding a solu-
tion of equation (1.12) to any solution of the homogeneous equation (1.15),
one obtains a solution of equation (1.12). Indeed, if u(t, x) is a solution of
equation (1.15), while v(t, x) satisfies equation (1.12), then u(t, x) + v(t, x) is
a solution of following (1.12). The fact follows easily from utt = a2uxx and
vtt = a2vxx + f(t, x) by addition: (u + v)tt = a2(u + v)xx + f(t, x). It remains
to deal with the boundary value conditions.

Let us note that

u1(t, x) =
(
A1 cos

πa

�
t + B1 sin

πa

�
t
)

sin
π

�
x (1.57)

is a periodic solution, in the variable t, for equation (1.15). It also satisfies the
boundary conditions (1.14).

Now, we shall choose the term f(t, x) in equation (1.12) by letting

f(t, x) = sin
at

�
· (1.58)

It is obvious that

v(t, x) ≡ v(t) = − �2

a2
sin

at

�
(1.59)

is a solution of equation (1.12), and therefore u1(t, x)+v(t, x), from equations
(1.57) and (1.59), is also a solution of equation (1.12). It does not satisfy
the boundary conditions (1.14), but this feature is not material under our
circumstances. It is possible to modify v(t, x) from equation (1.59) such that
the conditions (1.14) are satisfied. Now, we can state that

u(t, x) = B1 sin
πx

�
sin

πa

�
t − �2

a2
sin

a

t
t (1.60)

is a solution of equation (1.12). We have chosen A1 = 0.
It is obvious that the periods or frequencies of sin πa

� t and sin a
� t have an

irrational ratio (equivalently, they are incommensurable). As we shall see in
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the forthcoming chapters, such functions, with obvious oscillatory character,
are called quasi-periodic when only a finite number of frequencies are involved
or almost periodic in the general case.

The nearest object of our presentation will be the definition, in rigorous
mathematical terms, of various concepts leading to almost periodicity.



2

Metric Spaces and Related Topics

2.1 Metric Spaces

A unified treatment of various classes of almost periodic functions requires
some basic theory of metric spaces and related topics. The concept of me-
tric spaces was introduced at the beginning of the twentieth century by the
French mathematician Maurice Fréchet and has rapidly become one of the
most useful tools in building modern analysis (including classical analysis and
its development leading to functional analysis, both linear and nonlinear).

It is really a very simple task to define the concept of a metric space.
It is likely that this simplicity in formulating the definition has contributed
substantially to the diffusion of this concept in modern mathematics.

Definition 2.1. Let E be an abstract set and d a map from E×E into
R+ = [0,∞). We shall say that d is a metric on E, or a distance function,
if the following conditions are satisfied:

1. d(x, y) ≥ 0, for any x, y ∈ E, with d(x, y) = 0 only if x = y.
2. d(x, y) = d(y, x) for any x, y ∈ E.
3. d(x, y) ≤ d(x, z) + d(z, y) for any x, y, z ∈ E.

All these properties of the metric agree with the properties of the usual
distance (for instance, in the plane R2, or more generally in Rn, n ≥ 1).
Property 1 is telling us that the distance between two elements (or points) is
nonnegative, being zero only when the elements coincide. Property 2 expresses
the fact that the distance from x to y is the same as the distance from y to
x. Finally, property 3 tells us that the metric obeys the triangle inequality,
which in geometry is formulated as follows: In any triangle, the length of any
side is smaller than the sum of the lengths of the other two sides.

Definition 2.2. A set E, together with a metric d : E×E → R+, satisfying
conditions 1, 2, and 3, is called a metric space.

C. Corduneanu, Almost Periodic Oscillations and Waves, 15
DOI 10.1007/978-0-387-09819-7 2, c© Springer Science+Business Media, LLC 2009
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The important consequences of properties 1, 2, and 3 will consist in the
fact that they allow us to extend the definition of many classical concepts
to the case of metric spaces. These concepts include those of a limit (of a
sequence or a function at a given point), continuity of a function, convergence
of a function sequence, and many more.

Definition 2.3. A sequence {xn; n ≥ 1} ⊂ E is called convergent to x ∈ E
if for each ε > 0 there exists a natural number N = N(ε) such that

n ≥ N(ε) implies d(xn, x) < ε. (2.1)

The element x ∈ E is called the limit of the sequence {xn; n ≥ 1}. We
also write this property in the form limxn = x as n −→ ∞ or xn −→ x as
n → ∞.

Proposition 2.1. The limit of a convergent sequence {xn; n ≥ 1} is unique.

Indeed, assuming lim xn = x as n −→ ∞ and lim xn = x̄ as n → ∞, we
obtain according to property 3

d(x, x̄) ≤ d(x, xn) + d(xn, x̄) (2.2)

for every n ≥ 1. Now we take ε > 0 and N(ε), N1(ε) such that

d(x, xn) <
ε

2
for n ≥ N(ε), (2.3)

d(xn, x̄) <
ε

2
for n ≥ N1(ε). (2.4)

Combining formulas (2.2), (2.3), and (2.4), we obtain

d(x, x̄) < ε for n ≥ max(N,N1). (2.5)

But d(x, x̄) < ε holds true for any ε > 0, which means d(x, x̄) = 0. According
to property 1 of the metric, we derive x = x̄, i.e., the uniqueness of the limit
of a convergent sequence in the metric space (E, d), or simply E.

Definition 2.4. We shall say that the sequence {xn, n ≥ 1} has the Cauchy
property if for every ε > 0 there exists a natural number N = N(ε) such that

n,m ≥ N(ε) imply d(xn, xm) < ε. (2.6)

Proposition 2.2. Any convergent sequence {xn; n ≥ 1} ⊂ E has the Cauchy
property.

Indeed, if lim xn = x as n −→ ∞, then for any ε > 0 we can find N(ε/2)
such that

d(xn, x) <
ε

2
for n ≥ N(ε/2) (2.7)
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and
d(xm, x) <

ε

2
for m ≥ N(ε/2). (2.8)

Since
d(xn, xm) ≤ d(xn, x) + d(xm, x) (2.9)

for any n,m ≥ 1, we obtain from formulas (2.7), (2.8), and (2.9)

d(xn, xm) <
ε

2
+

ε

2
= ε for n,m ≥ N(ε/2). (2.10)

The inequality (2.10) proves the assertion.

Remark 2.1. On the real line R, with the usual metric or distance d(x, y) =
|x− y|, the Cauchy property is also sufficient for the convergence. This is well
known in classical analysis.

Remark 2.2. It is very important to note that the converse of Proposition
2.2 is not true in general. In other words, there are metric spaces in which
not every Cauchy sequence is convergent. A simple example is furnished by
the set of rational (real) numbers, usually denoted by Q, with the metric
d(x, y) = |x − y|. It is an elementary exercise to check the validity of proper-
ties 1, 2, and 3. We now choose a sequence in Q, say {rn; n ≥ 1}, such that
lim rn =

√
2, i.e., |rn −

√
2| −→ 0 as n −→ ∞. Since

√
2 = 1.4142 . . . , we

can choose r1 = 1, r2 = 1.4, r3 = 1.41, r4 = 1.414, . . . . This choice implies
|rn−

√
2| < 10−n, which means that, on the real line R, rn −→

√
2 as n → ∞.

It is well known that
√

2 /∈ Q, being an irrational number. Therefore, the
metric space Q, with the metric d(x, y) = |x − y|, possesses sequences with
Cauchy property (|rn − rm| < 10−m+1 for n ≥ m) that are not convergent.
The convergence is assured in a larger space R ⊃ Q, a feature suggesting that
a metric space in which the Cauchy property does not imply convergence is
part of a “larger” space in which the convergence is possible.

Definition 2.5. A metric space (E, d) is called complete if any sequence
enjoying the Cauchy property is convergent.

As noted in Remark 2.1, the real line R, with the usual metric d(x, y) =
|x − y|, is a complete metric space.

On the contrary, the set of rationals, with the metric d(x, y) = |x − y|, is
not complete.

The following result is of utmost significance for the theory of metric spaces
and their applications.

Theorem 2.1. Let (E, d) be an arbitrary metric space. Then, there exists a
complete metric space (Ẽ, d̃) such that E ⊂ Ẽ, while d and d̃ coincide on E.

The proof of Theorem 2.1 will be provided after several further concepts
related to metric spaces are presented and discussed in this chapter.
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Theorem 2.1 constitutes the main tool in constructing various spaces of
almost periodic functions by completion of a rather simple set, that of trigono-
metric polynomials, with respect to various metrics. Let us point out the fact
that a trigonometric polynomial (in complex form) has the form

T (t) = a1e
iλ1t + a2e

iλ2t + · · · + ape
iλpt, (2.11)

where λ1, λ2, . . . , λp are reals and a1, a2, . . . , ap are complex numbers. One
can also assume that ak are vectors with complex components: ak ∈ Cr,
k ∈ 1, 2, . . . , p.

Examples of metrics on the set T of trigonometric polynomials are

d1(T, T̃ ) =
p∑

k=1

|ak − ãk| (2.12)

with
T̃ (t) = ã1e

iλ1t + · · · + ãpe
iλpt (2.13)

or

d2(T, T̃ ) =

(
p∑

k=1

|ak − ãk|2
)1/2

,

or even

d(T, T̃ ) = sup
t∈R

∣∣∣∣∣
p∑

k=1

(ak − ãk)eiλkt

∣∣∣∣∣. (2.14)

The supremum in equation (2.14) exist because

sup
t∈R

∣∣∣∣∣
p∑

k=1

(ak − ãk)eiλkt

∣∣∣∣∣ ≤ d1(T, T̃ ), (2.15)

which follows easily taking into account

|eiλkt| = | cos λkt + i sin λkt| = 1, k = 1, 2, . . . , p.

We note that in equations (2.11) and (2.13) the exponents λ1, λ2, . . . , λp

are the same. If this is not the case when dealing with two trigonometric
polynomials, we can add other terms in T (t) and T̃ (t) with zero coefficients.

Each of the metrics d1, d2, or d leads to a class of almost periodic function
by completion of the spaces (T , d1), (T , d2), or (T , d), where T is the set of
all trigonometric polynomials of the form (2.11) with arbitrary real λk and
arbitrary complex ak, p ≥ 1.

In this manner, we obtain the spaces of almost periodic functions with
absolutely convergent Fourier series, AP1(R, C), the almost periodic functions
in the Besicovitch sense, AP2(R, C), resp. the space AP(R, C) of Bohr’s almost
periodic functions – the most usual among the spaces of almost periodic func-
tions (and, historically, the first to be investigated thoroughly).
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The details concerning the spaces AP1(R, C), AP2(R, C), and AP(R, C)
will be presented in Chapter 3. Other spaces of almost periodic functions will
also be defined and investigated.

Let us now return to the general theory of metric spaces and discuss further
concepts that will be of interest in subsequent chapters.

Definition 2.6. Let M ⊂ E with (E, d) a metric space. We shall say that
x ∈ E is a limit point of M if there exists a sequence {xn; n ≥ 1} ⊂ M such
that lim xn = x as n −→ ∞.

Definition 2.7. The set of limit points of M ⊂ E is denoted by M and is
called the closure of M .

Definition 2.8. A set M ⊂ E, with (E, d) a metric space, is called closed if
M = M.

Remark 2.3. Generally, only the inclusion M ⊂ M is true. Indeed, if x ∈ M ,
then xn −→ x as n −→ ∞ if xn is chosen in such a way that d(x, xn) < n−1,
n = 1, 2, . . . . It may be possible that some xn coincide.

Definition 2.9. A set A ⊂ E, with (E, d) a metric space, is called open if its
complementary set in E is closed: cA = cA.

Proposition 2.3. The intersection of a finite number of open sets is either
empty or a nonempty open set. The union of any number of open sets is open.

The proof of Proposition 2.3 is elementary. We notice that, according to
Definition 2.9, a set A ⊂ E is open if and only if for any x ∈ A there exists a
positive number r = r(x) such that the ball of radius r centered at x belongs
to A. In other words, any y ∈ E with d(x, y) < r satisfies y ∈ A.

Definition 2.10. A subset M ⊂ E, with (E, d) a metric space, is called rela-
tively compact if any sequence {xn; n ≥ 1} ⊂ M has a convergent subsequence
(i.e., there exists a sequence of integers {nk; k ≥ 1} such that lim xnk

= x as
k −→ ∞).

Remark 2.4. The limit point x = lim xnk
as k −→ ∞ may or may not belong

to M . If any x constructed as above belongs to M , then we shall say that M
is compact. Hence, any compact subset M ⊂ E is necessarily closed in E.

Proposition 2.4. Let (E, d) be a compact metric space. Then (E, d) is also
complete.

The proof is immediate. Indeed, if {xn; n ≥ 1} ⊂ E is a Cauchy sequence,
then it contains a convergent subsequence, say {xnk

; k ≥ 1}: limxnk
= x as

k → ∞. But xn−x = xn−xnk
+xnk

−x, and relying on the Cauchy property
of {xn; n ≥ 1}, we obtain xn −→ x as n −→ ∞.
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Proposition 2.5. The following properties are necessary and sufficient for
the relative compactness of the set M ⊂ R, with (E, d) a metric space:

I. From any covering of M by open sets, one can extract a finite covering.
II. For any ε > 0, there exists a finite subset {x1, x2, . . . , xp}⊂E such that for

each x ∈ M one can find an integer k, 1 ≤ k ≤ p, such that d(xk, x) < ε.

Remark 2.5. We shall omit the proof of Proposition 2.5. It can be found in
many sources (see, for instance, A. Friedman [43]).

Definition 2.11. Let M ⊂ E, with (E, d) a metric space. Then sup d(x, y)
for x, y ∈ M is called the diameter of M . It is denoted by d(M) when it is
finite.

Proposition 2.6. Let (E, d) be a metric space whose diameter is infinite.
Then we can define another metric d̃ on E such that (E, d̃) has finite dia-
meter. Moreover, a sequence converges in (E, d) if and only if it converges in
(E, d̃).

Proof. We shall denote

d̃(x, y) = d(x, y)[1 + d(x, y)]−1 (2.16)

for any x, y ∈ E. From equation (2.16), we derive d̃(x, y) < d(x, y) for any
x, y ∈ E, x �= y, because d(x, y) > 0. We can write, for any sequence
{xn; n ≥ 1} with xn −→ x as n −→ ∞, d̃(xn, x) ≤ d(xn, x), n ≥ 1. Therefore,
any sequence convergent in (E, d) is also convergent in (E, d̃). On the other
hand, d(x, y) = d̃(x, y)[1 − d̃(x, y)]−1 for x �= y, which leads to d(xn, x) −→ 0
as n −→ ∞ when d̃(xn, x) −→ 0 as n −→ ∞ (excluding those sequences for
which xn = x for sufficiently large n; for such sequences, the statement is
obviously true).

Several examples of metric spaces, as well as the proof of Theorem 2.1
concerning the completion of metric spaces, will be considered in the next
sections of this chapter.

2.2 Banach Spaces and Hilbert Spaces

Among the metric spaces, there is a very important category known as linear
metric spaces. Both Banach and Hilbert spaces are special cases of linear
metric spaces, and they constitute basic concepts of linear functional analysis
(see, for instance, N. Dunford and J. Schwartz [35]).

Besides the metric structure, as defined in the preceding section, the linear
metric space possesses one more basic structure, of algebraic nature, namely
that of a linear space or linear system. These structures are interrelated, and
this feature makes possible the definition and investigation of many useful
concepts encountered in classical analysis. Let us define the linear space, or
vector space.
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Definition 2.12. A set E is called a linear space if the following conditions
(or axioms) hold true:

1. There is a map (x, y) −→ x + y ∈ E, called addition, that is commutative
and associative: x+y = y+x, (x+y)+z = x+(y+z), for any x, y, z ∈ E.

2. There is a map (λ, x) −→ λx ∈ E, called scalar multiplication, for λ ∈ R
(or λ ∈ C), such that (λ + μ)x = λx + μx, λ(x + y) = λx + λy, (λμ)x =
λ(μx), for any λ, μ ∈ R (or λ, μ ∈ C), and any x, y ∈ E; moreover, there
exists an element θ ∈ E such that 0x = θ for any x ∈ E, while 1x = x for
any x ∈ E.

From the axioms above, we derive, for instance, (1 − 1)x = 0x = θ =
x+(−1)x. This means that (−1)x, denoted simply as −x, is the inverse element
with respect to addition. Hence, E is an Abelian group with respect to addi-
tion. The scalar multiplication is a generalization of the classical operation of
scalar multiplication for vectors: If v = (v1, v2, v3), then λv = (λv1, λv2, λv3).

The most common example of a linear (vector) space is Rn= R×R× · · ·×R︸ ︷︷ ︸
n times

,

known as the n-dimensional Euclidean space. If x = (x1, x2, . . . , xn),
y = (y1, y2, . . . , yn) ∈ Rn, then x+y = (x1+y1, x2+y2, . . . , xn +yn) by defini-
tion. The scalar multiplication in Rn is defined by λx = (λx1, λx2, . . . , λxn).
The zero (null) element in Rn is θ = (0, 0, . . . , 0︸ ︷︷ ︸

n times

). All the properties listed

above can be easily checked in the case of the linear (vector) space Rn.
In a similar manner, one can see that Cn = C×C× · · · ×C︸ ︷︷ ︸

n times

is a linear space

(known as the n-dimensional complex space).
In order to introduce the concept of a Banach space, first we need to define

that of a linear normed space. At this point, we shall mix up the algebraic and
the metric structures on the set E.

Definition 2.13. Let E be a linear space over the reals E (or C). A norm on
E is a map from E into R+, say x −→ ‖x‖, such that the following properties
are satisfied:

1. ‖x‖ ≥ 0 for any x ∈ E, the equal sign occurring only when x = θ.
2. ‖λx‖ = |λ|‖x‖ for any λ ∈ R (or C) and any x ∈ E.
3. ‖x + y‖ ≤ ‖x‖ + ‖y‖ for x, y ∈ E.

Definition 2.14. A linear space E endowed with a norm is called a linear
normed space.

Proposition 2.7. Let (E, ‖ · ‖) be a linear normed space. Then, by letting
d(x, y) = ‖x − y‖, (E, d) is a metric space.

The proof is elementary and is left to the reader. In particular, the triangle
inequality for d(x, y) is a consequence of property 3 in Definition 2.13.
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Proposition 2.8. Both addition and scalar multiplication on a linear normed
space are continuous operations.

Indeed, the assertion follows from the inequalities ‖x + y − (u + v)‖ ≤
‖x − u‖ + ‖y − v‖ and ‖λx − μy‖ ≤ |λ|‖x − y‖ + |λ − μ|‖y‖.

Definition 2.15. A linear normed space E is called a Banach space if (E, d)
is complete (with d(x, y) = ‖x − y‖ for any x, y ∈ E).

The simplest examples of Banach spaces are R, with the absolute value as
norm, and C, with the module as norm. We shall examine below the spaces
Rn and Cn, n ≥ 1.

Definition 2.16. Let E be a linear space. A map (x, y) −→ 〈x, y〉 from E×E
into C is called an inner product if the following conditions are verified:

1. 〈x, x〉 ≥ 0 for any x ∈ E with the equal sign valid only for x = θ.
2. 〈x, y〉 = 〈y, x〉 for any x, y ∈ E, with the upper bar for the conjugate

complex number.
3. 〈x + y, z〉 = 〈x, z〉 + 〈y, z〉 for any x, y ∈ E.
4. 〈λx, y〉 = λ 〈x, y〉 for x, y ∈ E.

Remark 2.6. If the scalar field is R instead of C, then the second condition
in Definition 2.16 expresses the symmetry of the inner product.

Remark 2.7. From Definition 2.16, one can easily derive other properties
of the inner product. For instance, 〈x, y + z〉 = 〈x, y〉 + 〈x, z〉 or 〈x, λy〉 =
〈λy, x〉 = λ 〈y, x〉 = λ〈y, x〉 = λ 〈x, y〉 . This shows how to take out a scalar
from the second place of an inner product.

Proposition 2.9. The inner product satisfies the Schwarz inequality

| 〈x, y〉 |2 ≤ 〈x, x〉 〈y, y〉 x, y ∈ E. (2.17)

Indeed, according to the first condition in Definition 2.16, one has
〈x + λy, x + λy〉 ≥ 0 for any λ ∈ C and x, y ∈ E. The inequality above
can be rewritten in the form

|λ|2 〈y, y〉 + 2Re(λ〈x, y〉) + 〈x, x〉 ≥ 0. (2.18)

If we choose λ = − 〈x,y〉
〈y,y〉 , assuming y �= θ, then formula (2.18) leads to formula

(2.17). When y = θ, formula (2.17) is satisfied because both sides are zero.

Proposition 2.10. Let E be a linear space endowed with an inner product.
Then (E, ‖ · ‖) is a normed space with the norm

‖x‖ = (〈x, x〉)1/2. (2.19)
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Only the triangle inequality for the norm needs some consideration, the
first two conditions for the norm being obvious. Concerning the triangle ine-
quality, we note that

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x〉 + 〈y, y〉 + 2Re(〈x, y〉)
≤ ‖x‖2 + ‖y‖2 + 2‖x‖‖y‖ = (‖x‖ + ‖y‖)2

due to the fact that

|Re(〈x, y〉)| ≤ | 〈x, y〉 | ≤ ‖x‖‖y‖

in accordance with formula (2.17).

Definition 2.17. Let E be a linear space with the inner product 〈·, ·〉 . If
(E, ‖ · ‖) is the linear normed space with the norm ‖ · ‖ derived from the
scalar product according to equation (2.19), then we shall say that E is a
Hilbert space if it is a complete metric space, the distance being defined by
d(x, y) = ‖x − y‖.

Since it is obvious that a Hilbert space is a Banach space in which the norm
is defined by means of an inner product, it is legitimate to ask the question:
When is a Banach space a Hilbert space?

Proposition 2.11 gives a rather simple answer to this question.

Proposition 2.11. Let (E, ‖ · ‖) be a Banach space over the field of reals.
Then, a necessary and sufficient condition for E to be a Hilbert space also is
the validity of the parallelogram law in E,

‖x + y‖2 + ‖x − y‖2 = 2(‖x‖2 + ‖y‖2),

for any x, y ∈ E.

The proof of this proposition can be carried out elementarily if one defines
the inner product by the formula

〈x, y〉 =
1
4
(‖x + y‖2 − ‖x − y‖2)

in terms of the norm of E as a Banach space.
We shall return now to the spaces Rn and Cn, proving that each is a Hil-

bert space. Rn is a linear space over the field of reals, while Cn is a linear
space over the complex field of scalars.

As we may guess, the inner product can be defined by the well-known
formula from the vector case, namely

〈x, y〉 = x1y1 + x2y2 + · · · + xnyn

for the space Rn and

〈x, y〉 = x1ȳ1 + x2ȳ2 + · · · + xnȳn

in the case of complex space Cn.



24 2 Metric Spaces and Related Topics

These inner products induce the following norms:

Rn : ‖x‖ = (x2
1 + x2

2 + · · · + x2
n)1/2

resp.
Cn : ‖x‖ : (|x1|2 + |x2|2 + · · · + |xn|2)1/2.

The norms for Rn and Cn shown above are known as Euclidean norms.
There are other norms in Rn or Cn whose definitions and properties can be
easily provided. For instance, in the space Rn, one uses norms such as

‖x‖1 =
n∑

j=1

|xj |

or
‖x‖2 = max

1≤j≤n
|xj |

with x = (x1, x2, . . . , xn) ∈ Rn. Inequalities of the form

‖x‖2 ≤ ‖x‖ ≤ ‖x‖1 ≤ n‖x‖2

show that the convergence is the same regardless of the kind of norm we are
using. Similar considerations are valid in the case of Cn.

Both spaces Rn and Cn are examples of Hilbert spaces of finite dimension.
We shall define and investigate now an example of a Hilbert space whose
dimension is infinite. Historically, this was the first example of a Hilbert
space, and we owe this to Hilbert himself. We shall limit our considerations
to the real case and discuss the space �2(R) of sequences of real numbers
x = (x1, x2, . . . , xk, . . . ) such that

∞∑
k=1

x2
k < ∞. (2.20)

Since (a + b)2 ≤ 2(a2 + b2) and (λa)2 = λ2a2, we see that �2(R) is a linear
space. The inner product is defined by

〈x, y〉 =
∞∑

k=1

xkyk, (2.21)

and the convergence of the series is the result of the inequality 2|xkyk| ≤
x2

k+y2
k, k = 1, 2, . . . . The properties of the inner product can be easily checked.

x = θ = the null element is given by θ = (0, 0, . . . , 0, . . . ).
A property of Hilbert spaces that requires some consideration is complete-

ness. The proof of completeness of �2(R) can be found in various sources
(see, for instance, C. Corduneanu [24]). Of course, we deal with the metric
d(x, y) = ‖x − y‖ in proving the completeness of �2(R).

The complex case �2(C) is treated similarly. The inner product is defined by
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〈x, y〉 =
∞∑

k=1

xkȳk

instead of equation (2.21).
In concluding this section, we shall briefly consider the concept of a linear

metric space, also known as a Fréchet space when it is complete. Basically,
a Fréchet space is a linear space E endowed with a metric d(x, y) that is
translation invariant,

d(x + z, y + z) = d(x, y), (2.22)

for any x, y, z ∈ E.

Definition 2.18. A linear space E endowed with a translation-invariant
metric d is called a Fréchet space if it is complete.

In order to define Fréchet spaces, one often uses the concept of a seminorm.

Definition 2.19. Let E be a linear space. A seminorm on E is a map from
E to R+, say x −→ |x|, such that

1. |x| ≥ 0 for any x ∈ E;
2. |λx| = |λ||x| for any λ ∈ R (or C) and x ∈ E; and
3. |x + y| ≤ |x| + |y| for any x, y ∈ E.

Remark 2.8. The only difference between a norm and a seminorm is in the
fact that a seminorm can vanish for nonzero elements of E. More precisely,
based on properties 2 and 3 of Definition 2.19, we see that the set x ∈ E for
which |x| = 0 constitutes a linear manifold in E.

Definition 2.20. A sequence of seminorms {|x|k; k ≥ 1} on the linear space
E is called sufficient if |x|k = 0, k ≥ 1, implies x = θ.

In other words, the sequence is sufficient if for each x ∈ E, x �= θ, there
exists a natural number m such that |x|m > 0.

We shall now present a procedure for constructing an invariant metric on
a linear space E by means of a sufficient sequence of seminorms.

Proposition 2.12. Let E be a linear space endowed with a countable family
of seminorms {|x|k; k ≥ 1}. If this family is sufficient, then (E, d) is a metric
space with

d(x, y) =
∞∑

k=1

1
2k

|x − y|k
1 + |x − y|k

· (2.23)

The proof of Proposition 2.12 is very simple. Obviously, d(x, y) ≥ 0, the
equality being possible only for |x − y|k = 0, k ≥ 1. This means x − y = θ
because of the sufficiency of the family {|x|k; k ≥ 1}. The triangle inequality
for d(x, y) can be proven if we take into account the elementary inequality

|a + b|
1 + |a + b| ≤

|a|
1 + |a| +

|b|
1 + |b|

for arbitrary a, b ∈ R.
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Remark 2.9. If (E, d) is a complete metric space, then it is a Fréchet space.

A good example of a linear metric space is the space s of all sequences
x = {xn; n ≥ 1} with xn ∈ R, n ≥ 1. The linearity is an obvious property.
The metric is defined by

d(x, y) =
∞∑

n=1

1
2n

|xn − yn|
1 + |xn − yn|

·

The translation invariance is easily checked. A sequence {xk; k ≥ 1} ⊂ s is
convergent if and only if the sequences (of real numbers) {xk

n; n ≥ 1} converge
for each k ≥ 1. It can be shown that s = s(R) and s = s(C) are Fréchet spaces,
i.e., they are complete.

Many important sequence spaces are subspaces of s. We have already seen
�2(R), which is a Hilbert space.

Another important sequence space is the space of bounded sequences x =
{xn; n ≥ 1}, i.e., such that for each x there exists Mx > 0 with |xn| ≤ Mx,
n ≥ 1. The norm in this space, denoted by b(R), is given by

‖x‖ = sup
n≥1

|xn|. (2.24)

b(R) is a Banach space. An important subspace of b(R) is that consisting of
all convergent sequences. It is denoted by c(R), and the norm is that defined
by equation (2.24). c(R) is also a Banach space. Finally, c0(R) denotes the
Banach space of all sequences convergent to zero. The norm is that given by
equation (2.24). Further examples will be considered in subsequent chapters.

Finally, we shall briefly deal with the concept of factor space (sometimes
also called quotient space). Let E be a linear space (in the algebraic sense).
Assume L is a linear manifold (or subspace) of E. We shall introduce in E
an equivalence relation as follows: u 
 v, u, v ∈ E, if u − v ∈ L. It is easy
to check that this relation, symbolized by 
 or ≡ (congruent), is indeed an
equivalence relation. Indeed, u − u = θ ∈ L (reflexivity), if u 
 v, then v 
 u
because v−u = −(u− v) ∈ L (symmetry); and from u− v ∈ L and v−w ∈ L
we obtain u − w = (u − v) + (v − w) ∈ L (transitivity).

It is well known that such a relation of equivalence defines the disjoint
classes of equivalent elements of E. Such a class is determined by a single
representative u ∈ E and consists of all elements in E that belong to u + L =
{u+v; v ∈ L}. It is obvious that any element of u+L characterizes this class
(because if we consider v+L with v ∈ u+L, we have v+L ∈ u+L+L = u+L).
We shall denote as the equivalence class u + L = {u}.

Definition 2.21. The factor space E/L is the set of equivalence classes with
respect to the relation u 
 v if u − v ∈ L, organized in accordance with the
operations {u} + {v} = {u + v}, u, v ∈ E, and λ{u} = {λu} for u ∈ E and
any scalar λ ∈ R (or C).
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Thus, E/L is a linear space. The relations (u + L) + (v + L) = u + v + L
(because L + L = L) and λ(u + L) = λu + L (because λL = L) motivate the
assertion.

More interesting, and significant for our purpose, is the case where E is
a normed space (or even a Banach space). In this case, we can introduce a
seminorm, or even a norm, in the factor space E/L.

Proposition 2.13. Let E be a normed space with norm ‖ · ‖ and L a linear
manifold in E. If we let

‖u + L‖ = inf{‖v‖; v ∈ u + L}, (2.25)

then equation (2.25) defines a seminorm on the factor space E/L. When L is
a closed set in E, equation (2.25) defines a norm on E/L. If E is a Banach
space, so is E/L.

Proof. Since ‖u + L‖ ≥ 0 for any u ∈ E, we must show that the equal sign
implies u ∈ L, and hence ‖u + L‖ = ‖L‖ = 0 because L contains the null
element in E. If ‖u + L‖ = 0 and L is closed, then u + L is closed in E and
from equation (2.25) we see that θ ∈ u + L. This means u ∈ L. It is an ele-
mentary task to show that ‖λ(u + L)‖ = ‖λu + L‖ and ‖(u + L) + (v + L)‖ ≤
‖u+L‖+‖v+L‖. In other words, we have shown that equation (2.25) defines
a seminorm in general and a norm on E/L when L is a closed subspace in E.

There remains to prove that E/L is a Banach space if E belongs to this
class.

Assume now that {un + L; n ≥ 1} is a Cauchy sequence in E/L. There
exists then a subsequence {unk

+ L; k ≥ 1} such that

‖unk+1 − unk
+ L‖ < 2−k−2, k ≥ 1. (2.26)

If we take into account the definition of the norm in E/L by formula (2.25),
we get that each element {unk+1 − unk

+ L; k ≥ 1} ∈ E/L contains a vk such
that

‖vk‖ < ‖unk+1 − unk
‖ + 2−k−2 < 2−k−1, (2.27)

relying also on formula (2.26). Choose now xn1 ∈ {un1 +L}, and consider the
series (in E)

xn1 + v1 + v2 + · · · + vk + · · · . (2.28)

Based on formula (2.27), we can infer the convergence of the series (2.28)
in E. Denote by x the sum of the series (2.28) and sk = xn1 +v1+v2+ · · ·+vk.

Let {x + L} be the corresponding element of E/L. We will show that

‖x + L − (unk+1 + L)‖ ≤ ‖x − sk‖ −→ 0 as k → ∞, (2.29)

which means that unk
+ L −→ x + L in E/L.

We have to justify formula (2.29). Indeed, from xn1 ∈ {un1 + L} and
vk ∈ {unk+1 − unk

+ L}, one obtains sk ∈ {unk+1 + L}, k ≥ 1. Therefore,
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‖x + L − (unk
+ L)‖ ≤ ‖x − sk‖, k ≥ 1, (2.30)

which is the first part in formula (2.29).
In other words, the subsequence {unk

+ L; k ≥ 1} is convergent in E/L.
But we can write the inequality

‖x + L− (un + L)‖ ≤ ‖x + L− (unk
+ L)‖+ ‖(unk

+ L)− (un + L)‖, (2.31)

which leads immediately to the conclusion

x + L = lim{un + L} as n → ∞.

This ends the proof of Proposition 2.13.

Remark 2.10. If E is endowed with a seminorm instead of a norm and is
complete in this seminorm, then Proposition 2.13 remains true.

Remark 2.11. The map u −→ u+L from E into E/L is called the canonical
map. If E is a normed linear space and L is closed in E, then this map is linear,
continuous and surjective (i.e., the image of this map coincides with E/L).

We shall proceed now to the concept of function space. This is fundamental
for our development of the theory of almost periodic functions.

2.3 Function Spaces: Continuous Case

The metric spaces we shall define and investigate in this section consist of
functions or maps between different spaces. They are usually encountered in
many chapters of books on classical or modern analysis, and their applications
embrace a large number of domains, such as sequences or series of functions,
differential equations, and other kinds of functional equations (integral, dis-
crete, etc.).

Unlike Section 2.2, in which only finite-dimensional spaces or spaces of
sequences have been dealt with, the function spaces are somewhat more com-
plex. They can be normed spaces, Banach spaces, or Hilbert spaces, and even
more general, linear metric spaces. Several spaces of almost periodic functions
will belong to these categories, and we shall present several examples here.

The space CB(R, C) consists of all continuous functions on the real line R
with complex values in C such that

sup(|f(t)|; t ∈ R) = Mf < ∞. (2.32)

| · | is the absolute value in C (i.e., for z = x+ iy, x, y ∈ R, |z| = (x2 + y2)1/2).
It is a simple fact to prove that CB(R, C) is a Banach space over the

complex scalars. Indeed, if f(t) and g(t) are continuous on R, then αf(t) +
βg(t) is also continuous on R for any α, β ∈ C. The elementary properties of
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continuous functions are implied here: The sum of two continuous functions
is also continuous, and the product of a continuous function and a constant
is also continuous. Hence, the linearity of the space CB(R, C) will follow if we
notice that the sum of two functions, say f and g, both satisfying the condi-
tion (2.32), will satisfy a similar estimate. Or, for each t ∈ R, |f(t) + g(t)| ≤
|f(t)|+ |g(t)|, which implies sup |f(t)+g(t)| ≤ sup |f(t)|+sup |g(t)| for t ∈ R.
This means

sup |f(t) + g(t)| ≤ Mf + Mg, t ∈ R, (2.33)

which proves the assertion.
Let us now introduce the norm

‖f(t)‖ = ‖f‖ = sup(|f(t)|; t ∈ R). (2.34)

Since ‖f‖ ≥ 0 for any f ∈ CB(R, C) according to formula (2.31), it remains
to note that ‖f‖ = 0 implies f(t) ≡ 0 on R. Formula (2.33) means ‖f + g‖ ≤
‖f‖ + ‖g‖, while ‖λf‖ = |λ|‖f‖ is obvious.

The only property that we must check for CB(R, C) in order to conclude
that this is a Banach space is the completeness. Assume that the sequence
{fn(t); n ≥ 1} ⊂ CB(R, C) is a Cauchy sequence. This means that given
ε > 0, there exists N(ε) > 0 such that

‖fn − fn+m‖ < ε, n ≥ N(ε), m ≥ 1. (2.35)

Formula (2.35) implies

|fn(t) − fn+m(t)| < ε, n ≥ N(ε), m ≥ 1, (2.36)

for all t ∈ R. If we fix t ∈ R, then formula (2.36) reduces to the usual
Cauchy property in C. Therefore, for each t ∈ R, the limit of the sequence
{fn(t); n ≥ 1} ⊂ C does exist. Denote

lim fn(t) = f(t), n −→ ∞, (2.37)

for each fixed t. Returning to formula (2.36), we obtain as m −→ ∞

|fn(t) − f(t)| ≤ ε, t ∈ R, n ≥ N(ε). (2.38)

But formula (2.38) means that fn(t) −→ f(t) as n −→ ∞ uniformly on the
whole R. As we know from classical analysis, f(t) is continuous on R, being
the uniform limit of a sequence of continuous functions. Obviously, formula
(2.38) leads to

‖fn − f‖ ≤ ε, n ≥ N(ε). (2.39)

From formula (2.39), we also derive

‖f‖ ≤ ‖fn‖ + ‖f − fn‖ = Mfn
+ ε, (2.40)

which shows that f ∈ CB(R, C).
The following statement holds true.
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Proposition 2.14. The set CB(R, C) of all continuous and bounded functions
from R into C endowed with the usual addition and scalar multiplication and
the norm (2.34) is a Banach space over the complex field.

The proof of Proposition 2.14 has been conducted above.

Remark 2.12. Spaces similar to CB(R, C) can be defined by substituting
other spaces to C. For instance, CB(R,Rn) will denote the space of all conti-
nuous and bounded functions from R into Rn. These functions are also known
as n-vector functions.

Remark 2.13. The space CB(R, C) has an important (for our purpose) sub-
space, that of almost periodic functions in Bohr’s sense, AP(R, C). This space
can be defined as follows. We consider all complex trigonometric polynomials
T , as defined by equation (2.11),

T (t) = a1e
iλ1t + a2e

iλ2t + · · · + akeiλkt, (2.41)

with real λ’s and complex a’s. It is obvious that T ⊂ CB(R, C). The space
AP(R, C) is the closure T of T in the sense of convergence in the norm (2.34).
In other words, f ∈ CB(R, C) belongs to T = AP(R, C) if for any ε > 0there
exists a trigonometric polynomial of the form (2.41) such that

‖f − T‖ < ε. (2.42)

Equivalently, f ∈ AP(R, C) if and only if there exists a sequence of trigono-
metric polynomials {Tn(t)} of the form (2.41) such that

lim Tn(t) = f(t) as n −→ ∞, (2.43)

uniformly on the real line R. Indeed, equation (2.43) means that, for each
ε > 0, one can find N(ε) > 0 such that

|f(t) − Tn(t)| < ε, t ∈ R, n ≥ N(ε),

which is the same thing as

‖f − Tn‖ −→ 0 as n −→ ∞. (2.44)

In subsequent chapters, we shall consider in detail the properties of almost
periodic functions. Here, we invite the reader to check the validity of the fol-
lowing basic properties:

I. Any almost periodic function in Bohr’s sense is bounded on R.
II. Any almost periodic function is uniformly continuous on R.

It is useful to notice first that each trigonometric polynomial of the form (2.41)
is uniformly continuous on R.
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III. Any sequence {fn(t); n ≥ 1} ⊂ AP(R, C) that converges in the norm (and
therefore also in AP(R, C)) has as its limit an almost periodic function in
Bohr’s sense.

IV. If f, g ∈ AP(R, C), then λf , with λ ∈ C, f +g, f̄ , fg, are also in AP(R, C).

Actually, property IV shows that AP(R, C) is more complex than a Ba-
nach space. AP(R, C) is in fact a Banach algebra, a structure allowing the
multiplication of its elements.

Further properties of almost periodic functions in the sense of Bohr will be
discussed in subsequent chapters, among them the original definition of these
functions as formulated by H. Bohr:

V. If f ∈ AP(R, C), then for each ε > 0 there exists a positive � = �(ε) such
that any interval (a, a + �) ⊂ R contains a number τ with the property

|f(t + τ) − f(t)| < ε, t ∈ R. (2.45)

This property is very suggestive in regard to the concept of almost perio-
dicity. The number τ , as described above, is called the ε-almost period of f .
They constitute a relatively dense set on the real line.

The proof of equivalence between property V and the definition given to
AP(R, C) in Remark 2.13 and Proposition 2.14 will be presented in Chapter 3.

We shall now define another function space that consists of all functions
from R into C representable in the form

f(t) =
∞∑

k=1

akeiλkt, t ∈ R, (2.46)

where λk ∈ R, k ≥ 1, ak ∈ C, k ≥ 1, and

∞∑
k=1

|ak| < ∞. (2.47)

Definition 2.22. The set of functions defined by formulas (2.46) and (2.47)
constitutes a Banach space, denoted by AP1(R, C), with the norm

‖f‖1 =
∞∑

k=1

|ak|. (2.48)

Remark 2.14. Condition (2.47) expresses the absolute convergence of the
series appearing on the right-hand side of equation (2.46). Since

∣∣∣∣∣f(t) −
n∑

k=1

akeiλkt

∣∣∣∣∣ ≤
∞∑

k=n+1

|ak|, (2.49)

Formula (2.47) proves that f(t) can be uniformly approximated on R by
trigonometric polynomials. Therefore, AP1(R, C) ⊂ AP(R, C).
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In order to motivate Definition 2.22, we must show that AP1(R, C) is a lin-
ear normed space with norm (2.40). Then we must show the completeness. We
leave to the reader the task of proving that AP1(R, C) is a linear normed space
over the complex field, and we shall dwell on the proof of the completeness of
this space with respect to the norm (2.48).

Let {f j(t); j ≥ 1} ⊂ AP1(R, C) be a Cauchy sequence. We must show
that {f j(t); j ≥ 1} is convergent in the norm (2.46). Assume

f j(t) =
∞∑

k=1

aj
keiλkt, j ≥ 1, (2.50)

with each series on the right-hand side absolutely convergent:

∞∑
k=1

|aj
k| < ∞, j ≥ 1. (2.51)

The assumption that λk’s are the same for each f j is not a restriction. For
all f j , j ≥ 1, we have a countable set of λk’s. Their union is also countable.
Including terms with zero ak’s if necessary, we obtain representation (2.50).

The Cauchy property means

‖f j − fm‖1 < ε, j,m ≥ N(ε). (2.52)

But according to norm (2.48), formula (2.52) translates into

∞∑
k=1

|aj
k − am

k | < ε, j,m ≥ N(ε). (2.53)

For each n, n ≥ 1, we derive from formula (2.53)

|aj
n − am

n | < ε, j,m ≥ N(ε). (2.54)

Formula (2.54) is the Cauchy property (in the complex field C) for the sequence
{ak

n; k ≥ 1}, which implies the existence of

lim ak
n = an as k −→ ∞. (2.55)

It is our aim now to show that

f(t) =
∞∑

n=1

aneiλnt, t ∈ R, (2.56)

is an element of AP1(R, C), and

f j(t) −→ f(t) as j −→ ∞ (2.57)

in AP1(R, C). Indeed, from formula (2.53) and equation (2.55), we derive for
fixed p > 0
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p∑
k=1

|aj
k − am

k | < ε, j,m ≥ N(ε),

which implies (for m −→ ∞)

p∑
k=1

|aj
k − ak| ≤ ε, j ≥ N(ε),

and letting p −→ ∞, we obtain

∞∑
k=1

|aj
k − ak| ≤ ε, j ≥ N(ε). (2.58)

Since ak = (ak − aj
k) + aj

k, from |ak| ≤ |ak − aj
k| + |aj

k|, for any k ≥ 1 and a
fixed j, we derive the absolute convergence of the series (2.56) and the fact
that f ∈ AP1(R, C). The inequality (2.58) expresses the validity of formula
(2.57). This ends the proof of the assertion that AP1(R, C) is a Banach space.

We shall see in the subsequent chapters that AP1(R, C) is the space of al-
most periodic functions whose Fourier series are absolutely convergent. The
concept of Fourier series attached to an almost periodic function (in classes
even larger than AP1(R, C) or AP(R, C)) will be introduced and investigated
in Chapter 4.

Let us note, in concluding the discussion of properties of AP1(R, C), that
each function in this space describes a complex oscillation, the result of com-
pounding infinitely many harmonic oscillations (of frequencies 2π/λk, k ≥ 1).
We did summarily refer to such oscillations in the introduction.

2.4 Completion of Metric Spaces

We shall now consider the problem of completion of a metric space. In Sec-
tion 2.1, we stated Theorem 2.1, which guarantees the possibility of complet-
ing an arbitrary metric space. We are not repeating Theorem 2.1 here, but we
shall use the same notation as in Section 2.1. Once this result is established,
we shall be able to interpret the spaces AP(R, C) and AP1(R, C) as the com-
pleted spaces of the set of trigonometric polynomials T with respect to the
norms ‖ · ‖ of CB(R, C), resp. ‖ · ‖1, given by ‖T‖1 =

∑k
j=1|aj |.

The proof of Theorem 2.1 requires some preparation, and the concept of
a function space will prove to be the right tool to achieve the objective of a
(constructing the completion of a metric space).

Proposition 2.15. Let (E, d) be a metric space. Then the map d : E×E−→R+

is continuous.
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From the triangle inequality we can write d(x, y) ≤ d(x, u)+d(u, v)+d(v, y)
and d(u, v) ≤ d(u, x)+d(x, y)+d(y, v). Also taking into account the symmetry
of the distance function, we derive from the inequalities above

|d(x, y) − d(u, v)| ≤ d(x, u) + d(y, v), (2.59)

which is valid for any x, y, u, v ∈ E. From formula (2.59), we obtain the proof
of Proposition 2.15.

This proposition is useful in what follows but also has intrinsic interest
because it shows that the distance between the points of a metric space varies
continuously (with respect to the points involved).

The next proposition shows how to construct a function space, which will
be denoted by CB(E,R), consisting of all continuous and bounded maps from
a metric space E into the real line R. The space CB(E,R) will itself be a
metric space with the metric

ρ(f, g) = sup{|f(x) − g(x)|; x ∈ E} (2.60)

for each f, g ∈ CB(E,R).

Proposition 2.16. Let (E, d) be a metric space, and consider the set of maps
CB(E,R) as described above. With the usual addition (i.e., pointwise) for
functions and multiplication by (real) scalars, CB(E,R) becomes a linear
space. Endowed with the distance/norm (2.60), it is a Banach space.

Proof. First, the linearity is a simple consequence of the following definitions:
For f, g ∈ CB(E,R), one denotes (f + g)(x) = f(x) + g(x), and for λ real,
(λf)(x) = λf(x) for any x ∈ E.

Then, equation (2.60) makes sense for each f, g ∈ CB(E,R) because of
the boundedness of these maps on E. The conditions required by the distance
function can be verified elementarily.

Finally, there remains to show that CB(E,R) is complete with respect
to the distance ρ, given by equation (2.60). Consider a Cauchy sequence
{fn; n ≥ 1} ⊂ CB(E,R). This implies ρ(fn, fm) < ε, for any ε > 0, pro-
vided n,m ≥ N(ε). Taking equation (2.60) into account, we can write, for
any x ∈ E,

|fn(x) − fm(x)| < ε, n,m ≥ N(ε). (2.61)

But formula (2.61) shows that {fn(x); n ≥ 1} is a Cauchy sequence in R for
a given x. Hence, lim fn(x) = f(x) as n −→ ∞. If in formula (2.61) we let
m −→ ∞ for fixed x ∈ E, we obtain

|fn(x) − f(x)| ≤ ε, n ≥ N(ε). (2.62)

This means
ρ(fn, f) ≤ ε, n ≥ N(ε), (2.63)

which proves the completeness of the space CB(E,R).
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Remark 2.15. The proof can be carried out to the more general case of the
space CB(E,F ), where F stands for a Banach space.

Proof of Theorem 2.1. We can now move to provide the proof of Theorem 2.1,
which constitutes a basic tool in our presentation.

More precisely, we shall prove the following statement: Let (E, d) be a
metric space. Then, there exists a subset of the Banach space CB(E,R) that
can be identified with (E, d).

The term identified should be understood in the sense that there exists a
one-to-one correspondence between (E, d) and the subset of CB(E,R) with
distance preservation.

Let us consider the metric space (E, d) and the associated Banach space
CB(E,R), which is endowed with the metric ρ defined by equation (2.60). Let
us fix a point a ∈ E and for each u ∈ E consider the real-valued function

fu(x) = d(x, u) − d(x, a), x ∈ E. (2.64)

From the triangle inequality for the metric d, we obtain |fu(x)| ≤ d(u, a).
Hence fu is bounded on E. Moreover, fu is continuous on E if one takes into
account equation (2.64) and Proposition 2.15. It is easy to see that the map
u −→ fu from E into CB(E,R) is one-to-one. Indeed, if we assume fu = fv,
this amounts to d(x, u) = d(x, v) for any x ∈ E. But for x = u one has
d(u, u) = 0 = d(u, v), which implies u = v. We can also prove that

ρ(fu, fv) = d(u, v) (2.65)

for any u, v ∈ E. This will mean that the map u −→ fu preserves the distance
(one also says that the map u −→ fu is an isometry). In order to prove
equation (2.65), we shall note that, for each x ∈ E,

fu(x) − fv(x) = d(x, u) − d(x, a) − d(x, v) + d(x, a)

= d(x, u) − d(x, v) ≤ d(u, v).

Changing the roles of u and v, we obtain a similar inequality. Both inequalities
lead to

|fu(x) − fv(x)| ≤ d(u, v), x ∈ E, (2.66)

which implies
ρ(fu, fv) ≤ d(u, v), u, v ∈ E. (2.67)

On the other hand, fu(v) − fv(v) = d(v, u) − d(v, a) + d(v, a) = d(u, v).
Therefore,

d(u, v) ≤ sup
x∈E

|fu(x) − fv(x)| = ρ(fu, fv),

which, together with formula (2.67), leads to equation (2.65).
At this stage in the proof of Theorem 2.1, there remains to note that the

space (Ẽ, d̃) in the statement of the theorem is nothing but the closure in
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CB(E,R) of the range of the map u −→ fu. Indeed, this closure is a closed
subset of the complete metric space CB(E,R) with respect to the metric
ρ = d̃. As a closed subset of a complete metric space, it is itself complete.
Indeed, if a Cauchy sequence is in (Ẽ, ρ), then it is convergent in CB(E,R).
But (Ẽ, ρ) is closed in CB(E,R), which means that the limit belongs to (Ẽ, ρ).
The relation (2.65) shows that d = d̃ = ρ for any u, v ∈ E.

Theorem 2.1 is thus proven.

Remark 2.16. Since each subset M of a metric space E is dense in its closure
M ⊂ E, there results from Definition 2.9 that, for any element x̄ ∈ M , one
can find a sequence {xn; n ≥ 1} ⊂ M such that xn −→ x̄ as n −→ ∞.

Definition 2.23. The space (Ẽ, d̃) constructed in the proof of Theorem 2.1
is called the completion of the space (E, d).

The following result is a natural complement to Theorem 2.1.

Proposition 2.17. For any metric space E, there exists, up to an isometry,
a unique complete metric space Ẽ containing a dense subset isometric to E.

Proof. In order to prove Proposition 2.17, it is obviously sufficient to prove
the more general assertion: If F and G are complete metric spaces and A
and B are subsets dense in F resp. G (i.e., A = F, B = G), then for every
isometric mapping f : A −→ B, there exists an isometry f̃ : F −→ G such
that f̃(x) = f(x) for each x ∈ A. Let x ∈ F and {xn; n ≥ 1} ⊂ A such
that xn −→ x as n −→ ∞. {xn; n ≥ 1} satisfies the Cauchy condition, which
means that the sequence {yn = f(xn); n ≥ 1} also satisfies the Cauchy pro-
perty. This implies that yn −→ y ∈ G. Let us point out that y does not depend
on the particular sequence {xn; n ≥ 1} ⊂ A, xn −→ x as n −→ ∞. If {x̃n;
n ≥ 1} ⊂ A and x̃n −→ x as n −→ ∞, then considering ỹn = f(x̃n), n ≥ 1,
we notice that the sequence f(x1), f(x̃1), f(x2), f(x̃2), . . . , f(xn), f(x̃n), . . . is
convergent in G, which implies lim yn = lim ỹn = y as n −→ ∞. We define
f̃ : F −→ G by letting f̃(x) = y, where y has been determined as described
above. When x ∈ A, we obviously have f̃(x) = f(x) = y.

This ends the proof of uniqueness of the completion of a metric space.

Remark 2.17. If the metric space E is linear, then the completion of E with
respect to the metric given by the norm in E is a Banach space. This can be
easily seen by defining in the completion the operations of addition of elements
and the scalar multiplication.

Indeed, let x, y ∈ Ẽ = the completion of E. Then, there exist two Cauchy
sequences {xn}, {yn} ∈ E, such that xn → x, yn → y as n → ∞. But
{xn + yn} is also a Cauchy sequence in E, which means there exists z ∈ Ẽ
with xn + yn → z as n → ∞. By definition, x + y = z. Obviously, z does
not depend on the choice of the sequences {xn}, {yn}, provided xn → x and
yn → y as n → ∞. Similarly, for λ ∈ C and x ∈ Ẽ, one defines λx ∈ Ẽ as the
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(unique) limit of any sequence {λxn} ⊂ E, with xn → x as n → ∞. It is an
elementary exercise to check the basic properties of these operations.

The uniqueness of the completion of a metric space, as stipulated by Propo-
sition 2.17, allows us to conclude that the spaces AP(R, C) or AP1(R, C) are
uniquely determined by the set of trigonometric polynomials T , of the form
(2.41), and the norms (or metrics) indicated by sup{|T (t)|; t ∈ R}, resp.
‖T‖1 = |a1| + |a2| + · · · + |ak|.

Several other spaces consisting of almost periodic functions can be con-
structed taking the spaces AP1(R, C) or AP(R, C) as basic elements. For in-
stance, the space AP(R, Cn) is defined as the direct product of n factors, each
identical to AP(R, C). In a similar manner, one defines AP(R,Rn), the starting
element being AP(R,R); i.e., the space of real-valued almost periodic func-
tions. This space is the completion of the set T1 of real trigonometric polyno-
mials with respect to sup-norm. A real trigonometric polynomial is a function
of the form T0(t) = α0 + α1 cos λ1t + β1 sin λ1t + · · ·+ αk cos λkt + βk sinλkt,
with λ1, λ2, . . . , λk arbitrary real numbers, as well as αj , 1 ≤ j ≤ k, βj ,
1 ≤ j ≤ k. The connection between the concept of almost periodicity and
that of a general trigonometric series is not yet investigated in depth. The
term general stands for the fact that λj ’s are arbitrary and not the multiples
of a given positive number. In the latter case, we have a Fourier series that
corresponds to the case of periodic functions.

Remark 2.18. When we introduced the space AP1(R, C), we in fact consid-
ered the completion of the set T of trigonometric polynomials with respect to
the norm

‖T (t)‖1 =
k∑

j=1

|aj |. (2.68)

We can generalize this type of norm on T by considering

‖T‖r =

⎛
⎝

k∑
j=1

|aj |r
⎞
⎠

1/r

, 1 ≤ r ≤ 2. (2.69)

For r = 1, we reobtain the norm ‖ · ‖1, while r = 2 corresponds to the
Euclidean norms. It is easy to see that ‖ · ‖2 ≤ ‖ · ‖1. In general, ‖ · ‖r is
decreasing when r is increasing, 1 ≤ r ≤ 2.

Since each ‖ · ‖r is a norm on T , the completion of T with respect to the
norm ‖ · ‖r leads to a class of almost periodic functions that we shall denote
by APr(R, C).

The complete spaces APr(R, C), 1 < r ≤ 2, may not consist of functions
from R into C, but rather of classes of functions (equivalent in a precise sense).
We shall illustrate this fact in detail in the case r = 2 when we deal with
almost periodic functions in the sense of Besicovitch. The space AP2(R, C) is
also denoted B2(R, C).
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2.5 Function Spaces: Measurable Case

The concept of almost periodicity is not restricted to continuous functions.
In the case of measurable (Lebesgue) functions, one can define the almost
periodicity by using adequate metrics, distances, and norms in the linear space
T of trigonometric polynomials.

In order to define the class of almost periodic functions in the sense of
V. Stepanov, we shall first deal with the space M = M(R, C) of locally inte-
grable maps from R into C satisfying a certain condition of boundedness. This
space has been considered in the literature by N. Wiener and V. Stepanov.
A more recent treatment of its definition and properties can be found in the
book by J. L. Massera and J. J. Schäffer [68].

Definition 2.24. The space M can be defined by the condition

M =
{

x : R → C, sup
∫ t+1

t

|x(s)|ds, t ∈ R

}
< +∞. (2.70)

One says that the elements of M are bounded in the mean.

Obviously, BC(R, C) ⊂ M(R, C) because x ∈ BC implies local integrabil-
ity and |x(t)| ≤ A, t ∈ R. Hence

sup
∫ t+1

t

|x(s)|ds ≤ A, t ∈ R, (2.71)

which proves the fact that x ∈ M.
To get a more precise idea of what a function in M represents, we observe

that it can be obtained by taking a bounded sequence in the space L =
L1([0, 1], C), say {xn; n ∈ Z}, and then letting

x(t) = xn(t − n), n < t ≤ n + 1, n ∈ Z, (2.72)

Z standing for the ring of integers.
Conversely, each element x ∈ M is generating a sequence in L1([0, 1], C).

Formula (2.72) explains how this happens.
Returning now to the formula (2.70), which is the definition of the space

M(R, C), it is easy to see that M(R, C) is a linear space over the field C
of complex numbers. Of course, as stipulated above in this section, each e-
lement of M(R, C) is a locally integrable function. Therefore, by definition,
M(R, C) ⊂ Lloc(R, C).

The norm in the space M is defined by

|x|M = sup
{∫ t+1

t

|x(s)|ds; t ∈ R

}
. (2.73)

It is an elementary exercise to show that the map x → |x|M is a norm on M .
In order to show that M is a Banach space endowed with the norm (2.73),
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one has to show that any sequence in M satisfying the Cauchy condition is
convergent in the norm | · |M (to an element of M). This requires some details,
and we are providing the proof here (it can also be found elsewhere; see, for
instance, J. L. Massera and J. J. Schäffer [68]).

Indeed, let {xm} ⊂ M be a sequence satisfying Cauchy’s condition; i.e.,
for each ε > 0, there exists a natural number N = N(ε) > 0 such that

|xm − xp|M < ε, m, p ≥ N(ε). (2.74)

We need to show that there exists x ∈ M such that

|xm − x|M −→ 0 as m −→ ∞. (2.75)

From formula (2.74), we derive

sup
∫ t+1

t

|xm(s) − xp(s)|ds < ε, m, p ≥ N(ε). (2.76)

Let us now fix an arbitrary finite interval (a, b) ⊂ R and note that for some
integers r, s ∈ Z one has (a, b) ⊂ (r, s). Then, formula (2.76) leads to

∫ b

a

|xm(u) − xp(u)|du ≤ (s − r)|xm − xp|M < (s − r)ε (2.77)

for m, p ≥ N(ε). In other words, the restrictions of the functions of {xm} to
(a, b) form a Cauchy sequence in L1((a, b), C). Hence, one can define

x(t) = lim xp(t) as p −→ ∞ (2.78)

on each finite interval (a, b) ⊂ R. The limit function x(t) is thus defined on
R, and it is locally integrable. It remains to show that x(t) given by equation
(2.78) belongs to the space M . But x = (x− xm) + xm with xm ∈ M . On the
other hand, letting p → ∞ in formula (2.76), one obtains

|xm − x|M ≤ ε for m ≥ N(ε).

This means that x− xm ∈ M. Therefore, x ∈ M , which ends the proof of the
assertion that M endowed with the norm | · |M is a Banach space.

The space M is a fairly large function space, and it does contain as sub-
spaces all the spaces Lp(R, C), 1 ≤ p ≤ ∞. The inequality

∫ t+1

t

|x(s)|ds ≤
(∫ t+1

t

|x(s)|pds

)1/p

, 1 ≤ p < ∞,

leads immediately to the inclusions Lp ⊂ M , 1 ≤ p < ∞. The inclusion
L∞ ⊂ M is obvious. Moreover, one has |x|M ≤ |x|Lp , 1 ≤ p ≤ ∞. These
inequalities imply that convergence in Lp always has as a consequence con-
vergence in M .
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Another significant property of the space M is related to the convolution
product

(f ∗ g)(t) =
∫

R

f(t − s)g(s)ds, (2.79)

which is known to make sense for f ∈ L1 and g ∈ Lp, 1 ≤ p ≤ ∞. One has
f ∗ g ∈ Lp, and this is a consequence of the inequality

|f ∗ g|Lp ≤ |f |L1 |g|Lp . (2.80)

For the validity of formula (2.80), see for instance the author’s book [23],
where the case of the space M is also discussed. It is shown that, for f ∈ L1

and g ∈ M ,
|f ∗ g|M ≤ |f |L1 |g|M . (2.81)

Inequalities like (2.80) or (2.81) will be needed in subsequent chapters when
dealing with operators on function spaces and associated functional equations.

We are now able to define the almost periodic functions in the sense of
Stepanov. The space of these functions is actually a subspace of the space
M(R, C).

Definition 2.25. The space S = S(R, C) of almost periodic functions in the
Stepanov sense is the closure in M = M(R, C) of the set T of (complex)
trigonometric polynomials of the form (2.41).

The definition above implies that for any x ∈ S(R, C) and ε > 0 there
exists a trigonometric polynomial T (t) such that

|x − T |M < ε. (2.82)

We also say that any almost periodic function in the sense of Stepanov can
be approximated with any degree of accuracy by trigonometric polynomials
in the norm | · |M .

From Definition 2.25, we know that S is a Banach space over the complex
field C. It has properties similar to those of AP(R, C), but only to a certain
level. For instance, S is not closed with respect to pointwise multiplication of
its elements. Its basic properties, similar to property V of AP(R, C), will be
discussed in subsequent chapters and used in connection with almost periodi-
city of solutions of functional equations.

So far, we know about the following inclusions of the spaces of almost
periodic functions:

AP1(R, C) ⊂ AP(R, C) ⊂ S(R, C). (2.83)

To the sequence of inclusions (2.83), we shall add one more after introducing
a new class of almost periodic functions known as Besicovitch class B2(R, C).
We made a brief reference to the space B2(R, C) at the end of Section 2.4.
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We shall conclude the discussion of Stepanov’s almost periodic functions
(in this section) by noting that several other spaces can be defined similarly.
The spaces S(R,R), S(R,Rn), S(R, Cn) are obviously defined, starting in
the first case with real trigonometric polynomials instead of T (to be more
specific, with Re T ) and then proceeding by completion.

There are many references in the literature to the spaces Sp(R, C), 1 ≤ p,
of almost periodic functions in Stepanov’s sense. They are defined in a manner
similar to that used above for the space S = S1(R, C). Namely, the norm in
Sp(R, C) is given by

‖x‖Sp = sup
t∈R

(∫ t+1

t

|x(s)|pds

)1/p

,

and the relationship with the norm of S (or M) follows from the inequality
mentioned above, namely

∫ t+1

t

|x(s)|ds ≤
(∫ t+1

t

|x(s)|pds

)1/p

, 1 ≤ p < ∞.

This inequality shows that Sp ⊂ S for p > 1, which tells us that the space
S is the richest space of almost periodic functions in Stepanov’s sense.

The space S2(R, C) will be considered later.
We shall now prepare to introduce Besicovitch almost periodic functions

by following the same procedure as for the spaces AP(R, C) or S(R, C). In
other words, we will first define a Banach function space that will naturally
contain the Besicovitch space. The latter will appear as a (closed) subspace
of the space M2(R, C), which will be immediately defined and is known as a
Marcinkiewicz function space.

As a suggestion for a possible norm in both Marcinkiewicz and Besicovitch
spaces, we first note the following connection between the norm ‖ · ‖2 on T
(i.e., the Euclidean norm) and the so-called mean value for trigonometric
polynomials:

k∑
j=1

|aj |2 = ‖T‖2
2 = lim

�→∞
(2�)−1

∫ �

−�

|T (t)|2dt. (2.84)

In the representation (2.41) of the trigonometric polynomial T (t), we assume
that the λj ’s are distinct reals, while aj ’s are complex. Since

|T (t)|2 = T (t)T (t) =
k∑

j=1

|aj |2 +
k∑

j=1

k∑
m=1

aj āmei(λj−λm)t,

with j �= m in the double sum, equation (2.84) follows immediately from the
equation above if we take into account that
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lim
�→∞

(2�)−1

∫ �

−�

eiλtdt = 0, λ ∈ R, λ �= 0. (2.85)

The norm suggested by equation (2.84) is

x −→
[

lim
�→∞

(2�)−1

∫ �

−�

|x(t)|2dt

]1/2

,

which is finite for some x ∈ L2
loc(R, C) = the space of all measurable func-

tions from R into C that are locally square integrable. Slightly modified, the
considerations above lead to the possible norm (Marcinkiewicz)

‖x‖2
M = lim sup

�−→∞
(2�)−1

∫ �

−�

|x(t)|2dt (2.86)

whenever the right-hand side in equation (2.86) is finite.
It is an elementary exercise to see that the set M of all x ∈ L2

loc(R, C) for
which equation (2.86) is finite is a linear space over C. For instance, to check
that x + y ∈ M if x, y∈M, we rely on the well-known inequality (a + b)2 ≤
2(a2 + b2) for positive a and b, which implies

∫ �

−�

[x(t) + y(t)]2dt ≤ 2
∫ �

−�

|x(t)|2dt + 2
∫ �

−�

|y(t)|2dt.

In fact, the map x → ‖x‖M from M into R+ = [0,∞) is not a norm
but a seminorm. Indeed, the properties of the seminorm, ‖x‖M ≥ 0 and
‖λx‖M = |λ| ‖x‖M, are obviously satisfied. The triangle inequality ‖x + y‖M
≤ ‖x‖M + ‖y‖M follows from the well-known inequality

(∫ �

−�

|x(t) + y(t)|2dt

)1/2

≤
(∫ �

−�

|x(t)|2dt

)1/2

+

(∫ �

−�

|y(t)|2dt

)1/2

,

also taking into account lim sup(u + v) ≤ lim sup u + lim sup v.
On the other hand, ‖x‖M = 0 means

lim
�→∞

(2�)−1

∫ �

−�

|x(t)|2dt = 0. (2.87)

It is easy to see that x satisfying equation (2.87) need not necessarily be
zero (a.e.). For instance, x(t) = exp{−|t|}, t ∈ R, is such a function, nowhere
vanishing on R. Indeed, one easily finds

(2�)−1

∫ �

−�

e−|t|dt = �−1(1 − e−�),

which means that equation (2.87) is satisfied.
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Since ‖ · ‖M is only a seminorm on M, in order to obtain Marcinkiewicz
space we will consider the factor space M/L, where L stands for the linear
manifold consisting of all y ∈ M satisfying equation (2.87). Therefore, the
elements of the Marcinkiewicz space M2(R, C) = M/L are constituted by
the classes of equivalence in M according to the relation x ∼ y iff x − y ∈ L.
In other words, an element of M2 is determined by a set of elements in M
of the form {x + x0} with x ∈ M and x0 ∈ L. Because the M-norm of each
element in an equivalence class is the same (as noted above), it is natural to
take it as a norm in M2 for that class (as an element of M2).

We can now formulate the definition of a Marcinkiewicz function space
M2(R, C) just by summarizing the considerations above.

Definition 2.26. The factor space M/L with M(R, C) defined by equation
(2.86) and L defined by equation (2.87) is called a Marcinkiewicz function
space and is denoted by M2(R, C).

In a similar manner, one can define the Marcinkiewicz function spaces
M2(R,R), M2(R,Rn), and others.

Of course, the discussion above does not imply that M2(R, C) is a Banach
space. Unfortunately, Proposition 2.13 cannot be applied here directly and
can only serve as a model (for instance, M is not a Banach space).

In order to provide full consistency to Definition 2.26, we need to proceed
in a manner similar to the proof of Proposition 2.13 but keeping in mind the
special situation since M is not a Banach space. Fortunately, L is a closed
linear manifold in M. This condition is requested in Proposition 2.13.

Indeed, let x ∈ M be the limit of the sequence {xn; n ≥ 1} ⊂ L. This
means

lim sup
n−→∞

(2�)−1

∫ �

−�

|xn(t) − x(t)|2dt = 0. (2.88)

But x = (x − xn) + xn, and therefore

lim sup
�−→∞

(2�)−1

∫ �

−�

|x(t)|2dt ≤ lim sup
�−→∞

(2�)−1

∫ �

−�

|x(t) − xn(t)|2dt

because xn ∈ L. Taking equation (2.88) into account, we obtain

lim sup
�−→∞

(2�)−1

∫ �

−�

|x(t)|2dt = 0,

which proves that x ∈ L. This shows that L is closed in M in the topology
induced by the seminorm ‖ · ‖M.

The next challenge is to prove that M is complete with respect to the
convergence generated by ‖ · ‖M. In other words, if we consider a Cauchy
sequence in M, one must prove its convergence in the norm ‖ · ‖M.
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Let {xn; n ≥ 1} ⊂ M be such that, given ε > 0, one has

‖xn − xm‖M <
√

ε for n,m ≥ N(ε). (2.89)

This means that

lim sup
�−→∞

(2�)−1

∫ �

−�

|xn(t) − xm(t)|2dt < ε for n,m ≥ N(ε). (2.90)

From formula (2.90), we derive (in accordance with the definition of lim sup)
that there exists a positive number L = L(ε) such that � ≥ L(ε) implies

(2�)−1

∫ �

−�

|xn(t) − xm(t)|2dt < 2ε for n,m ≥ N1(ε). (2.91)

Let us now fix � in formula (2.91), � ≥ L, and rewrite this inequality in the
form ∫ �

−�

|xn(t) − xm(t)|2dt < 4�ε for n,m ≥ N1(ε). (2.92)

The inequality (2.92) shows that the restrictions of the functions xn(t), n ≥ 1,
to the interval [−�, �] form a Cauchy sequence in the space L2([−�, �], C).
Therefore, based on the completeness of the space L2([−�, �], C), we can state
that the sequence {xn; n ≥ 1}, restricted to the interval [−�, �], is L2-
convergent: lim xn(t) = x(t) as n → ∞. Since the limit is unique (a.e.) in
any space L2([−�, �], C), � ≥ L, we conclude that there exists an element
x ∈ L2

loc(R, C) such that lim xn(t) = x(t) in L2
loc(R, C). But convergence in

L2
loc(R, C) does not imply convergence in M(R, C). As seen above, the con-

verse is true. Also, from the considerations above, it does not follow that
x ∈ M(R, C). These facts must now be clarified.

First, let us note that x(t) defined above satisfies, for each � ≥ L(ε), the
inequality ∫ �

−�

|xn(t) − x(t)|2dt ≤ 4�ε for n ≥ N1(ε) (2.93)

because in the L2-convergence it is allowed to let m → ∞ in formula (2.92).
Second, formula (2.93) is equivalent to

(2�)−1

∫ �

−�

|xn(t) − x(t)|2dt ≤ 2ε for n ≥ N1(ε). (2.94)

Hence, keeping in mind that � ≥ L(ε) is arbitrary,

‖xn − x‖2
M ≤ 2ε for n ≥ N1(ε). (2.95)

Because x = (x − xn) + xn and both terms on the right-hand side are in
M, one derives x ∈ M. The inequality (2.95) also shows that limxn = x as
n → ∞ in the sense of the convergence in M (i.e., as defined by the seminorm
‖ · ‖M).

Let us summarize the discussion above by stating the following result.
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Proposition 2.18. The space M = M(R, C) of locally square integrable func-
tions for which ‖·‖M given by equation (2.86) is finite is complete in the sense
of convergence induced by ‖ · ‖M. Moreover, the linear manifold L ⊂ M,
defined by equation (2.87), is closed in M.

Remark 2.19. Actually, the closedness of L in M is a consequence of the
fact that ‖x‖M is continuous in x (each norm or seminorm is continuous in
the topology it generates!). The fact that ‖x‖M = 0 defines a closed linear
manifold is then obvious.

In Definition 2.26, we introduced the Marcinkiewicz space M2(R, C) as
the factor space M(R, C)/L(R, C). It is now our aim to prove that M2(R, C)
is a Banach space over the complex field. This fact is basically a consequence
of Remark 2.10 to Proposition 2.13. Nevertheless, we prefer to get into some
details, given the fact that Proposition 2.13 cannot be directly applied to
derive the result we have in mind.

Proposition 2.19. The Marcinkiewicz function space M2 = M/L is a Ba-
nach space with the norm defined by ‖x + L‖M = ‖x‖M, x ∈ M.

Remark 2.20. In Section 2.2, the norm ‖x + L‖M = inf{‖y‖M; y ∈ x + L}
was defined. It is easy to see that this definition is equivalent to that indi-
cated in Proposition 2.19. Indeed, taking into account that L = {x; x ∈ M,
‖x‖M = 0}, we have, for any y ∈ x + L, ‖y‖M ≤ ‖x‖M + ‖x0‖M with
‖x0‖M = 0 because x0 ∈ L. Hence, ‖y‖M ≤ ‖x‖M. But y = x + x0 gives
x = y − x0, x0 ∈ L, which means ‖x‖M ≤ ‖y‖M. Therefore, ‖x + L‖M =
inf{‖y‖M; y ∈ x + L} = ‖x‖M, and we see that all the elements in M that
define an element in M2 = M/L have the same M-seminorm. This common
value is hence taken as the norm in M2.

Proof of Proposition 2.19. From the proof of Proposition 2.13, we know that
M2 is a linear space and x+L −→ ‖x+L‖M is a seminorm on M2. Moreover,
according to Proposition 2.18, the seminormed space M is complete with
respect to ‖ · ‖M.

There remains to prove that the map x + L −→ ‖x + L‖M = ‖x‖M is
actually a norm on the factor space and that this space is also complete.

First, if ‖x + L‖M = 0, this means ‖x‖M = 0. Therefore, x ∈ L = the
equivalence class in the factor space that is the zero element of this space.
This shows that x + L −→ ‖x + L‖M is actually a norm.

Second, in order to prove the completeness of M2, we will show that a
Cauchy sequence {xn +L; n ≥ 1} ⊂ M2 does converge in this space. Indeed,
for each ε > 0, one can find an integer N = N(ε) such that

‖(xn + L) − (xm + L)‖M < ε for n ≥ N. (2.96)

But (xn + L) − (xm + L) = xn − xm + L because L is a linear manifold.
Therefore, formula (2.96) implies
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‖xn − xm + L‖M = ‖xn − xm‖M < ε for n,m ≥ N(ε),

which means that {xn; n ≥ 1} ⊂ M is a Cauchy sequence. Hence, there exists
x ∈ M such that

lim
n→∞

‖xn − x‖M = 0. (2.97)

We now note that equation (2.97) implies

‖xn − x + L‖M = ‖xn − x‖M −→ 0 as n −→ ∞, (2.98)

which is the same as saying

lim
n→∞

‖(xn + L) − (x + L)‖M = 0. (2.99)

In other words, the sequence {xn+L; n≥1}⊂M2 is convergent to x+L⊂M2.
This ends the proof of Proposition 2.19, proving that the Marcinkiewicz

function space M2 = M2(R, C) is a Banach space over the complex field C.

We now have all the elements to introduce the Besicovitch space of almost
periodic functions, denoted by AP2(R, C) or B2(R, C). We have seen at the
end of Section 2.4 that AP2(R, C) is uniquely determined as the completion of
T with respect to the Euclidean norm ‖ · ‖2 for trigonometric polynomials of
the form (2.41). What we now want to point out is the fact that AP2(R, C) is
a (closed) subspace of the space M2(R, C). Hence, the elements of AP2(R, C)
will be classes of equivalent functions, each class containing all functions in
M(R, C) of equal norm, or, equivalently, x, y ∈ M belong to the same element
of M2(R, C) iff x − y ∈ L.

In the space M2(R, C), we consider the linear manifold T + L, where T
denotes the set of polynomials of the form (2.41). Since both terms T and L
are linear manifolds, T + L is also a linear manifold in M2(R, C).

Definition 2.27. The space AP2(R, C) of almost periodic functions in the
Besicovitch sense is the closure in M2(R, C) of the linear manifold T + L,
with T standing for the set of trigonometric polynomials of the form (2.41)
and L the subspace of M of the elements with zero M-seminorm.

Proposition 2.20. The space AP2(R, C) is a Banach space over C with the
norm induced by ‖ · ‖M, namely

‖x + L‖M = ‖x‖M, x ∈ AP2(R, C). (2.100)

The proof of Proposition 2.20 is the result of the discussion above and
Definition 2.24.

Remark 2.21. Since the almost periodic functions in the Besicovitch sense
form a Banach space, it is obvious that the sum of two such functions is in
AP2(R, C) as well as the product of a function in AP2(R, C) by a constant.



2.5 Function Spaces: Measurable Case 47

Moreover, the limit of a sequence of functions in AP2(R, C) in the sense of an
M-seminorm, i.e., such that

lim
n→∞

{
lim sup
�−→∞

(2�)−1

∫ �

−�

|xn(t) − x(t)|2dt

}
= 0,

is also almost periodic in the sense of Besicovitch. Further properties will be
established in the following chapters.

In concluding this section, we will dwell on the sequence of inclu-
sions for spaces of almost periodic functions considered in this chapter. In
Section 2.4, we established (see formula (2.83)) the inclusions between the
spaces AP1(R, C), AP(R, C), and S(R, C). Now we have to find out the place
of AP2(R, C) in the sequence of inclusions. One can easily see that, similar to
formula (2.83), we have the inclusions

AP1(R, C) ⊂ AP(R, C) ⊂ AP2(R, C). (2.101)

Indeed, if x ∈ AP(R, C), it is bounded on R, and the right-hand side in
equation (2.86) is finite. This justifies the second inclusion (2.101). Unfortu-
nately, we cannot interpose S(R, C) between AP(R, C) and AP2(R, C). This
is because the functions in S(R, C) are only locally integrable, while those in
AP2(R, C) are locally square integrable – a stronger property than local inte-
grability. Later on, when we develop the theory of almost periodic functions in
various senses, we shall be able to produce concrete examples of functions in
S(R, C) that do not belong to AP2(R, C). In particular, a periodic function in
S(R, C) that is locally integrable but not locally square integrable constitutes
such an example.

If we consider the Stepanov space S2(R, C), however, then the sequence of
inclusions of spaces of almost periodic functions looks like

AP1(R, C) ⊂ AP(R, C) ⊂ S2(R, C) ⊂ AP2(R, C), (2.102)

which shows that each space in the sequence is richer than the preceding one.
Of course, moving from one space in the sequence to the next, one loses some
of the properties related to almost periodicity.

In order to conclude our discussion, we need to prove the validity of the
last inclusion in the sequence (2.102). Let us consider a function x ∈ S2(R, C)
and show that for each function the seminorm ‖x‖M, as defined by equation
(2.86), is finite. Indeed, one easily obtains

lim sup
�−→∞

(2�)−1

∫ �

−�

|x(t)|2dt ≤ lim sup
�−→∞

(2�)−1

∫ [�]+1

−[�]−1

|x(t)|2dt

≤ lim sup
�−→∞

[�] + 1
�

[
sup
t∈R

∫ t+1

t

|x(s)|2ds

]
≤ ‖x‖2

S2
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because �−1([�] + 1), with [�] = greatest integer less than or equal to � > 0,
tends to 1 as � −→ ∞. The inequalities above tell us that

‖x‖M2 ≤ ‖x‖2
S2 , (2.103)

which justifies the last inclusion in (2.102).
We shall later indicate other classes of almost periodic functions. For a

recent survey paper examining the classification of almost periodic functions,
see J. Andres et al. [4].
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Basic Properties of Almost Periodic Functions

3.1 The Space AP1(R, C)

We defined in Section 2.3 the space AP1(R, C), where elements can be repre-
sented by

f(t) =
∞∑

k=1

akeiλkt, t ∈ R, (3.1)

where ak ∈ C, λk ∈ R, k = 1, 2, . . . , such that

∞∑
k=1

|ak| < ∞. (3.2)

Condition (3.2) implies the absolute and uniform convergence of the series in
equation (3.1) on the whole real line R. The norm of f is the sum of the series
in formula (3.2).

Taking into account the formula

eiλt = cos λt + i sin λt, λ, t ∈ R,

one obtains from equation (3.1), with ak = αk + iβk,

f1(t) = Re f(t) =
∞∑

k=1

(αk cos λkt − βk sin λkt),

f2(t) = Im f(t) =
∞∑

k=1

(αk sin λkt + βk cos λkt),

formulas showing that both f1(t) and f2(t) can be represented by means
of absolutely and uniformly convergent series whose terms describe simple
harmonic motions (oscillations). In other words, the motion described by the
function f(t), given by equation (3.1), is the result of compounding infinitely

C. Corduneanu, Almost Periodic Oscillations and Waves, 49
DOI 10.1007/978-0-387-09819-7 3, c© Springer Science+Business Media, LLC 2009
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many simple harmonics. This shows the oscillatory property of the function
f(t) or the motion described by this function.

Since AP1(R, C) is the “smallest” space of almost periodic functions we
are investigating, any property of functions in the spaces AP(R, C) or S(R, C)
is also valid for functions in AP1(R, C). In the next section of this chapter, we
shall get acquainted with several of these properties. For instance, properties
I, II, and V, stated in Section 2.3 for the functions in AP(R, C), are valid for
any function in AP1(R, C).

It is our aim in this section to point out some features of functions in
AP1(R, C) that do not hold in general for almost periodic functions in larger
spaces of almost periodic functions.

First, let us start by clarifying the relationship between the function f(t)
in equation (3.1) and the coefficients ak in the representation of f(t) as a
trigonometric series. The formulas we shall obtain also have historical sig-
nificance since they were obtained by H. Poincaré long before the theory of
almost periodic functions was developed by H. Bohr. Following Poincaré, let
us multiply both sides of equation (3.1) by e−iλjt. We obtain

f(t)e−iλjt =
∞∑

k=1

akei(λk−λj)t, (3.3)

with the series on the right-hand side of equation (3.3) absolutely and uni-
formly convergent on R. Unfortunately, we cannot integrate both sides of
equation (3.3) on R because the left-hand side may not be in L1(R, C). But
we can integrate both sides of equation (3.3) in a valid manner on any interval
(−�, �), � > 0:

∫ �

−�

f(t)e−iλjtdt =
∞∑

k=1

ak

∫ �

−�

ei(λk−λj)tdt.

We now multiply both sides above by (2�)−1 and then let � → ∞. Keeping in
mind that (see Section 2.3)

lim
�→∞

(2�)−1

∫ �

−�

eiλtdt =

{
0 λ �= 0

1 λ = 0
,

one obtains

lim
�→∞

(2�)−1

∫ �

−�

f(t)e−iλjtdt = aj , (3.4)

which provides the coefficients aj , j = 1, 2, . . . , in terms of f(t) and λj .
Let us note that in the representation (3.1) for f(t), we assumed λk’s to

be distinct real numbers.
In Chapter 4, when dealing with Fourier series attached to almost periodic

functions (in various spaces), we shall reobtain formula (3.4) in another con-
text, which will be written as aj = M

{
f(t)e−λjt

}
, j = 1, 2, . . . , where M
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denotes the mean value (of an almost periodic function; it will be shown that
this value exists for any almost periodic function).

Let us consider the problem of differentiability of the function f(t) given
by equation (3.1). It is obvious that the condition

∞∑
k=1

|ak| |λk| < ∞ (3.5)

will assure the existence of the derivative f ′(t) as well as its representation in
the form

f ′(t) = i
∞∑

k=1

akλkeiλkt, t ∈ R. (3.6)

Indeed, the series on the right-hand side of equation (3.6) is absolutely and
uniformly convergent in R due to assumption (3.5). It only remains to apply
a well-known result from classical analysis in order to derive the validity of
equation (3.6).

Proposition 3.1. Let f(t) be given by equation (3.1) under condition (3.2).
If condition (3.5) is satisfied, then f ′(t) exists on R, and equation (3.6) holds
true.

Corollary 3.1. If f(t) given by equation (3.1) is such that condition (3.2)
holds true while the set {λk; k ≥ 1} is bounded on R, then formula (3.6) is
valid.

This is a consequence of the fact that Condition (3.2) and the boundedness
of the set {λk; k ≥ 1} imply assumption (3.5). One observes that in the case
of periodic functions, when representation (3.1) is possible, Corollary 3.1 is
not applicable. Indeed, λk = kπ/ω, ω > 0, k = 0,±1,±2, . . . , is unbounded
on R.

Corollary 3.2. If f(t) given by equation (3.1) is such that

∞∑
k=1

|ak| |λk|m < ∞, m = 1, 2, . . . , p, (3.7)

then f(t) is differentiable up to the order p, and for each m = 1, 2, . . . , p, one
has

f (m)(t) = (i)m
∞∑

k=1

akλk
meiλkt, t ∈ R. (3.8)

Remark 3.1. If the series on the right-hand side of equation (3.6) is uni-
formly convergent, then formula (3.6) is still valid. Unlike the case discussed
in Proposition 3.1, f ′(t) may not belong to AP1(R, C).
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The elementary considerations above concerning the derivatives of func-
tions representable in the form (3.1) under condition (3.2) will serve in forth-
coming chapters when dealing with applications to the theory of oscillations
and waves.

Considerations similar to those related to the derivatives of functions in
AP1(R, C) can be made in regard to the (indefinite) integral of functions in
AP1(R, C).

We leave it to the reader to prove the following assertion.

Let f(t) be given by equation (3.1), with ak’s satisfying formula (3.2). If
there exists δ > 0 such that |λk| ≥ δ, k ≥ 1, then

∫ t

f(s)ds = C − i

∞∑
k=1

ak

λk
eiλkt, (3.9)

with C an arbitrary constant. Moreover,
∫ t

f(s)ds ∈ AP1(R, C).

A remarkable property of the space AP1(R, C) is the following proposition.

Proposition 3.2. The space AP1(R, C) is a Banach algebra, the operation of
multiplication being the usual pointwise multiplication.

Proof. As mentioned in Section 3.1, a Banach space that is also endowed
with an operation of multiplication such that |fg| ≤ |f | |g| is called a Banach
algebra. In order to prove Proposition 3.2, we have to show that the pointwise
product of two elements of AP1(R, C) can be represented in the form (3.1)
with coefficients satisfying condition (3.2).

Assume now that f(t) ∈ AP1(R, C) is given by equation (3.1), while

g(t) =
∞∑

j=1

bje
iμjt, t ∈ R, (3.10)

with μj ∈ R, j ≥ 1, and
∞∑

j=1

|bj | < ∞. (3.11)

The Cauchy product of the functions f and g can be represented in the form

f(t)g(t) = a1b1e
i(λ1+μ1)t + a1b2e

i(λ1+μ2)t + a2b1e
i(λ2+μ1)t

+ a1b3e
i(λ1+μ3)t + a2b2e

i(λ2+μ2)t + a3b1e
λ3+μ1)t + · · · .

(3.12)

Based on a classical result concerning the multiplication of absolutely conver-
gent numerical series, we can infer that the series on the right-hand side of
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equation (3.12) is absolutely and uniformly convergent. Indeed, taking into
account formulas (3.2) and (3.11), one obtains the convergence of the series

|a1| |b1| + |a1| |b2| + |a2| |b1| + |a1| |b3| + |a2| |b2| + |a3| |b1|
+ · · · + |a1| |bk| + |a2| |bk−1| + · · · + |ak| |b1| + · · · .

(3.13)

Moreover, this classical result in the theory of series states that the sum of
series (3.13) is equal to the product

(|a1| + |a2| + · · · + |ak| + · · ·) (|b1| + |b2| + · · · + |bk| + · · ·) . (3.14)

Taking into account the definition of the norm in AP1(R, C), one obtains the
equality |fg| = |f | |g|.

Remark 3.2. In the representation (3.12) of the product f(t)g(t), it is pos-
sible to have terms with equal complex exponentials (for instance, when
λk +μj = 2π+λm +μn). Due to the absolute convergence expressed by condi-
tions (3.2) and (3.11), the repetition of equal exponentials does not matter. In
an absolutely convergent series, one can arbitrarily change the order of terms
without changing the sum of the series.

Remark 3.3. Since AP1(R, C) can be organized as a Banach algebra, many
properties of the latter can be used to derive properties for the space
AP1(R, C). A simple example is given by compounding a polynomial P over
C with an arbitrary function in AP1(R, C): p(t) = P (f(t)) ∈ AP1(R, C). An
interesting problem consists in finding those elements of AP1(R, C) that are
invertible in this algebra. Let’s point out that the unit element in AP1(R, C) is
1 = e0.t. We leave to the reader the task of exploiting this property of AP1

(R, C) in order to derive more information about this space of almost pe-
riodic functions. Let us mention that the periodic case has been thoroughly
investigated (see, for instance, J. P. Kahane [53]).

3.2 The Space AP(R, C)

In Section 2.3, we defined the almost periodic functions in Bohr’s sense and
stated some properties that follow more or less easily from their definition
(see Remark 2.13 to Proposition 2.14 of Section 2.3). We shall briefly review
those properties and provide some details in cases requiring clarification.

I. Any almost periodic function in Bohr’s sense is bounded on R.
Indeed, the elements of AP(R, C) are by definition elements of BC(R, C)

and hence bounded on R.
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II. Any function in AP(R, C) is uniformly continuous on R.
Let f ∈ AP(R, C) and {Tn(t); n ≥ 1} be a sequence of trigonometric

polynomials such that

lim
n→∞

Tn(t) = f(t) uniformly on R.

We notice that any trigonometric polynomial T (t) = T1(t) + iT2(t) is uni-
formly continuous on R. Indeed, T1(t) is a real trigonometric polynomial, it is
differentiable on R, and its first derivative (also a trigonometric polynomial!)
is bounded on R. By the Lagrange formula, T1(t) − T1(s) = (t − s)T ′

1(u),
u ∈ (s, t), which leads to the inequality |T1(t) − T1(s)| ≤ M |t − s| with
M = sup{|T1(t)|; t ∈ R}. The last inequality proves the uniform continuity on
R of T1(t). The same conclusion is valid for T2(t), which leads to the uniform
continuity of T (t) on R. The remaining part of the proof follows easily from
the inequality

|f(t) − f(s)| ≤ |f(t) − Tn(t)| + |Tn(t) − Tn(s)| + |Tn(s) − f(s)|,

in which each term on the right-hand side can be made less than ε/3, provided
n is chosen sufficiently large and |t − s| sufficiently small (|t − s| ≤ δ(ε)). This
means |f(t) − f(s)| < ε for |t − s| < δ(ε), which means the uniform continuity
of f on R.

Remark 3.4. There exists a function space that contains AP(R, C) and
is contained in BC(R, C). This is the space BCu(R, C), which consists of all
elements of BC(R, C) that are uniformly continuous on R:

AP(R, C) ⊂ BCu(R, C) ⊂ BC(R, C).

III. Any sequence {fn(t); n ≥ 1} ⊂ AP(R, C) that converges uniformly
on R has as its limit a function in AP(R, C).

This property is obvious because AP(R, C) is the closure of the set T of
trigonometric polynomials in BC(R, C) and hence is closed in BC(R, C).

IV. Among the properties listed under IV, the only one requiring some
consideration is that stating f, g ∈ AP(R, C) implies fg ∈ AP(R, C). In other
words, AP(R, C) is closed with respect to pointwise multiplication.

Indeed, if f(t) = lim Tn(t) and g(t) = lim Sn(t) as n → ∞ uniformly on R,
with {Tn(t); n ≥ 1}, {Sn(t); n ≥ 1} ⊂ T , then noting that Tn(t)Sn(t) = T̃n(t)
is also a trigonometric polynomial, one easily obtains

f(t)g(t) = lim
n→∞

T̃n(t) uniformly on R,

which proves our assertion.
Since

sup
t∈R

|f(t)g(t)| ≤ sup
t∈R

|f(t)| · sup
t∈R

|g(t)|,
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one concludes that AP(R, C) is a Banach algebra with a pointwise product of
functions as the operation of multiplication.

An immediate consequence of the fact that AP(R, C) can be organized as
a Banach algebra is the following property: If P (z1, z2, . . . , zn) is a complex
polynomial and f1(t), . . . , fn(t) ∈ AP(R, C), then

p(t) = P (f1(t), f2(t), . . . , fn(t)) ∈ AP(R, C).

The property above can be generalized to the case where P (z1, z2, . . . , zn)
is substituted by a continuous function F (z1, z2, . . . , zn). More precisely, the
result can be stated as follows.

Proposition 3.3. Let F (z1, z2, . . . , zn) be a continuous, complex-valued func-
tion defined on a compact set M ⊂ Cn. If f1(t), f2(t), . . . , fn(t) ∈ AP(R, C)
and, for each t ∈ R, (f1(t), f2(t), . . . , fn(t)) ∈ M, then

f(t) = F (f1(t), f2(t), . . . , fn(t)) ∈ AP(R, C).

Proof. The proof is immediate if one takes into account the Weierstrass ap-
proximation theorem for a continuous function (in the complex domain) by
polynomials. This theorem (see, for instance, the author’s book [23]) states
that for each ε > 0 there exists a polynomial Pε(z1, z2, . . . , zn; z̄1, z̄2, . . . , z̄n)
such that

|F (z1, z2, . . . , zn) − Pε(z1, z2, . . . , zn; z̄1, z̄2, . . . , z̄n)| < ε for (z1, z2, . . . , zn) ∈ M.

Taking into account that the complex conjugate of a function in AP(R, C) is
also in AP(R, C), one derives the fact that f(t) ∈ AP(R, C), being uniformly
approximable on R by functions from this space.

Corollary 3.3. Let f, g ∈ AP(R, C) with g such that 0 < m ≤ |g(t)|, t ∈ R.
Then f(t)/g(t) ∈ AP(R, C).

Indeed, it suffices to show that 1/g(t) is in AP (R, C). We note that F (z) =
1/z is continuous in the crown m ≤ |z| ≤ M with M = sup |g(t)|, t ∈ R.
Proposition 3.3 applies, concluding the inclusion 1/g(t) ∈ AP(R, C). Property
IV leads to the conclusion that f(t)/g(t) ∈ AP(R, C).

Concerning property V, formulated in Section 2.3, we shall provide its
proof after discussing other basic properties of functions in AP(R, C).

Proposition 3.4. Let f∈AP(R, C) be differentiable on R. Then f ′∈AP(R, C)
if, and only if, f ′ is uniformly continuous on R.

Proof. The uniform continuity of f ′ is a necessary condition for its almost
periodicity (in Bohr’s sense) according to property II.

In order to prove that this condition is also sufficient, we shall consider the
real and imaginary parts of f(t) = f1(t) + if2(t). Since f ∈ AP(R, C) if and
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only if f1, f2 ∈ AP(R,R), we can restrict to the case of the space AP (R,R).
For f ∈ AP(R,R) differentiable on R, we consider the sequence

ϕn(t) = n

[
f

(
t +

1
n

)
− f(t)

]
, n ≥ 1,

obviously in AP(R,R). But ϕn(t) = f ′ (t + θn

n

)
, 0 < θn < 1, n ≥ 1. The

uniform continuity of f ′(t) allows us to write limn→∞ ϕn(t) = f ′(t) uniformly
on R. Hence, based on property III, f ′(t) ∈ AP(R, C).

This ends the proof of Proposition 3.4.

For the primitive (indefinite integral) of a function f ∈ AP(R, C), the
following result is valid.

Proposition 3.5. Let F (t) be such that F ′(t) = f(t) ∈ AP(R, C). The neces-
sary and sufficient condition for having F ∈ AP(R, C) is F ∈ BC(R, C).

The proof of Proposition 3.5 will be given later, after establishing the
equivalence of property V with the definition of the space AP(R, C). This will
also mean the discussion of almost periodicity of the solutions of the simplest
differential equation x′(t) = f(t) ∈ AP(R, C).

Let us point out the fact that the properties of functions in AP(R, C) em-
phasized earlier in this section keep their validity in the spaces AP(R, Cn),
n ≥ 1. This is the result of the fact that AP(R, Cn) = [AP(R, C)]n; i.e.,
AP(R, Cn) is the Cartesian product of n factors, each being identical to
AP(R, C). Similar remarks are valid for AP(R,Rn).

The concept of almost periodicity in Bohr’s sense is intimately related to
the concept of compactness in the space BC(R, C). More precisely, the fol-
lowing result, due to S. Bochner, is valid.

Proposition 3.6. Let f ∈ AP(R, C). Then the family of translates

F = {f(t + h); h ∈ R} (3.15)

is relatively compact in BC(R, C).

Proof. The meaning of Proposition 3.6, if one takes into account Definition
2.10, is as follows: If {hk; k ≥ 1} ⊂ R is an arbitrary sequence, from the
sequence {f(t + hk); k ≥ 1} ⊂ AP(R, C) ⊂ BC(R, C), one can extract a sub-
sequence, say {f(t+h1k); k ≥ 1}, that converges in BC(R, C) (i.e., uniformly
on R) and hence also in AP(R, C).

Assume first that f(t) = eiλt for some λ ∈ R. If {hk; k ≥ 1} is an
arbitrary sequence in R, then f(t + hk) = eiλt · eiλhk , k ≥ 1. One must show
that {eiλt · eiλhk ; k ≥ 1} contains a subsequence that is uniformly convergent
on R. But

∣∣eiλhk
∣∣ = 1, and this guarantees the existence of a subsequence

{h1k; k ≥ 1} such that {eiλh1k ; k ≥ 1} is convergent. Hence,

|f(t + h1j) − f(t + h1k)| =
∣∣eiλh1j − eiλh1k

∣∣,
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which proves the uniform convergence on R of the sequence of functions {f(t+
h1k); k ≥ 1}.

Consider now the case where f(t) is a trigonometric polynomial

f(t) =
n∑

k=1

akeiλkt (3.16)

with ak ∈ C, λk ∈ R, k = 1, 2, . . . , n. As seen above, if {hk; k ≥ 1} ⊂ R,
then {a1e

iλ1(t+hk); k ≥ 1} contains a subsequence {a1e
iλ1(t+h1k); k ≥ 1} that

converges uniformly in R. Next, from {h1k; k ≥ 1}, we extract a subsequence
{h2k; k ≥ 1} such that {a2e

iλ2(t+h2k); k ≥ 1} converges uniformly on R. We
continue this procedure until we obtain a sequence {hnk; k ≥ 1} such that
{aneiλn(t+hnk); k ≥ 1} converges uniformly on R. Since hnk is a subsequence
of any {hmk; k ≥ 1} with 1 ≤ m < n, there results that {f(t + hk); k ≥ 1}
contains a subsequence {f(t + hnk); k ≥ 1} that converges uniformly on R.
This means that any trigonometric polynomial (3.16) has the property of
relative compactness in BC(R, C) of the family of its translates.

The third step in the proof will consist in proving that the property in the
statement of Proposition 3.6 is valid in general; i.e., for any f ∈ AP(R, C). Let
{Tn(t); n ≥ 1} ⊂ T be a sequence of trigonometric polynomials of the form
(3.16) such that Tn(t) → f(t) uniformly on R as n → ∞. If {hn; n ≥ 1} ⊂ R
is an arbitrary sequence, then from {T1(t + hn); n ≥ 1} we can extract a
subsequence {T1(t + h1n); n ≥ 1} that converges uniformly on R. Then we
move to the sequence {T2(t + h1n); n ≥ 1}, and we know there exists a
subsequence {T2(t + h2n); n ≥ 1} that converges uniformly on R. We further
proceed in the same way as above, and for any integer p we obtain a sequence of
reals {hpn; n ≥ 1} such that {Tq(t+hpn); n ≥ 1} is uniformly convergent on R
for q = 1, 2, . . . , p. Let us consider now (using the so-called diagonal procedure)
the sequence {hnn; n ≥ 1}, whose terms belong to any {hpn; n ≥ 1} except
perhaps a finite number of them. This means that {Tn(t + hmm); m ≥ 1}
with fixed n is uniformly convergent on R. Now let ε > 0 and choose n large
enough that

|f(t) − Tn(t)| <
ε

3
, t ∈ R. (3.17)

There exists N = N(ε) > 0 such that

|Tn(t + hmm) − Tn(t + hpp)| <
ε

3
, t ∈ R, (3.18)

for m, p ≥ N(ε). From formulas (3.17) and (3.18), we derive

|f(t + hmm) − f(t + hpp)| ≤ |f(t + hmm) − Tn(t + hmm)|
+|Tn(t + hmm) − Tn(t + hpp)| + |Tn(t + hpp) − f(t + hpp)| < ε,

for t ∈ R, provided m, p ≥ N(ε). From the last inequality, we conclude that
the sequence {f(t + hmm); m ≥ 1} is uniformly convergent on R, which ends
the proof of Proposition 3.6.
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The next proposition establishes a connection between the compactness
property (Bochner) and property V of functions in AP(R, C). This property
is, as mentioned above, the one taken by H. Bohr as the definition for almost
periodic functions in AP(R, C).

Proposition 3.7. If f ∈ AP(R, C), then for every ε > 0 there exists � =
�(ε) > 0 such that in each interval (a, a + �) there is a number τ with the
property

|f(t + τ) − f(t)| < ε, t ∈ R. (3.19)

Proof. According to Proposition 3.6, it suffices to show that the compactness
property (Bochner) implies Bohr’s property (or property V).

Let us assume, on the contrary, that f(t) does not possess Bohr’s property.
Then we can find at least one ε > 0 for which �(ε) does not exist. In other
words, for each � > 0, one can find an interval of length � that contains no
points τ with property (3.19). Now choose an arbitrary number h1 ∈ R and
an interval (a1, b1) ⊂ R of length larger than 2|h1| such that (a1, b1) does not
contain any number τ with property (3.19). Denote h2 = (a1 + b1)/2. Then
h2 − h1 ∈ (a1, b1), and therefore h2 − h1 cannot be taken as τ , satisfying
(3.19). Let us take an interval (a2, b2) ∈ R of length larger than 2(|h1|+ |h2|)
that does not contain any number τ with property (3.19). We continue the
process, letting h3 = (a2 +b2)/2. Then we have h3−h2, h3−h1 ∈ (a2, b2), and
this means that h3 − h2 and h3 − h1 cannot be taken as τ in formula (3.19).
Proceeding similarly, we construct the numbers h4, h5, . . . , with the property
that none of the differences hi − hj , i > j, could be taken as number τ in
formula (3.19). Hence, for i > j, sup |f(t + hi) − f(t + hj)| = sup |f(t + hi −
hj) − f(t)| ≥ ε, t ∈ R. This inequality contradicts the property of relative
compactness of the family F = {f(t + h); h ∈ R}. This ends the proof of
Proposition 3.7.

Remark 3.5. Any number τ satisfying formula (3.19) is called an ε-
translation number of f . If f is almost periodic, then according to Proposition
3.7, for each ε > 0 there exist ε-translation numbers in each interval of length
� = �(ε). A number τ satisfying formula (3.19) is then called an ε-almost
period of f .

Remark 3.6. Bohr’s property says that, for each ε > 0, there exists � =
�(ε) > 0 such that each interval of length � contains an ε-almost period of
f ∈ AP(R, C). This property of the set of all ε-almost periods is also known
as relative density.

In order to end the proof of the equivalence of the properties:

(1) f ∈ AP(R, C),

(2) F = {f(t + h); h ∈ R} is relatively compact in BC(R, C),

(3) f satisfies Bohr’s property,
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we need to show that Bohr’s property implies the approximation property (by
trigonometric polynomials); i.e., f ∈ AP(R, C).

The logical scheme corresponding to this equivalence looks as follows:
(1) −→ (2) −→ (3) −→ (1). Only the last implication has to be proven.
We shall complete the proof in Chapter 4, which is dedicated to the concept
of Fourier series associated to almost periodic functions.

We shall now discuss a method of constructing functions in AP(R, C)
based on the operation of convolution. More precisely, we shall prove that
the operator

f −→
∫

R

K(s)f(t − s)ds (3.20)

takes the space AP(R, C) into itself if K is in L1(R, C); i.e.,
∫

R

|K(s)|ds < ∞. (3.21)

Let us note that the operator (3.20) takes the linear manifold T of trigono-
metric polynomials into itself.

Indeed, if T (t) =
∑n

k=1akeiλkt, with complex ak and real λk, k = 1,
2, . . . , n, then

∫

R

K(s)T (t − s)ds =
n∑

k=1

[
ak

∫

R

K(s)e−iλksds

]
eiλkt. (3.22)

Proposition 3.8. If f ∈ AP(R, C) and K ∈ L1(R, C), then

(K ∗ f)(t) =
∫

R

K(s)f(t − s)ds ∈ AP(R, C). (3.23)

Proof. Let f ∈ AP(R, C) and {Tn(t); n ≥ 1} ⊂ T a sequence of trigonometric
polynomials such that Tn(t) −→ f(t) as n −→ ∞ uniformly on R. As seen
above, K ∗ Tn are also trigonometric polynomials from T . Since

∣∣∣∣
∫

R

K(s)f(t − s)ds −
∫

R

K(s)Tn(t − s)ds

∣∣∣∣

=
∣∣∣∣
∫

R

K(s)[f(t − s) − Tn(t − s)]ds

∣∣∣∣

≤
∫

R

|K(s)| |f(t − s) − Tn(t − s)|ds,

(3.24)

the last integral in formula (3.24) can be estimated in the following manner
(see formula (2.80) in Section 2.4):

∫

R

|K(s)| |f(t − s) − Tn(t − s)|ds ≤ |K|L1(R,C)|f − Tn|AP(R,C). (3.25)
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But the second factor in formula (3.25) tends to zero as n −→ ∞, while the
first factor is finite from formula (3.21).

Taking into account formulas (3.21), (3.24), and (3.25), we obtain equation
(3.23), which proves Proposition 3.8.

Several applications related to convolution will appear in forthcoming
chapters when dealing with almost periodic solutions of certain functional
equations. For instance, a possible choice for the kernel K(t) is

K(t) =

{
0 t < 0,

e−αt t ≥ 0, α > 0,

which leads to the formula

(K ∗ f)(t) = e−αt

∫ t

−∞
eαsf(s)ds. (3.26)

It is easy to check that the right-hand side in equation (3.26) represents the
(only) almost periodic solution (i.e., in AP(R, C)) of the differential equation
x′(t) + αx(t) = f(t).

Let us note the fact that Proposition 3.8 could be regarded as stating the
invariance of the space AP(R, C) with respect to the linear operator (3.20),
with K(t) satisfying formula (3.21). This property of invariance will also be
encountered in the case of the space S(R, C).

3.3 The Space S(R, C)

We introduced the space S(R, C) in Section 2.5 as the closure in M(R, C) of
the set T of trigonometric polynomials. The norm in M(R, C), which is also
taken as the norm in S(R, C), has been defined by

‖x‖M = sup
{∫ t+1

t

|x(s)|ds; t ∈ R

}
. (3.27)

It can be easily seen that, for fixed � > 0,

sup

{
�−1

∫ t+�

t

|x(s)|ds; t ∈ R

}
(3.28)

defines a norm equivalent to ‖x‖M on M(R, C) or S(R, C). For instance, when
� > 1, we can write � = p + θ, with p a natural number and θ ∈ (0, 1). Hence

sup
t∈R

�−1

∫ t+�

t

|x(s)|ds = sup
t∈R

1
p + θ

∫ t+p+θ

t

|x(s)|ds

= sup
t∈R

(p + θ)−1

[∫ t+1

t

|x(s)|ds + · · · +
∫ t+p

t+p−1

|x(s)|ds +
∫ t+p+θ

t+p

|x(s)|ds

]

≤ p + 1
p

sup
t∈R

∫ t+1

t

|x(s)|ds =
p + 1

p
‖x‖M .
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On the other hand, we obtain from above that

sup �−1

∫ t+�

t

|x(s)|ds ≥ 1
p + 1

‖x‖M ,

which shows the equivalence of formulas (3.27) and (3.28).
In the following, the norm in S(R, C), also defined by formula (3.27) or

(3.28), will be denoted by ‖x‖S .
From the definition of Stepanov’s almost periodic functions, we easily de-

rive some properties of these functions.

I. Each function f ∈ S(R, C) is bounded in the mean; i.e., ‖f‖S ≤ Af for
some Af > 0.

II. Each function f ∈ S(R, C) is uniformly continuous in the S-norm.

If one denotes fh(t) = f(t + h), t, h ∈ R, then for each ε > 0 there exists
δ = δ(ε) > 0 such that

‖fh − f‖S < ε for |h| < δ. (3.29)

When f is a trigonometric polynomial, formula (3.29) is obvious. Taking into
account the fact that S(R, C) is the closure of T with respect to the S-norm,
one obtains formula (3.29).

III. Any convergent sequence {fn; n ≥ 1} ⊂ S(R, C) (i.e., with respect to
the S-norm) has its limit in S(R, C).

IV. If f, g ∈ S(R, C) and λ ∈ C, then f̄ , λf and f + g are also in S(R, C).

Remark 3.7. Unlike in the case of Bohr’s almost periodic functions, the pro-
duct fg does not necessarily belong to S(R, C).

We leave to the reader the task of proving that fg ∈ S(R, C) when
f ∈ S(R, C) and g ∈ AP(R, C).

V. If f ∈ S(R, C), then for each ε > 0 there exists � = �(ε) > 0 such that
each interval (a, a + �) ⊂ R contains a point τ with the property

|fτ − f |S < ε. (3.30)

We shall see later that this property can serve as the definition of a func-
tion belonging to S(R, C), being equivalent to Definition 2.25 of Chapter 2.
Further properties of the functions in S(R, C) will be established later on.

Another property, similar to the property established in Section 2.2 for
the case AP(R, C), is related to convolution; namely, if f ∈ S(R, C) and k ∈
L1(R, C), then

k ∗ f ∈ S(R, C). (3.31)
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This fact results from the inequality (2.81) of Section 2.5. The detailed proof
follows the same lines as in Section 3.2, where the case of the space AP(R, C)
is dealt with instead of the space S(R, C).

One problem arising in generalizing the classical almost periodic functions
(i.e., those in AP(R, C)) is when f ∈ S(R, C) also satisfies f ∈ AP(R, C).

An answer to this question has been given by S. Bochner, and it can be
stated as follows.

Proposition 3.9. Let f ∈ S(R, C). A necessary and sufficient condition for
having f ∈ AP(R, C) is the uniform continuity of f .

Proof. The condition is obviously necessary, according to property II from
Section 2.3.

In order to prove the sufficiency, let us note that for each h > 0

ϕh(t) = h−1

∫ h

0

f(t + s)ds, t ∈ R, (3.32)

is in AP(R, C). Indeed, for τ ∈ R, one has for t ∈ R

|ϕh(t + τ) − ϕh(t)| ≤ h−1

∫ t+h

t

|f(s + τ) − f(s)|ds. (3.33)

The uniform continuity of f on R implies, as seen from formula (3.33), the
uniform continuity of ϕh(t). On the other hand, f ∈ S(R, C) shows that any ε-
almost period of f is an (ε/h)-almost period of ϕh(t). Hence, ϕh ∈ AP(R, C).
We further obtain

|ϕh(t) − f(t)| = h−1

∣∣∣∣∣
∫ h

0

[f(t + s) − f(t)]ds

∣∣∣∣∣
≤ h−1

∫ h

0

|f(t + s) − f(t)|ds.

(3.34)

The uniform continuity of f allows us to write |f(t + s) − f(t)| < ε as soon
as 0 ≤ s ≤ h < δ(ε). Therefore, formula (3.34) leads to |ϕh(t) − f(t)| < ε for
h < δ(ε), t ∈ R. This means that f(t) can be uniformly approximated on R
by functions from AP(R, C). According to property III from Section 2.3, there
results that f ∈ AP(R, C).

Remark 3.8. In the proof above, we have made use of the fact that Bohr’s
definition of an almost periodic function is equivalent to the approximation
property (by trigonometric polynomials), which has been taken as the defini-
tion in our exposition. As mentioned already, the equivalence will be proven
later.

We shall now consider a property similar to Proposition 3.6; namely, if we
consider the family F = {f(t + h); h ∈ R} with f ∈ S(R, C), is this family
relatively compact in S(R, C)?
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Proposition 3.10. Let f ∈ S(R, C), and consider the family F = {f(t + h);
h ∈ R} ⊂ S(R, C). Then F is relatively compact in S(R, C) [or M(R, C)].

Proof. What we have to prove is that any sequence {f(t+hn); n ≥ 1} ⊂
S(R, C) contains a subsequence that converges in S(R, C).

The proof relies partly on the proof of Proposition 3.6. As shown there,
if f ∈ T , from {f(t + hn); n ≥ 1} we can extract a subsequence that con-
verges uniformly on R (i.e., in AP(RC)). Based on this finding and taking into
account that uniform convergence on R implies the convergence in S(R, C)
because

sup
t∈R

∫ t+1

t

|fn(s) − f(s)|ds ≤ sup
t∈R

|fn(t) − f(t)|, (3.35)

any time the sup on the right-hand side exists, there remains to be shown
that the statement is valid in general (i.e., when f ∈ S(R, C) is arbitrary).

Now let f ∈ S(R, C) be any function, and consider a sequence {Tn(t);
n ≥ 1} ⊂ T such that Tn −→ f in S(R, C). This means

|Tn − f |S = sup
t∈R

∫ t+1

t

|Tn(s) − f(s)|ds −→ 0 (3.36)

as n −→ ∞. Further, we will apply the diagonal procedure; namely, if {hn;
n ≥ 1} ⊂ R is a sequence, then it contains a subsequence {h1n; n ≥ 1} ⊂ R
such that {T1(t+h1n); n ≥ 1} ⊂ AP ⊂ S is uniformly convergent on R. From
the sequence {h1n; n ≥ 1}, we extract a subsequence {h2n; n ≥ 1} with the
property that {T2(t + h2n), n ≥ 1} does converge uniformly on R, and so on.
We have seen that the sequence {Tn(t + hpp); p ≥ 1}, n ≥ 1, is uniformly
convergent on R and hence in S(R, C).

Let us now take ε > 0 arbitrarily and choose n large enough that

|f − Tn|M <
ε

3
· (3.37)

There exists N(ε) > 0 for which

|Tn(t + hmm) − Tn(t + hpp)| <
ε

3
, t ∈ R, (3.38)

as soon as m, p ≥ N(ε). From formulas (3.37) and (3.38), we obtain

|f(t + hmm) − f(t + hpp)|M ≤ |f(t + hmm) − Tn(t + hmm)|M
+|Tn(t + hmm) − Tn(t + hpp)|M + |Tn(t + hpp) − f(t + hpp)|M

<
ε

3
+

ε

3
+

ε

3
= ε, m, p ≥ N(ε).

For the first and third terms, we rely on formula (3.37). For the middle term
of the second part in the last inequality, we keep in mind formula (3.35); i.e.,

|Tn(t + hmm) − Tn(t + hpp)|M ≤ sup
t∈R

|Tn(t + hmm) − Tn(t + hpp)|.
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In conclusion, we have shown that the sequence {f(t+hn); n ≥ 1} ⊂ S(R, C)
contains a subsequence {f(t + hnn); n ≥ 1} that is a Cauchy sequence in
S(R, C). Therefore, {f(t + hmm); n ≥ 1} is convergent in S(R, C).

This ends the proof of Proposition 3.10.

In concluding this section, we shall prove that a property similar to Bohr’s
property in the case where AP(R, C) holds true in the case of the space S(R, C).

Proposition 3.11. Let f ∈ S(R, C) and ε > 0 arbitrary. Then there exists
� = �(ε) > 0 such that any interval (a, a + �) ⊂ R contains a number τwith
the property

|f(t + τ) − f(t)|M < ε. (3.39)

The proof follows the same lines as in the case of Proposition 3.7 in the
preceding section. We rely on the result stated in Proposition 3.10; i.e., the
compactness of the family F = {f(t + h); h ∈ R} ⊂ S(R, C). One constructs
the sequence {hk; h ≥ 1} ⊂ R such that all differences hi − hj , i > j,
cannot serve as ε-translation numbers to f . This easily implies formula (3.39),
and exactly as in the proof of Proposition 3.7, the condition (3.19) has been
obtained.

The equivalence of the three basic properties of functions almost periodic
in Stepanov’s sense (approximation by polynomials from T , compactness of
the family F of translates, and Bohr’s type property) will be proven when we
show that any function satisfying the property stipulated in Proposition 3.11
also enjoys the approximation property.

In the next section, we shall see that Stepanov’s almost periodic functions
(i.e., in S(R, C) or even Sp(R, C), p > 1) can be obtained as special cases
of almost periodic functions in AP(R,X), where X stands for a convenient
Banach space.

3.4 Besicovitch Spaces; the Mean Value

We defined in Section 2.5 the space B2(R, C), or AP2(R, C), consisting of
almost periodic functions in the sense of Besicovitch (see Besicovitch [10]).
From that definition, we derive some basic properties of these almost periodic
functions, such as the sum of a finite number of functions almost periodic in
the Besicovitch sense is also almost periodic; the product of an almost periodic
function in Besicovitch’s sense by a constant (from C) is also almost periodic
(i.e., in B2); the limit of a sequence {xn(t); n ≥ 1} ⊂ B2(R, C), convergent
in the Besicovitch–Marcinkiewicz norm, also belongs to the space B2(R, C);
if x ∈ B2(R, C), then x̄ = the complex conjugate of x, and the translates
xh(t) = x(t + h), h ∈ R, also belong to B2(R, C).

Another elementary property easily derived from the definition is that each
x ∈ B2(R, C) can be represented as a sum
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x(t) = T (t) + y(t), t ∈ R, (3.40)

with T ∈ T a trigonometric polynomial and y ∈ B2(R, C) arbitrarily small
in the norm of this space. This means that for each ε > 0 there exists a
trigonometric polynomial T (t), and y ∈ B2(R, C), such that equation (3.40)
takes place and

|y|M < ε, (3.41)

which is the same as

lim sup
�−→+∞

(2�)−1

∫ �

−�

|y(t)|2dt < ε2. (3.42)

This property of Besicovitch’s almost periodic functions will be used later. It
is also useful to note that a representation of the form (3.40) holds true for any
almost periodic function (Bohr’s, Stepanov’s) with y(t) arbitrarily “small” in
the corresponding norm.

We can now proceed to establish properties of B2(R, C) similar to
Propositions 3.10 and 3.11 of the preceding section.

Proposition 3.12. Let f ∈ B2(R, C) be arbitrary. Then the family F =
{f (t + h); h ∈ R} is relatively compact in the topology of B2(R, C), which is
the same as the topology (convergence!) in the Marcinkiewicz space M2(R, C).

Proof. We again follow the procedure (diagonal) used in the proofs of
Proposition 3.6 and Proposition 3.10.

As seen in the proof of Proposition 3.6, each trigonometric polynomial
has the property that the family of its translates is relatively compact in
the topology of BC(R, C). Given f ∈ B2(R, C), let us consider a sequence of
trigonometric polynomials {Tn(t); n ≥ 1} ⊂ T such that Tn −→ f in B2(R, C)
or, what is the same, in M2(R, C). For sufficiently large n = n(ε), we will have
the inequality

|Tn − f |M <
ε

3
, (3.43)

where ε > 0 is chosen arbitrarily. If {hk; k ≥ 1} ⊂ R is an arbitrary sequence,
then we know there exists a subsequence {hmm; m ≥ 1}, obtained by means
of the diagonal procedure, such that {Tn(t + hmm); m ≥ 1} is uniformly
convergent on R for each fixed n; i.e., in BC(R, C). We can obviously write
for n chosen as in formula (3.43)

|f(t + hmm) − f(t + hpp)|M ≤ |f(t + hmm) − Tn(t + hmm)|M
+|Tn(t + hmm) − Tn(t + hpp)|M + |Tn(t + hpp) − f(t + hpp)|M.

(3.44)

The first and third terms in formula (3.44) are dominated by ε/3, as shown
by formula (3.43). In regard to the middle term, we note that for any
x ∈ BC(R, C) one has

|x|M ≤ sup
t∈R

|x(t)|, (3.45)
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an inequality that follows immediately from

|x|2M = lim sup
�−→∞

(2�)−1

∫ �

−�

|x(t)|2dt.

Since {Tn(t+hmm); m ≥ 1} is convergent in BC(R, C), we can write according
to formula (3.45)

|Tn(t + hmm) − Tn(t + hpp)|M ≤ sup |Tn(t + hmm) − Tn(t + hpp)| <
ε

3

for m, p ≥ N(ε). We now obtain from formulas (3.44) and (3.45) that

|f(t + hmm) − f(t + hpp)|M < 3
ε

3
= ε, (3.46)

provided m, p ≥ N(ε). From formula (3.46), we derive the convergence in
B2(R, C) of the sequence {f(t + hmm); m ≥ 1}.

This ends the proof of Proposition 3.12.

The next proposition deals with Bohr’s property, this time extended to
the case of Besicovitch almost periodic functions.

Proposition 3.13. If f ∈ B2(R, C), then to each ε > 0 there corresponds
� = �(ε) > 0 such that in any interval (a, a + �) ⊂ R one can find a number τ
with the property

|f(t + τ) − f(t)|M < ε. (3.47)

The proof of Proposition 3.13 follows, step by step, the proof of Proposition
3.7 above. One has to substitute for the norm of BC(R, C) that of B2(R, C)
(i.e., the Marcinkiewicz norm | · |M).

Further properties of functions from B2(R, C) can be obtained starting
from their definition, but we prefer to postpone such topics until we create
new tools.

As in the case of Stepanov almost periodic functions, when instead of the
norm | · |M one uses the norms

sup
t∈R

{∫ t+1

t

|x(s)|pds

}1/p

, 1 ≤ p < ∞, (3.48)

to construct the spaces Sp(R, C) with S1 = S, the Besicovitch spaces Bp(R, C)
are also obtained by the completion of T with respect to the seminorms

{
lim sup
�−→∞

(2�)−1

∫ �

−�

|x(s)|pds

}1/p

. (3.49)

In particular, the space B1(R, C) is denoted by B(R, C), and it is constructed
in the same manner as B2(R, C) by using the seminorm
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lim sup
�−→∞

(2�)−1

∫ �

−�

|x(s)|ds. (3.50)

It is important to point out the fact that

B2(R, C) ⊂ B(R, C). (3.51)

The conclusion (3.51) follows easily if we keep in mind that

(2�)−1

∫ �

−�

|x(s)|ds ≤ (2�)−1

(∫ �

−�

|x(s)|2ds

)1/2 (∫ �

−�

ds

)1/2

,

which amounts to

(2�)−1

∫ �

−�

|x(s)|ds ≤
[
(2�)−1

∫ �

−�

|x(s)|2ds

]1/2

. (3.52)

Inequality (3.52) states that

|x|B ≤ |x|M = |x|B2 , (3.53)

which obviously implies formula (3.51).
As in the case of the space B2(R, C), the elements of the space B(R, C)

consist of classes of equivalent functions such that f 
 g iff

lim
�→∞

(2�)−1

∫ �

−�

|f(t) − g(t)|dt = 0.

We noticed in Chapter 2 that the space S(R, C) does not belong to
B2(R, C). The converse is also true; i.e., B2(R, C) is not part of S(R, C).

It turns out that
S(R, C) ⊂ B(R, C), (3.54)

which means that B(R, C) contains all spaces of almost periodic functions we
have discussed so far.

The proof of inclusion (3.54) is very similar to the proof of the inclusion
S2(R, C) ⊂ B2(R, C) we established in Section 2.5. Instead of the norms of S2

and B2, one needs to use those of S and B. We leave the details to the reader.
We shall now establish a basic result, valid for all classes of almost periodic

functions, that plays an important role in Chapter 4 when the Fourier analysis
of almost periodic functions will be developed.

Theorem 3.1. Let f ∈ B(R, C). Then there exists the mean value

M{f} = lim
�→∞

(2�)−1

∫ �

−�

f(t)dt. (3.55)
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Corollary 3.4. The mean value exists for any type of almost periodic func-
tion; i.e., for any function in AP1(R, C), AP(R, C), S(R, C),AP2(R, C) =
B2(R, C).

Proof of Theorem 3.1. Since the limit in equation (3.55) exists if and only if
similar limits exist for Re f and Im f , we can assume without loss of generality
that f ∈ B(R,R). Then, according to the definition of this space, we can write
(see formula (3.40) above) for any ε > 0

f(t) = T (t) + r(t), t ∈ R, (3.56)

with T (t) ∈ Re T (t) and r(t) ∈ B(R,R) such that

|r|B = lim sup
�−→∞

(2�)−1

∫ �

−�

|r(s)|ds <
ε

4
· (3.57)

But equation (3.57) implies that, for any � ≥ �0 = �0(ε),

(2�)−1

∫ �

−�

|r(s)|ds <
ε

4
· (3.58)

On the other hand, M{T (t)} does exist for any T ∈ Re T , as noted in Section
2.5. Therefore, one can write, for � ≥ �1(ε) > 0,

∣∣∣∣∣(2�)−1

∫ �

−�

T (t)dt − M{T}
∣∣∣∣∣ <

ε

4
· (3.59)

Taking into account formulas (3.56)–(3.59), we can write, for � ≥ max
{�0, �1} = �2, ∣∣∣∣∣(2�)−1

∫ �

−�

f(t)dt − M{T}
∣∣∣∣∣ <

ε

2
· (3.60)

From formula (3.60), one derives, for �, �̄ > �2(ε),
∣∣∣∣∣(2�)−1

∫ �

−�

f(t)dt − (2�̄)−1

∫ �̄

−�̄

f(t)dt

∣∣∣∣∣ < ε, (3.61)

which is exactly Cauchy’s criterion for existence of the limit in equation (3.55),
defining M{f}.

Theorem 3.1 is thereby proven.

The mean value is in fact a linear functional from the space B(R, C) into C.
It has some basic properties, which we shall now emphasize.

Proposition 3.14. The mean value, as defined by equation (3.55) for any
f ∈ B(R, C), possesses the following properties:
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(a) M{f + g} = M{f} + M{g}.
(b) M{λf} = λM{f}, λ ∈ C.
(c) M{f̄} = M{f}.
(d) If f(t) ≥ 0 on R, M{f} ≥ 0.
(e) |M{f}| ≤ M{|f |} = |f |B .

The proof of Proposition 3.14 is immediate. From property (e), we derive
the boundedness on B(R, C) of the linear functional f −→ M{f}.

A consequence of the boundedness of the mean value functional M{f} is
that fn −→ f in B(R, C), as n −→ ∞, implies

M{f} = lim
n→∞

M{fn}. (3.62)

Equation (3.62) follows from property (e) applied to fn − f . One has

|M{fn} − M{f}| = |M{fn − f}| ≤ |fn − f |B ,

which justifies equation (3.62).
From the inequalities

|f |B ≤ |f |S ≤ |f |AP, (3.63)

one easily derives that equation (3.62) takes place when we deal with the
spaces S(R, C) or AP(R, C) using their type of convergence; in other words,
when fn −→ f either in S(R, C) or in AP(R, C). In the last case, we have
uniform convergence on R.

From the properties of the mean value M{f}, there results immediately
that the map f −→ M{|f |} is a seminorm on B(R, C). This seminorm is actu-
ally a norm on the factor space B/B0, where B0(R, C) consists of these locally
integrable functions on R such that

lim
�→∞

(2�)−1

∫ �

−�

|x(s)|ds = 0. (3.64)

The elements of the factor space B/B0, which we continue to denote by
B(R, C) because |x + B0|B = |x|B , consist of all classes (of equivalence)
{x + B0; x ∈ B}. B0 stands for the null element in B/B0, and we can say
that equation (3.64) implies x = θ = the null element in B/B0 but not in
B(R, C). This is because there exist locally integrable functions on R such
that equation (3.64) holds but x(t) �≡ 0. We can choose in equation (3.64), for
instance, x(t) = exp{−|t|}.

The following result plays an important role in the forthcoming develop-
ments of the theory of Bohr’s almost periodic functions.

Proposition 3.15. On the space AP(R, C), the map f −→ M{|f |} is a norm.
The same is true for the map f −→ (M{|f |2})1/2.
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Remark 3.9. We know that the norm on AP(R, C) is f −→ sup{|f(t)|; t ∈
R}. With respect to this norm, AP(R, C) is a Banach space (i.e., it is com-
plete). The norms indicated in Proposition 3.15 induce in AP(R, C) different
types of convergence (not the uniform one!). In this way, we obtain only
normed spaces (i.e., not complete). By completion, we reobtain the spaces
B(R, C) and B2(R, C). We do not elaborate on this topic here.

Proof of Proposition 3.15. This will follow from the following statement: Let
f ∈ AP(R,R) be such that f(t) ≥ 0, t ∈ R. If M{f} = 0, then f(t) ≡ 0 on R.

In order to prove the last assertion, we shall rely on Bohr’s definition
of almost periodic functions. As seen in Section 3.2, any function that is
almost periodic in the sense of the definition from Section 2.3 (i.e., uniformly
approximable on R by trigonometric polynomials) satisfies Bohr’s property.
This fact was established in Proposition 3.7.

Now, assume to the contrary that M{f} = 0 but f �≡ 0. Since f(t) ≥ 0,
t ∈ R, we can find t0 ∈ R such that f(t0) = α > 0. We shall now define two
positive numbers � and δ such that any interval of length � on R contains a
subinterval of length 2δ whose points must be (α/3)-translation numbers for f .
This is possible due to the uniform continuity of f on R (property II in Section
3.2). For α > 0, we can find δ1 = δ1(α/6) such that |f(t + h) − f(t)| < α/6,
t ∈ R, for |h| < δ1, due to uniform continuity. Further, based on Bohr’s pro-
perty for f , one can find �1 > 0 such that every interval (a, a + �1) � τ with
|f(t + τ) − f(t)| < α/6, t ∈ R. Since |h| < δ1, τ + h ∈ (a − δ1, a + �1 + δ1).
Therefore,

|f(t + τ + h) − f(t)| ≤ |f(t + τ + h) − f(t + h)|

+|f(t + h) − f(t)| <
α

6
+

α

6
=

α

3
, t ∈ R.

In other words, one can take � = � + δ1 and δ = 2δ1 and conclude that each
interval (a, a + �) ⊂ R contains a subinterval of length δ with the property
that any number in this subinterval is an (α/3)-translation number for f . This
will help to show that each interval of length � contains a subinterval of length
2δ on which f(t) ≥ α/3. Indeed, with a ∈ R arbitrary, consider the interval
(a − δ − t0, a + � + δ − t0). There exists an (α/3)-translation number in this
interval. But t+ τ ∈ (a− δ, a+ �− δ), and taking t such that |t− t0| < δ, t+ τ
will cover an interval of length 2δ. We obtain

f(t + τ) = f(t0) + [f(t) − f(t0)] + [f(t + τ) − f(t)] > α − α

3
− α

3
=

α

3
·

With this property of f(t) established, and keeping in mind that f(t) ≥ 0
on R, one obtains

1
2n�

∫ n�

−n�

f(t)dt =
1

2n�

n∑
k=−n+1

∫ k�

(k−1)�

f(t)dt >
1

2n�
(2n)(2δ)

α

3
=

2αδ

3�
> 0.

Letting n → ∞, there results M{f} > 0, which contradicts our hypothesis.
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Obviously, the argument above in the proof of Proposition 3.15 is applica-
ble in proving that the map f −→ (M{|f |2})1/2 is also a norm on AP(R,R).

Proposition 3.15 is thereby proven.

3.5 The Space AP(R, X), X-Banach Space

Most features of almost periodic functions in various senses have been illus-
trated in preceding sections. The case where the values taken by such functions
belong to a Banach space and we have in mind not Rn or Cn but the infinite-
dimensional space X deserves special attention. We shall briefly present the
basic properties of AP(R,X), with X an arbitrary Banach space over R or C.
This presentation will be helpful when we discuss certain applications of the
almost periodic functions to such phenomena as wave propagation.

Of course, it is possible to build up a theory of almost periodicity in cases
like AP1(R,X), S(R,X), or even B2(R,X) = AP2(R,X). We shall not pro-
ceed on this path.

We shall present the theory of AP(R,X) spaces with X a (real or com-
plex) Banach space, starting with Bohr’s property as the definition. As we
shall see later on, this property is equivalent to the relative compactness of
the set of translates as well as the approximation property (by trigonometric
polynomials, this time with coefficients being elements of the Banach space).

Definition 3.1. Let X be a Banach space and f : R −→ X a continuous
function. Then f ∈ AP(R,X), and it is called almost periodic if for each ε > 0
there exists � = �(ε) > 0 such that in any interval of length � of R one can
find a number τ ∈ (a, a + �) with the property

‖f(t + τ) − f(t)‖ < ε, t ∈ R. (3.65)

The norm in AP(R, C) will be

|f |AP = sup{‖f(t)‖; t ∈ R} < ∞. (3.66)

Remark 3.10. It is obvious that any continuous periodic function is almost
periodic.

Proposition 3.16. If f ∈ AP(R,X), then f is bounded and uniformly
continuous.

Proof. Let f ∈ AP(R,X), and let � = �(1) be the number corresponding
to ε = 1 according to Definition 3.1 above. The function f(t), restricted to
the interval [0, �], is bounded. This means there exists M > 0 such that
‖f(t)‖ ≤ M , t ∈ [0, �]. For arbitrary t ∈ R, consider the interval [−t,−t + �],
which must contain τ (with ε = 1) such that

‖f(t + τ) − f(t)‖ < 1, t ∈ R. (3.67)
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Therefore, based on formula (3.67),

‖f(t)‖ ≤ ‖f(t) − f(t + τ)‖ + ‖f(t + τ)‖ < 1 + M, t ∈ R,

which proves the boundedness of f on R.
Next, to prove the uniform continuity of f on R, take � = �(ε/3) for an

arbitrary ε > 0 according to Definition 3.1, and note that f is uniformly
continuous on the interval [−1, 1 + �]. Let δ = δ(ε/3), δ < 1, from uniform
continuity; i.e., ‖f(t) − f(s)‖ < ε/3 when t, s ∈ [−1, 1 + �], |t − s| < δ. Then,
for |t− s| < δ with t, s ∈ R, we obtain for τ ∈ [−t,−t+ �] an (ε/3)-translation
number of f ,

‖f(t) − f(s)‖ ≤ ‖f(t) − f(t + τ)‖ + ‖f(t + τ) − f(s + τ)‖

+‖f(s + τ) − f(s)‖ <
ε

3
+

ε

3
+

ε

3
= ε,

because t+τ ∈ [0, �] ⊂ [−1, 1+�], while s+τ ∈ [−1, 1+�] since |t−s| < δ < 1.
Therefore, the first and third terms on the right-hand side are less than ε/3
from almost periodicity, while the middle term is also less than ε/3 from
uniform continuity of f on [−1, 1 + �].

This ends the proof of Proposition 3.16.

The following is an elementary statement.

Proposition 3.17. If f ∈ AP(R,X), then λf, with λ ∈ R or λ ∈ C, f(t+h),
h ∈ R, and ‖f(t)‖ are almost periodic (the last one is in AP(R,R)).

It suffices to note that

| ‖f(t + τ)‖ − ‖f(t)‖ | ≤ ‖f(t + τ) − f(t)‖

for t, τ ∈ R.
Let us point out that, according to the definition of the norm in AP(R,X),

as shown in equation (3.66), the convergence in AP(R,X) is the uniform
convergence on R. In other words, if fn, f ∈ AP(R,X), then fn −→ f in
this space, as n → ∞, if to any ε > 0 there corresponds a positive integer
N = N(ε) such that

‖fn(t) − f(t)‖ < ε, t ∈ R,

as soon as n ≥ N.
The completeness of AP(R,X) with respect to the norm (3.66) is easily

obtained if we keep in mind the inequality

‖f(t + τ) − f(t)‖ ≤ ‖f(t + τ) − fn(t + τ)‖
+‖fn(t + τ) − fn(t)‖ + ‖fn(t) − f(t)‖,

where {fn; n ≥ 1} is a sequence in AP(R,X) uniformly convergent to f .
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Proposition 3.18. Let f ∈ AP(R,X). Then the set {f(t); t ∈ R} ⊂ X is
relatively compact.

Proof. According to Proposition 2.5 from Chapter 2, it suffices to show that
for each ε > 0 there exists a finite number of balls of radius ε in X such that
their union covers the set {f(t); t ∈ R}. Indeed, let � = �(ε/2) be the number
corresponding to Bohr’s definition of almost periodic functions. Due to the
continuity of f(t), t ∈ [0, �], one can find because of the compactness of the set
{f(t); t ∈ [0, �]} ⊂ X a finite number of points xk ∈ X, k = 1, 2, . . . ,m, such
that the balls Σ(xk; ε/2), k = 1, 2, . . . , m, cover this set. For each t ∈ R, let
τ ∈ [−t,−t + �] be an (ε/2)-translation number of f . But t + τ ∈ [0, �], and
consequently there exists p, 1 ≤ p ≤ m, such that f(t + τ) ∈ Σ(xp; ε/2).
Hence,

‖f(t) − xp‖ ≤ ‖f(t) − f(t + τ)‖ + ‖f(t + τ) − xp‖ <
ε

2
+

ε

2
= ε,

which proves that
⋃m

p=1Σ(xp; ε) ⊃ {f(t); t ∈ R}.
Proposition 3.18 is thus proven.

Remark 3.11. The compactness of the set {f(t); t ∈ [0, �]} ⊂ X is assured
by the continuity of f . Indeed, if {f(tj); j ≥ 1, tj ∈ [0, �]} is a sequence in
{f(t); t ∈ [0, �]}, then {tj ; j ≥ 1} contains a convergent subsequence, say
{tjk

; k ≥ 1}, with tjk
−→ t̄ ∈ [0, �] as k −→ ∞. But f(tjk

) −→ f(t̄) from the
continuity of f , and since f(t̄) ∈ {f(t); t ∈ [0, �]}, the compactness of this set
is established.

Remark 3.12. From the relative compactness (in X) of the set {f(t); t ∈ R},
when f is in AP(R,X); there results that from any sequence {f(tj); tj ≥ 1,
tj ∈ R} one can extract a convergent subsequence.

We shall now prove a result that represents a characterization of almost
periodicity.

Theorem 3.2. Bohr’s definition of almost periodicity (i.e., f ∈ AP(R,X)) is
equivalent to the property of relative compactness for the family F = {f(t+h);
h ∈ R} of translates in BC(R,X).

Proof. As we have seen in Section 2.2, the relative compactness of F implies
Bohr’s property. So, relative compactness is a sufficient condition for Bohr’s
property.

In order to prove the necessity, we shall use again a diagonal procedure
of extraction. If {f(t + hn; n ≥ 1} ⊂ F is a sequence of translates of f and
S = {sn} ⊂ R a dense subset (for instance, the set Q of rational numbers),
then the sequence {f(s1+hn); n ≥ 1}⊂X consists of values of f(t), and as seen
in Remark 3.12, it contains a convergent subsequence {f(s1+h1n); n ≥ 1}.
Then we consider the sequence {f(s2+h1n); n ≥ 1} and note that it con-
tains a subsequence {f(s2 + h2n); n ≥ 1} that converges. We then move to
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{f(s3 + h2n); n ≥ 1}, and so on. The diagonal sequence {f(t + hnn); n ≥ 1}
is convergent for each t ∈ S. Actually, we will show that {f(t + hnn); n ≥ 1}
is uniformly convergent in R.

Indeed, let ε > 0 and � = �(ε/5) be the number corresponding to ε/5
according to Bohr’s definition of almost periodicity. Let δ = δ(ε/5) be the
number associated to ε/5 according to the property of uniform continuity
of f(t) on R. We take a subdivision of the interval [0, �], say Δ0 = {0 =
α0, α1, α2, . . . , αp = �}, such that max(αk − αk−1) < δ, k = 1, 2, . . . , p.

In each interval of Δ0, we choose a point in S, thus obtaining a finite set of
points S0 = {r1, r2, . . . , rp} ⊂ S. Since S0 is a finite set, {f(t + hnn); n ≥ 1}
is uniformly convergent with respect to t ∈ S0. Hence, we can determine
N = N(ε/5) such that for n,m ≥ N one has

‖f(rk + hnn) − f(rk + hmm)‖ < ε/5, k = 1, 2, . . . , p.

Now take an arbitrary t ∈ R, and let τ be an (ε/5)-translation number of f
such that τ ∈ [−t,−t+�], which means t+τ ∈ [0, �]. Denote by rj the number
in S0 such that |t + τ − rj | < δ. If one takes n,m ≥ N , then there results

‖f(t + hnn) − f(t + hmm)‖ ≤ ‖f(t + hnn) − f(t + τ + hnn)‖
+ ‖f(t + τ + hnn) − f(rj + hnn)‖
+ ‖f(rj + hnn) − f(rj + hmm)‖
+ ‖f(rj + hmm) − f(t + τ + hmm)‖
+ ‖f(t + τ + hmm) − f(t + hmm)‖

< 5
ε

5
= ε, t ∈ R.

The last inequality shows that the sequence {f(t + hnn); n ≥ 1} is satisfying
Cauchy’s conditions for uniform convergence on R. Therefore, the initial se-
quence of translates {f(t+hn); n ≥ 1} contains a subsequence that converges
uniformly on R, which is the kind of convergence for the space AP(R,X).

Theorem 3.2 is thereby proven.

Remark 3.13. See S. Zaidman [106] and A. Haraux [49] for a weaker form
of the Bochner condition of almost periodicity.

A simple consequence of Theorem 3.2 is the following property of almost
periodic functions with values in a Banach space.

Proposition 3.19. The sum of two almost periodic functions with values in
the Banach space X (real or complex) is almost periodic.

Proof. Instead of using Definition 3.1, we shall rely on Theorem 3.2. Let f1(t)
and f2(t) be almost periodic. We need to show that f(t) = f1(t) + f2(t),
t ∈ R, is also almost periodic (i.e., to prove that the family F = {f(t + h);
h ∈ R} is relatively compact in the topology of uniform convergence on R).
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Let us consider the sequence of translates {f(t + hn); n ≥ 1} ⊂ F . First,
{f1(t + hn); n ≥ 1} contains a subsequence, say {f1(t + h1n); n ≥ 1}, that
is uniformly convergent on R. Next, the sequence {f2(t + h1n); n ≥ 1} will
contain a subsequence, say {f2(t + h2n); n ≥ 1}, that converges uniformly on
R. Obviously, {f(t + hn); n ≥ 1} has the subsequence {f(t + h2n); n ≥ 1}
uniformly convergent on R. This is true because both sequences {f1(t + h1n);
n ≥ 1} and {f2(t + h2n); n ≥ 1} are uniformly convergent on R ({h2n} is a
subsequence of {h1n}!), and f(t + h2n) = f1(t + h2n) + f2(t + h2n), n ≥ 1.

Proposition 3.19 is thus proven.

It is obvious that it implies the fact that the sum of any finite number
of almost periodic functions is also almost periodic. This was necessary to
conclude that AP(R,X) is a Banach space.

So far, we have seen in this section that almost periodicity in Bohr’s sense
and the relative compactness of the family of translates are equivalent. We
did not make reference to the approximation property by trigonometric poly-
nomials. This is what the next proposition does.

Proposition 3.20. Let f be a map from R into the Banach space X such that
it can be uniformly approximated in the norm by trigonometric polynomials
of the form

T (t) = a, eiλ1t + a2e
iλ2t + · · · + ameiλmt, t ∈ R, (3.68)

with λj ∈R, aj ∈X, j=1, 2, . . . ,m. Then f is almost periodic: f ∈AP(R,X).

Proof. Let us notice, first, that any term in equation (3.68) is periodic of
period 2π/λj when λj �= 0 and constant when λj = 0 (also periodic). Hence,
T (t) given by equation (3.68) is almost periodic because it is a finite sum of
almost periodic functions (Proposition 3.19 and Remark 3.10 to Definition
3.1). Since f : R → X can be uniformly approximated by trigonometric
polynomials of the form (3.68), there remains to prove that AP(R,X) is closed
with respect to uniform convergence on R. This fact can be easily proven.

Indeed, let f(t) = lim fn(t), as n → ∞, uniformly on R, where fn(t),
n ≥ 1, are in AP(R,X). For arbitrary ε > 0, there exists N = N(ε) > 0 such
that, for n ≥ N,

‖fn(t) − f(t)‖ < ε/3, t ∈ R. (3.69)

Let � = �(ε/3) be the number corresponding to ε/3 according to Definition
3.1. Denote by τ any (ε/3)-translation number of fN (t). For arbitrary t ∈ R,
one can write the inequalities

‖f(t + τ) − f(t)‖ ≤ ‖f(t + τ) − fN (t + τ)‖

+‖fN (t + τ) − fN (t)‖ + ‖fN (t) − f(t)‖ <
ε

3
+

ε

3
+

ε

3
= ε,

(3.70)

taking into account the definition of translation numbers. But formula (3.70)
proves that any (ε/3)-translation number for fN (t) is an ε-translation number
for f(t).

This ends the proof of Proposition 3.20.
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Remark 3.14. As in the case of the spaces AP(R,R) or AP(R, C), the con-
verse proposition to Proposition 3.20 is postponed until we get into Chapter 4
and present the theory of Fourier series associated to almost periodic functions
in various senses.

We have seen above that the property of relative compactness of the set
F = {f(t + h); h ∈ R} of an almost periodic function is a characteristic
property of almost periodicity (Bohr).

We shall now look for a characterization of relative compactness for an
arbitrary set in AP(R,X). This has important applications to functional
equations.

Before obtaining a criterion of relative compactness in the space AP(R,X),
we shall establish an auxiliary result.

Proposition 3.21. Let fk(t) ∈ AP(R,X), k = 1, 2, . . . , n. Then, for every
ε > 0, there exist common ε-translation numbers for these functions.

Proof. We shall associate to these functions an almost periodic function
with values in Xn by letting f(t) = col(f1(t), . . . , fn(t)). It is well known
that Xn is also a Banach space, the norm being defined (for instance) by
‖x‖ =

∑n
k=1‖xk‖, where x = col(x1, x2, . . . , xn), and xj ∈ X, j = 1, 2, . . . , n.

For the almost periodicity of f(t) (i.e., f∈AP(R,Xn)) we shall prove the
relative compactness of the family F={f(t+h); h∈R}. Indeed, let {hm; m ≥
1} ⊂ R be an arbitrary sequence. Then {f1(t+hm); m ≥ 1} contains a sub-
sequence uniformly convergent on R. Let this subsequence be denoted by
{f1(t+h1m); m ≥ 1}. We now consider the sequence {f2(t+h1m); m ≥ 1},
and based on the almost periodicity of f2, we can find a subsequence, say
{f2(t + h2m); m ≥ 1}, that converges uniformly on R.

We proceed further in the same way as above and finally end up with a
sequence {fn(t+hnm); m ≥ 1} that is uniformly convergent on R. But {hnm;
m ≥ 1} is a subsequence of each {hkm; m ≥ 1}, k = 1, 2, . . . , n − 1, which
means that each sequence {fk(t+hnm); m ≥ 1} is uniformly convergent on R.
Obviously, this means that the sequence (in AP(R,Xn)) {f(t + hm); m ≥ 1}
contains a subsequence {f(t + hnm); m ≥ 1} that is uniformly convergent on
R. Therefore, f ∈ AP(R,Xn).

Let us now take ε > 0 and consider the number � = �(ε) according to
Definition 3.1. Then each interval of length �, say (a, a + �) ⊂ R, contains a
number τ with an ε-translation number for f ∈ AP(R,Xn):

‖f(t + τ) − f(t)‖ < ε, t ∈ R. (3.71)

Taking into account the definition of the norm in the product space, formula
(3.71) implies

‖fk(t + τ) − fk(t)‖ < ε, t ∈ R, k = 1, 2, . . . , n. (3.72)

The inequality (3.72) shows that, for any finite number of functions in
AP(R,X), there are common ε-translation numbers for each ε > 0.

Proposition 3.21 is thus proven.
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We are prepared to state and prove a criterion of relative compactness for
subsets of AP(R,X).

Theorem 3.3. Let M ⊂ AP(R,X) be a subset. Then M is relatively compact
in AP(R,X) if and only if the following properties hold true:

(1) M is equicontinuous, which means that for any ε > 0 there exists δ(ε) > 0
such that for any f ∈ M one has ‖f(t) − f(s)‖ < ε if |t − s| < δ(ε).

(2) M is equi–almost-periodic, which means that for each ε > 0 there exists
�(ε) > 0 such that any interval (a, a + �) ⊂ R contains a number τ that is
an ε-translation number for all f ∈ M.

(3) For fixed t∈R, the set {f(t); f ∈M} is relatively compact in the space X.

Proof. We will prove first that these conditions are necessary. We rely on
Proposition 2.5 of Chapter 2 regarding the characterization of relatively com-
pact sets in metric spaces. If M ⊂ AP(R,X) is relatively compact, then
we can find, for each ε > 0, a finite number of functions f1, f2, . . . , fm that
form an ε-net. In other words, each f ∈ M is contained in one of the balls
defined by ‖f − fk‖AP < ε, k = 1, 2, . . . , m. This finite set of functions,
f1, f2, . . . , fm, is both equicontinuous and equi–almost-periodic, according to
Proposition 3.21. Now let f ∈ M and p be an integer such that 1 ≤ p ≤ m,
for which ‖f − fp‖AP < ε. Then, for any ε-translation number common to all
fk, 1 ≤ k ≤ m, we have

‖f(t + τ) − f(t)‖ ≤ ‖f(t + τ) − fp(t + τ)‖ + ‖fp(t + τ) − fp(t)‖

+‖fp(t) − f(t)‖ < 3ε, t ∈ R,

which shows that M is equi–almost-periodic. It is obvious from the inequa-
lities above that M is also equicontinuous (τ need not be an ε-translation
number but a “small” real number). To finish with the necessity, we have to
consider now property (3) from the statement of Theorem 3.3. The relative
compactness of M allows us to extract from any sequence {fk; k ≥ 1} ⊂ M
a subsequence that converges uniformly on R.

In particular, fixing t ∈ R, from the sequence {fk(t); k ≥ 1} ⊂ X, we can
extract a convergent (in X) subsequence. Therefore, the set {f(t); f ∈ M},
for fixed t ∈ R, is relatively compact.

To prove the sufficiency of conditions (1), (2), (3) for the relative com-
pactness of the set M ⊂ AP(R,X), we will consider a countable subset of
R, say S, such that S is dense in R. At this point, the proof goes along the
same lines as the proof of Theorem 3.2. In other words, from any sequence
{fk(t); k ≥ 1} ⊆ M, we can extract, by using the diagonal procedure, a
subsequence that converges at each point of S = {sn; n ≥ 1} ⊂ R. In the
proof of Theorem 3.2, we dealt with a sequence {f(t + hn); n ≥ 1} ⊂ F and
proved it does contain a subsequence {f(t + hnn); n ≥ 1} that converges at
each point t = sj ∈ S. This time we deal with {fk(t); k ≥ 1} ⊂ M.
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We shall prove that a sequence that is pointwise convergent on S is in
fact uniformly convergent on R. Without loss of generality, we can assume
that the sequence {fk(t); k ≥ 1} ⊂ M is pointwise convergent on S. For
ε > 0, denote by �(ε) the corresponding number according to assumption (2)
of equi–almost-periodicity of M and by δ(ε) the corresponding (to ε) number
according to assumption (1) of equicontinuity of M. Again, as in the proof
of Theorem 3.2, we choose a subset S0 = {s1, s2, . . . , sp} ⊂ S such that each
point t ∈ [0, �] will be at a distance smaller than δ(ε) from S0. This fact is
possible because of the density of S on R. It is obvious that {fk(t); k ≥ 1}
is uniformly convergent in S0. By N(ε), we denote the number corresponding
to ε > 0 from the definition of uniform convergence. For f ∈ R arbitrary,
there exists τ ∈ [−t,−t + �] that is an ε-translation number common to all
functions of M. Because t+τ ∈ [0, �], there results the existence of an sj ∈ S0

for which |t + τ − sj | < δ. Now, for n,m ≥ N(ε), we can write the sequence
of inequalities

‖fn(t) − fm(t)‖ ≤ ‖fn(t) − fn(t + τ)‖ + ‖fn(t + τ) − fn(sj)‖

+‖fn(sj) − fm(sj)‖ + ‖fm(sj) − fm(t + τ)‖ + ‖fm(t + τ) − fm(t)‖ < 5ε.

This shows that {fk(t); k ≥ 1} ⊂ M satisfies Cauchy’s criterion, which
implies its uniform convergence on R.

The proof of Theorem 3.3 is now complete.

We shall now prove, as we’ve done for each space of almost periodic func-
tions with scalar (real or complex) values, that the mean value does exist for all
functions in AP(R,X). The approach will be different from that encountered
in Section 3.4, where the definition of almost periodicity was based on the
approximation property by trigonometric polynomials (for which the existence
of the mean value is trivial). But the result will be basically the same.

Theorem 3.4. For any f ∈ AP(R,X), there exists the mean value

M{f} = lim
T→∞

T−1

∫ T

0

f(t)dt ∈ X. (3.73)

Proof. For ε > 0, let � = �(ε) be the length of the interval on R such that
each (a, a + �), a ∈ R, contains an (ε/2)-translation number for f . Denote
A = sup{‖f(t)‖; t ∈ R}, and for a given a let τ ∈ (a, a + �) be the (ε/2)-
translation number for f . Then

∫ a+T

a

f(t)dt =
∫ τ

a

f(t)dt +
∫ τ+T

τ

f(t)dt +
∫ a+T

τ+T

f(t)dt,
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which implies

T−1

∥∥∥∥∥
∫ T

0

f(t)dt −
∫ a+T

a

f(t)dt

∥∥∥∥∥ ≤ T−1

∥∥∥∥∥
∫ T

0

f(t)dt −
∫ τ+T

τ

f(t)dt

∥∥∥∥∥

+T−1

∥∥∥∥
∫ τ

a

f(t)dt

∥∥∥∥+ T−1

∥∥∥∥∥
∫ a+T

τ+T

f(t)dt

∥∥∥∥∥ ≤ T−1

∫ T

0

‖f(t) − f(t + τ)‖dt

+T−1

∫ τ

a

‖f(t)‖dt + T−1

∫ a+T

τ+T

‖f(t)‖dt ≤ ε

2
+

A�

T
+

A�

T
=

ε

2
+

2A�

T
·

Taking a = (k − 1)T, k = 1, 2, . . . , n, we obtain from above the inequalities

T−1

∥∥∥∥∥
∫ T

0

f(t)dt −
∫ kT

(k−1)T

f(t)dt

∥∥∥∥∥ ≤ ε

2
+

2A�

T
, k = 1, 2, . . . , n. (3.74)

The inequalities (3.74) lead to

T−1

∥∥∥∥∥
∫ T

0

f(t)dt−n−1

∫ nT

0

f(t)dt

∥∥∥∥∥ = T−1

∥∥∥∥∥
∫ T

0

f(t)dt−n−1
n∑

k=1

∫ kT

(k−1)T

f(t)dt

∥∥∥∥∥

≤ n−1T−1
n∑

k=1

∥∥∥∥∥
∫ T

0

f(t)dt −
∫ kT

(k−1)T

f(t)dt

∥∥∥∥∥ < n−1n

(
ε

2
+

2A�

T

)
=

ε

2
+

2A�

T
·

If we now take two positive numbers T1 and T2 such that m1T1 = m2T2 for
some natural numbers m1 and m2, then from the last inequality above we
obtain

∥∥∥∥∥T
−1
1

∫ T1

0

f(t)dt − T−1
2

∫ T2

0

f(t)dt

∥∥∥∥∥ < ε + 2A�(T−1
1 + T−1

2 ). (3.75)

Let us notice now that the set of pairs (T1, T2) for which the ratio T1/T2

is rational (as requested above), T1 > 0, T2 > 0, is dense in (0,∞)×(0,∞).
This remark allows us to conclude that formula (3.75) holds true in general
(i.e., regardless of the rationality or irrationality of the ratio T1/T2).

Now choose T1, T2 > 4A�/ε. One obtains from formula (3.75)
∥∥∥∥∥T

−1
1

∫ T1

0

f(t)dt − T−1
2

∫ T2

0

f(t)dt

∥∥∥∥∥ < 2ε, (3.76)

which proves the existence of the limit in equation (3.73) (i.e., of the mean
value M{f}).

Remark 3.15. Actually, a somewhat stronger result,

lim
T→∞

T−1

∫ a+T

a

f(t)dt = M{f}, (3.77)
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is valid uniformly with respect to a ∈ R. Indeed, since

∫ a+T

a

f(t)dt =
∫ T

0

f(t + a)dt, a ∈ R,

we conclude that M{f(t)} and M{f(t + a)} exist simultaneously and are
equal. In the proof of Theorem 3.4, we have obtained as a by-product the
inequality

T−1

∥∥∥∥∥
∫ T

0

f(t)dt −
∫ a+T

a

f(t)dt

∥∥∥∥∥ ≤ ε

2
+

2A�

T
,

where � is an (ε/2)-translation number of fand A = sup{‖f(t)‖; t ∈ R}. As
we see, the right-hand side can be less than ε if T > 4A�/ε = T0(ε) with T0(ε)
independent of a ∈ R.

Remark 3.16. The formula for M{f} used in Section 3.3 was

M{f} = lim
�→∞

(2�)−1

∫ �

−�

f(t)dt. (3.78)

Is this different from the one used above? We can show that the same M{f}
is defined by both equations (3.77) and (3.78). Indeed, if we let a = −T in
equation (3.77), we obtain

lim
T→∞

T−1

∫ 0

−T

f(t)dt = M{f},

which combined with

lim
T→∞

T−1

∫ T

0

f(t)dt = M{f}

leads immediately to equation (3.78).

Remark 3.17. It is natural to ask whether the number M{f} attached to
an almost periodic function reduces to the usual mean value if f is a periodic
function. It’s easy to see that this is indeed the case.

Assume that f ∈ BC(R,X) is periodic of period ω > 0. Then the mean
value of f is given by

M(f) = ω−1

∫ ω

0

f(t)dt. (3.79)

Now let’s estimate M{f} according to the definition adopted in this section.
One has
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M{f} = lim
T→∞

T−1

∫ T

0

f(t)dt = lim
T→∞

T−1

[∫ ω

0

+
∫ 2ω

ω

+ · · · +
∫ T

kω

]

= lim
T→∞

T−1

[
k

∫ ω

0

f(t)dt +
∫ T

kω

f(t)dt

]

= lim
k→∞

[
k

kω + α

∫ ω

0

f(t)dt +
1

kω + α

∫ kω+α

kω

f(t)dt

]
,

where 0 ≤ α < ω. From the relations above, we obtain

M{f} = ω−1

∫ ω

0

f(t)dt = M(f). (3.80)

Therefore, the concept of the mean value for almost periodic functions is the
natural extension of the usual concept of the mean value of a function on a
given interval.

3.6 Almost Periodic Functions Depending on Parameters

Several applied problems, particularly related to the theories of oscillations
and waves, require some concepts that can be described within the framework
of almost periodic functions depending on parameters.

For instance, in oscillation theory, one deals with ordinary differential
equations of the form

ẍk(t) = fk(t, x1(t), . . . , xn(t)), k = 1, 2, . . . , n,

engaging the functions fk(t, x1, . . . , xn) with (x1, x2, . . . , xn) ∈ Ω ∈ Rn. In
this case, if almost periodicity is understood in regard to the variable t ∈ R,
the variables x1, x2, . . . , xn appear as parameters.

In the theory of waves, in which the basic mathematical tool is the nonho-
mogeneous equation

utt = Δu + f(t, x1, . . . , xn)

with the Laplacian

Δu = ux1x2 + ux2x2 + · · · + uxnxn
,

a solution will be of the form u = u(t, x1, x2, . . . , xn). This fact again leads to
the concept of an almost periodic function (in t) depending on the parameters
x1, x2, . . . , xn.

We can, of course, consider almost periodic functions in t of the form
u = u(t, λ), where λ is a parameter belonging to a certain topological space
(in particular, to a metric space in which convergence is defined by means of
the distance function, or metric). Instead of this rather abstract approach, we
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shall deal in this section with particular dependencies on parameters. More
precisely, we shall present the cases where we have uniform dependency or
where the dependency is “measured” in the mean. This last case is linked to
the name of C. F. Muckenhoupt [73] and plays a central role in regard to
the problem of almost periodicity of solutions of partial differential equations
(Chapter 7); in particular, in connection with almost periodic waves (i.e., with
solutions of the wave equations).

We shall start with the concept of almost periodic functions uniformly
depending on parameters. These are nothing but almost periodic functions,
say in the space AP(R,X), where X is a function space of the form C(Ω, R),
Ω ⊂ Rn being a compact subset. In other words, we are interested in a family
of functions that can be represented in the form

f = f(t, x1, x2, . . . , xn), (3.81)

with t ∈ R and (x1, x2, . . . , xn) ∈ Ω ⊂ Rn. The values of f may be in R, in C,
or in multidimensional spaces Rm, Cm, m ≥ 1.

Obviously, from equation (3.81) we realize that f can be regarded as a map
from R into the space C(Ω, R), which is a Banach space with the supremum
norm (always finite due to the continuity of f and the compactness of Ω).

Therefore, we are in the framework described in Section 3.5. Any result
established for almost periodic functions with values in a Banach space can
be transposed to the case of functions depending on parameters. In our case
of uniform dependency, we may say that the parameters are in the space
C(Ω, R).

To simplify the notation somewhat, we shall denote x = (x1, x2, . . . , xn),
which leads to the formula

f = f(t, x), t ∈ R, x ∈ Ω, (3.82)

as an equivalent for equation (3.1). Hence, the definition of almost periodic
(Bohr) functions depending uniformly on the parameter x can be formulated
as follows.

Definition 3.2. The continuous function f(t, x) from R×Ω to R is called
almost periodic in t uniformly with respect to the parameter x ∈ Ω if for
every ε > 0 there exists � = �(ε) such that any interval (a, a+ �) ⊂ R contains
a number τ with Bohr’s property

‖f(t + τ, x) − f(t, x)‖ < ε, t ∈ R, x ∈ Ω, (3.83)

where ‖ · ‖ is the norm in C(Ω, R):

‖f(x)‖ = sup(|f(x)|; x ∈ Ω). (3.84)

Remark 3.18. The uniform character of the dependency with respect to
parameters is assured by the fact that � = �(ε) is independent of x ∈ Ω.
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Since an almost periodic function in the meaning of Definition 3.2 is an
almost periodic function from R into C(Ω, R) (i.e., in a Banach space), the
following properties are direct consequences of the properties established in
Section 3.5.

Proposition 3.22. If f ∈ AP(R,C(Ω, R)), then f is bounded on R×Ω and
uniformly continuous on R×Ω.

Indeed, from Proposition 3.16 there results the uniform continuity of
f(t, x) in t uniformly with respect to x ∈ Ω, while the uniform continuity
of f(t, x) in x, x ∈ Ω, for fixed t ∈ R, is the consequence of a classical result.
(Each continuous function on a compact set is uniformly continuous.) Let
ε > 0 be arbitrary and � = �(ε/3) be the number corresponding to almost
periodicity of f . The function f(t, x) is obviously uniformly continuous on the
compact set [−1, 1+�]×Ω. Consider the positive number δ(ε/3) < 1 such that

|f(t, x) − f(s, y)| < ε/3

for (t, x), (t, y) ∈ [−1, 1 + �]×Ω such that |t − s| < δ, |x − y| < δ. If τ is an
(ε/3)-translation number in the interval [−t,−t+�], which means 0 ≤ t+τ ≤ �
and −1 ≤ s + τ ≤ 1 + �, then we have

|f(t, x) − f(s, y)| ≤ |f(t, x) − f(t + τ, x)| + |f(t + τ, x) − f(s + τ, y)|

+|f(s + τ, y) − f(s, y)| <
ε

3
+

ε

3
+

ε

3
= ε

because in the middle term of the right-hand side we have |t + τ − (s + τ)| =
|t − s| < δ and |x − y| < δ.

This shows the validity of Proposition 3.22.

Proposition 3.23. If f ∈ AP(R,C(Ω, R)), then λf , with λ ∈ R, f(t + h, x),
h ∈ R, f(at, x), a ∈ R, a �= 0, and ‖f(t, x)‖ are also in AP(R,C(Ω, R)), resp.
AP(R,R).

Proposition 3.24. Definition 3.2 of almost periodicity uniformly with respect
to x ∈ Ω is equivalent to the relative compactness of the family {f(t + h, x);
h ∈ R} in the space BC(R,C(Ω, R)).

This is a consequence of Theorem 3.2 in the preceding section. The nota-
tion BC(R,C(Ω, R)) stands for the space of continuous and bounded maps
from R into C(Ω, R) with the supremum norm.

Proposition 3.25. The sum of a finite number of functions in AP(R,C(Ω, R))
belongs to this space.

Proposition 3.26. A finite number of functions in AP(R,C(Ω, R)) has the
property that for each ε > 0 there exist common ε-translation numbers.
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Proposition 3.27. Any function f(t, x), t ∈ R, x ∈ Ω, that can be approxi-
mated in the supremum norm by trigonometric polynomials of the form

T (t, x) = a1(x)eiλ1t + a2(x)eiλ2t + · · · + ap(x)eiλpt

with ak(x), k = 1, 2, . . . , p, in C(Ω, R) and λk ∈ R, k = 1, 2, . . . , p belongs to
AP(R,C(Ω, R)).

The converse of Proposition 3.27 is also true, but the proof is postponed
(Chapter 4).

Proposition 3.28. If {fn(t, x); n ≥ 1} ⊂ AP(R,C(Ω, R)) and fn(t, x) con-
verges uniformly on R×Ω to f(t, x), then f(t, x) ∈ AP(R,C(Ω, R)).

This proposition is actually a reformulation of the fact that AP(R,C(Ω, R))
is a complete space.

Proposition 3.29. Let f ∈ AP(R,C(Ω, R)) be such that ft = ∂f/∂t. If
ft(t, x) is uniformly continuous in t uniformly with respect to x ∈ Ω, then
ft ∈ AP(R,C(Ω, R)).

The requirement in Proposition 3.29 means that for each ε > 0 there exists
δ(ε) > 0 such that |t − s| < δ implies |ft(t, x) − ft(s, x)| < ε for all x ∈ Ω.

Proposition 3.30. Let f ∈ AP(R,C(Ω, R)) and x = x(t) ∈ AP(R,Rn) such
that x(t) ∈ Ω, t ∈ R. Then f(t, x(t)) ∈ AP(R,R).

Proof. We shall prove that f(t, x(t)) ∈ AP(R,R) using Proposition 3.24
above. In other words, if {hk; k ≥ 1} ⊂ R, then there exists a subsequence
{h1k; k ≥ 1} with the property that f(t+h1k, x(t+h1k)) converges uniformly
on R. This will suffice to conclude that f(t, x(t)) ∈ AP(R,R).

Indeed, we know that {hk; k ≥ 1} contains a subsequence {h1k; k ≥ 1}
such that the sequence {x(t + h1k); k ≥ 1} is uniformly convergent on R.
Without loss of generality, we can state that {f(t + h1k, x); k ≥ 1} is also
uniformly convergent on R uniformly with respect to x ∈ Ω. If ε > 0, then
there exist δ(ε) > 0 with the property

|f(t, x) − f(t, y)| <
ε

2
, t ∈ R,

provided |x − y| < δ, x, y ∈ Ω. On the other hand, we can write

|f(t + h1k, x) − f(t + h1p, x)| <
ε

2
, x ∈ Ω,

for k, p ≥ N1(ε), t ∈ R, and

|x(t + h1k) − x(t + h1p)| < δ(ε)

for k, p ≥ N2(ε). Denote N = max(N1, N2), and combining the inequalities
above, we obtain
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|f(t + h1k, x(t + h1k)) − f(t + h1p, x(t + h1p))|
≤ |f(t + h1k, x(t + h1k)) − f(t + h1k, x(t + h1p))|
+|f(t + h1k, x(t + h1p)) − f(t + h1p, x(t + h1p))|

<
ε

2
+

ε

2
= ε, for k, p ≥ N(ε).

This ends the proof of Proposition 3.30.

Remark 3.19. Proposition 3.30 can be reformulated as follows.

Niemytskii’s operator

x(t) −→ f(t, x(t)), (3.85)

under conditions specified above, is acting from the space AP(R,Rn) into
AP(R,R).

Other types of operators with this property will be considered in subse-
quent chapters.

We shall now investigate another type of dependency of parameters, in
which the supremum norm encountered above (in parameter space) is substi-
tuted by integral norms (basically Lp-norms).

Definition 3.3. Let AP(R,Lp(Ω, C)), 1 ≤ p < ∞, Ω ⊂ Rm be a measurable
set, the space of almost periodic functions from R into the (Banach) space
Lp(Ω, C). Then f = f(t, x), t ∈ R, x ∈ Ω, is called almost periodic in the mean
of order p ≥ 1 if f ∈ AP(R,Lp(Ω, C)).

The definition above means the following properties are satisfied by
f ∈ AP(R,Lp(Ω, C)):

(1) For each ε > 0 and t0 ∈ R, there exists δ = δ(ε, t0) > 0 such that

|t − t0| < δ implies
∫

Ω

|f(t, x) − f(t0, x)|pdx < εp.

(2) For each ε > 0, there exists � = �(ε) > 0 with the property that any
interval (a, a + �) ∈ R contains a point τ for which

∫

Ω

|f(t + τ, x) − f(t, x)|pdx < εp, t ∈ R.

The integrals above are understood in Lebesgue’s sense, and dx stands for
Lebesgue’s measure.

The properties established in Section 3.5 for the space AP(R,X) apply in
the case X = Lp(Ω, C), 1 ≤ p < ∞, and the following properties of the almost
periodic functions, depending on the mean of the parameters, can be stated
as follows.
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Proposition 3.31. Let f = f(t, x) ∈ AP(R,Lp(Ω, C)), 1 ≤ p < ∞. Then f
is bounded on the mean of order p; i.e., there exists M > 0 such that

∫

Ω

|f(t, x)|pdx ≤ M, t ∈ R,

and it is uniformly continuous in the sense that, for each ε > 0, there exists
δ = δ(ε) > 0 with the property

|t − s| < δ implies
∫

Ω

|f(t, x) − f(s, x)|pdx < εp.

Proposition 3.31 is the consequence of Proposition 3.16.

Proposition 3.32. If f = f(t, x) ∈ AP(R,Lp(R, C)), 1 ≤ p < ∞, then any
sequence {f(t + hk); k ≥ 1} contains a subsequence {f(t + h1k); k ≥ 1} that
converges uniformly with respect to t ∈ R in the space Lp(Ω, C) as k → ∞.

Proposition 3.32 has the following meaning: For each ε > 0, there exists
N = N(ε) such that

∫

Ω

|f(t + h1k, x) − f(t + h1p, x)|pdx < εp, t ∈ R,

as soon as k, p ≥ N(ε).

Proposition 3.33. The converse of Proposition 3.32 is true. This means that
Definition 3.3 is equivalent to the relative compactness of the family of trans-
lates of f in the sense made precise in Proposition 3.32.

Other properties similar to those stated in Propositions 3.18–3.21 above
can be transposed in the case of almost periodic functions in AP(R,Lp(Ω, C)),
1 ≤ p < ∞.

The concept of almost periodic functions depending on the mean with
respect to the parameters is very significant in connection with the almost
periodicity of solutions of hyperbolic (waves) or parabolic (heat transfer) par-
tial differential equations. These problems will be investigated in subsequent
chapters.

Let us mention the fact that the mean value does exist for the almost
periodic functions depending on the mean with respect to the parameters.
From Theorem 3.1, there results the existence of the limit

lim
T→∞

T−1

∫ T

0

f(t, x)ds (3.86)

in the sense of convergence in Lp(Ω, C), 1 ≤ p < ∞.
In concluding this section, we shall prove that Stepanov’s almost periodic

functions can be regarded as almost periodic functions in Bohr’s sense with
values in a Banach space.



3.7 Variations on the Theme of Almost Periodicity 87

We shall limit our considerations to the space S = S1(R, C), the case of
the space Sp(R, C), 1 < p < ∞, being the same. Moreover, the space S(R, C)
is the richest among Stepanov’s spaces.

Let f = f(t), t ∈ R, a map from R into C defined for almost t ∈ R and
locally integrable (i.e., Lebesgue integrable on any bounded interval of R). To
the function f we associate the function ϕ(t, x) = f(t+x), t ∈ R, x∈ [0, 1] ⊂ R.
It is obvious that, for almost all t ∈ R, the map t → ϕ(t, x), 0 ≤ x ≤ 1, is
from R into L1 = L([0, 1], C) due to the local integrability of f .

What we want to prove now is the fact that the almost periodicity in the
mean (of order 1) of ϕ(t, x) with Ω = [0, 1] is actually the Stepanov type
of almost periodicity for f . In other words, if ϕ ∈ AP(R,L([0, 1], C)), then
f ∈ S(R, C).

Let us write the fact that ϕ ∈ AP(R,L([0, 1], C)); i.e., for each ε > 0, one
can find � = �(ε) such that any interval (a, a + �) ⊂ R contains a number τ
that is an ε-translation number for ϕ. This leads to the formula

∫ 1

0

|ϕ(t + τ, x) − ϕ(t, x)|dx < ε, t ∈ R.

In terms of f , the inequality above means
∫ 1

0

|f(t + τ + x) − f(t + x)|dx < ε, t ∈ R.

By the change of variable t + x = u, the inequality above becomes
∫ t+1

t

|f(u + τ) − f(u)|du < ε, t ∈ R.

By taking the supremum with respect to t, the last inequality implies

|f(t + τ) − f(t)|S ≤ ε,

which proves that f ∈ S(R, C).
Conversely, if f ∈ S(R, C), one easily gets ϕ ∈ AP(R,L([0, 1], C). The

continuity of ϕ, required in the definition of almost periodicity, follows from
the well-known property of L([0, 1], C)

lim
∫ 1

0

|f(t + h) − f(t)|dt = 0 as h → 0.

3.7 Variations on the Theme of Almost Periodicity

Besides the spaces of almost periodic functions discussed so far in this book,
namely AP1, AP, S, B2 = AP2, and B, there are in the literature many more
types and generalizations. It is our aim, in this last section of Chapter 3, to
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present a sort of inventory of such extensions of the concept of almost periodic
functions, without paying full attention to the details. Most of these variations
on the concept of almost periodicity are motivated by the applications of these
types of functions in the investigation of applied problems in such fields as
mechanics, electricity theory, electronics, stochastic processes, statistics and
probability, discrete processes, and others. The full list of references would be
beyond the framework of this book. Adequate references will be provided for
the topics presented below.

The first class of almost periodic functions we shall briefly discuss here
is that introduced by H. Weyl [100]. These functions are also present in the
book by A. S. Besicovitch [10], where the definition relies on the completion
of the space T of trigonometric polynomials with respect to a norm defined
in the following manner. We shall limit ourselves to the case p = 1, the case
of a general p, 1 ≤ p < ∞, being rather straightforward.

Let f ∈ Lloc(R, C) be such that, for � > 0,

sup
t∈R

{
�−1

∫ t+�

t

|f(s)|ds

}
< ∞. (3.87)

It can be easily seen that if formula (3.87) is true for a single � > 0, then
it is true for any � > 0. Actually, formula (3.87) expresses the fact that
f ∈ M(R, C), and the supremum defines a norm that is equivalent to the
norm | · |M defined by formula (3.27) in Section 3.3.

Weyl had the idea to take the limit as � → ∞ in formula (3.87):

|f |W = lim sup
�−→∞

{
sup
t∈R

(
�−1

∫ t+�

t

|f(s)|ds

)}
. (3.88)

For those f ∈ Lloc(R, C), for which the lim sup in equation (3.88) is finite, it
can be shown (see A. S. Besicovitch [10]) that the limit (not only the lim sup!)
does exist on the right-hand side of equation (3.88); i.e., equation (3.88) is the
same as

|f |W = lim
�→∞

{
sup
t∈R

(
�−1

∫ t+�

t

|f(s)|ds

)}
. (3.89)

The linear space W consisting of these f ∈ Lloc(R, C) for which |f |W
defined by equation (3.89) is finite becomes a seminormed space with the
seminorm f −→ |f |W .

Indeed, f −→ |f |W is a seminorm because |f |W = 0 does not imply f = 0
a.e. For instance, if f ∈ L1(R, C), then |f |W = 0.

As we have done in the cases B2 or B, we should consider the factor space
W/W0, where W0 = W0(R, C) is defined by W0 = {f ; f ∈ W, |f |W = 0}.

Definition 3.4. The space APW(R, C) of almost periodic functions in Weyl’s
sense is the closure in W/W0 of the set T = T (R,C) of trigonometric
polynomials.
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One may rephrase the definition above as follows: f ∈ APW(R, C) if for
each ε > 0 there exists Tε ∈ T such that f = Tε + rε with |rε|W < ε.

The following inclusions are valid:

S(R, C) ⊂ APW(R, C) ⊂ B(R, C). (3.90)

Formula (3.90) shows that the almost periodic functions in Weyl’s sense are
more general than Stepanov’s almost periodic functions, but they constitute
special cases of the Besicovitch type of almost periodic functions.

In order to prove the first inclusion (3.90), one proceeds in the following
manner. Let � = k + θk with k positive integer and 0 ≤ θk < 1. Then � → ∞
if and only if k → ∞. From equation (3.89), we see that for f ∈ M one has

�−1

∫ t+�

t

|f(s)|ds = (k + θk)−1

{∫ t+1

t

|f(s)|ds +
∫ t+2

t+1

|f(s)|ds

+ · · · +
∫ t+k

t+k−1

|f(s)|ds +
∫ t+k+θk

t+k

|f(s)|ds

}
≤ (k + θk)−1(k + 1)|f |M ,

which implies

sup
t∈R

�−1

∫ t+�

t

|f(s)|ds < k−1(k + 1)|f |M .

Letting � → ∞ in the inequality above, which implies k → ∞, one obtains

|f |W ≤ |f |M , (3.91)

and since, for f ∈ S(R, C), |f |S = |f |M , there results, from inequality (3.91),
S(R, C) ⊂ APW(R, C).

The second inclusion in formula (3.90) follows immediately from the
inequality

�−1

∫ �

0

|f(s)|ds ≤ sup
t∈R

{
�−1

∫ t+�

t

|f(s)|ds

}
,

which leads, as � → ∞, to
|f |B ≤ |f |W . (3.92)

More properties of functions in APW(R, C) can be obtained by using the
same kinds of arguments as in Sections 3.3 and 3.4.

Another class of functions that we shall mention here was introduced rel-
atively recently by C. Zhang [108] under the name of pseudo almost periodic
functions.

Definition 3.5. A function f ∈ BC(R, C) is called pseudo almost periodic if
it can be represented as

f(t) = g(t) + r(t), t ∈ R, (3.93)
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with g ∈ AP(R, C) and r such that

lim
�→∞

(2�)−1

∫ �

−�

|r(t)|dt = 0. (3.94)

Remark 3.20. We notice that r = f−g ∈ BC(R, C). One can also reformulate
the definition above by saying that f ∈ PAP(R, C) = the class of pseudo
almost periodic functions if f can be represented in the form (3.93), with
g ∈ AP(R, C) and r ∈ BC(R, C) ∩ B0(R, C), where B0(R, C) denotes the zero
linear manifold of B(R, C) as defined by relation (3.64) in Section 3.4.

Remark 3.21. It is obvious from Definition 3.5 that PAP(R, C) ⊂ B(R, C). In
other words, any pseudo almost periodic function is also a Besicovitch almost
periodic function. Since PAP(R, C) contains only continuous functions, this
space is considerably “smaller” than the space B/B0 but richer than the space
AP(R, C). The mean value does exist for any f ∈ PAP(R, C), and if we take
into account equation (3.93), then obviously M{f} = M{g}.

The pseudo almost periodic functions were thoroughly investigated in a
series of papers by C. Zhang [108], [109]. The last paper quoted contains
further references, as well as indications concerning applications to the theory
of differential equations.

It is obvious how the concept of pseudo almost periodicity can be extended
to deal with spaces like PAP(R,Rn) or even PAP(R,X), where X stands for
a Banach space. A characterization of functions in PAP(R, C) will be provided
in Chapter 4 in terms of Fourier series.

In the category of almost periodic functions depending on parameters,
we will briefly deal with random functions almost periodic in probability. This
concept was introduced by O. Onicescu and V. Istrăţescu [75] and investigated
by many authors. Our book Almost Periodic Functions [23] contains a concise
presentation of the basic facts related to this concept, as well as adequate
references (see also A. Precupanu [83]).

If we denote by (Ω,K, P ) a probability space, then a map f : Ω → C is
called a random variable if the inverse image of any Borel set in C belongs to
K. In other words, the map f is measurable with respect to the probability P .

A random function is a map x : S×Ω −→ C such that for every s ∈ S =
a topological space, x(s;ω) is a random variable. We shall have in mind the
case S = R. In this case, one speaks about a random process.

The continuity in probability is defined as follows. Let x(t;ω) be a random
function defined for all t in a neighborhood of t0 ∈ R. Then x(t;ω) is called
continuous in probability at t0 if, for any ε > 0, η > 0, there corresponds
δ(ε, η) > 0 such that P (ω; |x(t;ω) − x(t0;ω)| ≥ ε) < η, provided |t − t0| <
δ(ε, η).

Definition 3.6. A random function x(t;ω) continuous on R in probability is
called almost periodic in probability if to any ε > 0, η > 0, there corresponds
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a number � = �(ε, η) > 0 such that any interval of length � on the real axis
contains a number τ with the property

P (ω; |x(t + τ ;ω) − x(t;ω)| ≥ ε) < η, t ∈ R.

Definition 3.6 is similar to Bohr’s definition. Other classes of almost perio-
dicity for random functions can be tailored in accordance with the definitions
of other types of almost periodicity.

Most of the basic properties encountered in the spaces AP(R, C) or
AP(R,R) can be formulated accordingly for random functions almost periodic
in probability. For instance, a necessary and sufficient condition for a random
function x(t;ω) to be almost periodic in probability is the relative compactness
of its set of translations {x(t + h;ω); h ∈ R} in the sense of uniform conver-
gence in probability on the real axis. This means that from any sequence
{x(t + hn;ω); n ≥ 1} one can extract a subsequence {x(t + h1n;ω); n ≥ 1}
such that for any ε > 0, η > 0, one can find N = N(ε, η) with the property

P (ω; |x(t + h1n;ω) − x(t + h1m;ω)| ≥ ε) < η, t ∈ R,

provided n,m ≥ N(ε, η).
A random trigonometric polynomial is a random function or process of the

form

T (t;ω) =
m∑

k=1

ck(ω)eiλkt, t ∈ R,

with ck(ω), h = 1, 2, . . . , m, random variables.
The usual approximation theorem for almost periodic functions is valid

in the following formulation: Any random function x(t;ω) almost periodic in
probability can be approximated by random trigonometric polynomials with
any degree of accuracy. This means that, for each ε > 0, η > 0, there exists a
random trigonometric polynomial T (t;ω) such that

P (ω; |x(t;ω) − T (t;ω)| ≥ ε) < η, t ∈ R.

Let us conclude this brief consideration of random functions almost perio-
dic in probability with the remark that they can be viewed as almost periodic
functions (Bohr) with values in a space of random variables.

The next generalization of almost periodicity we shall consider relies on
the idea of perturbation. The asymptotic almost periodic functions were intro-
duced by M. Fréchet [41], [42]. They have been investigated by many authors
and have found interesting applications in the theory of differential equations.
The following simple example will illustrate the natural occurrence of these
functions. If we consider the ordinary differential equation ẋ(t) = −x(t)+f(t)
with f ∈ AP(R,R), then the general solution is given by the formula

x(t) = e−t

[
c +

∫ t

0

esf(s)ds

]
. (3.95)
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If we now choose the constant c as

c =
∫ 0

−∞
esf(s)ds, (3.96)

we find from equation (3.95) the solution

x0(t) =
∫ t

−∞
e−(t−s)f(s)ds, (3.97)

which is in AP(R,R). Indeed, equation (3.97) can be rewritten as the convo-
lution product x0(t) = (K ∗ f)(t), where K(t) = 0 for t < 0 and K(t) = e−t

for t ≥ 0. Since K ⊂ L1(R,R), there results from Proposition 3.8 that
x0 ∈ AP(R,R). Returning to equation (3.95), we can write the general solu-
tion in the form

x(t) = Ae−t + x0(t), t ∈ R. (3.98)

This formula is naturally conducive to the following definition (Fréchet).

Definition 3.7. A continuous function x(t) on R is called asymptotically
almost periodic if it can be represented in the form

x(t) = f(t) + r(t), t ∈ R, (3.99)

with f ∈ AP(R,R) and r(t) continuous on R, and

lim
t→∞

r(t) = 0. (3.100)

We denote by AAP(R,R) the space of asymptotically almost periodic func-
tions.

Remark 3.22. Similar definitions can be formulated for spaces like
AAP(R, C), AAP(R,Rn), or AAP(R,X) with X a Banach space.

Remark 3.23. The representation (3.99) is unique. If we admit that f1(t) +
r1(t) = f2(t)+r2(t), t ∈ R, with f1, f2 ∈ AP(R,R) and r1(t), r2(t) continuous
and vanishing at ∞, then from f1−f2 = r2−r1 we find that |f1(t)−f2(t)| −→ 0
as t −→ ∞. This implies M{|f1(t) − f2(t)|} = 0, which means f1(t) ≡ f2(t)
on R.

Remark 3.24. The space AAP(R,R) is obviously a linear space, with the
usual addition and scalar multiplication, and can be organized as a Fréchet
space using the topology given by the seminorms

|x|n = sup{|x(t)|; t ∈ [−n,∞)}, n ≥ 0. (3.101)

As we know, the family of seminorms {|x|n; n ≥ 0} generates an invariant
metric (see Proposition 2.12 of Chapter 2) on AAP(R,R). It is worth men-
tioning the fact that AAP(R,R) can be organized as an algebra with respect
to the usual operations of pointwise addition, multiplication, and scalar mul-
tiplication. It can be seen that these operations are continuous in the topology
defined by the seminorms {|x|n; n ≥ 0}.
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Other important properties of the asymptotically almost periodic functions
are the existence of the mean value

lim
�→∞

(
�−1

∫ a+�

a

f(t)dt

)
,

the relative compactness of the family of translates {f(t + h); h > 0}, and
that the product of a function in AAP(R,R) by a function in AP(R,R) is in
AAP(R,R).

We note that similar generalizations of almost periodicity could be formu-
lated for other types of almost periodic functions. For instance, if x ∈ S(R,R),
one may consider functions that can be represented in the form

y(t) = x(t) + r(t), t ∈ R, (3.102)

with r ∈ M0(R,R); i.e., such that

lim
t→∞

∫ t+1

t

|r(s)|ds = 0. (3.103)

For this class or space of functions, which seems to be naturally denoted by
AS(R,R), we do not find too much information in the existing literature.
Their investigation appears to be an open subject.

The last concept related to almost periodicity we shall discuss now is that
of an almost periodic sequence or equivalently, the almost periodic functions
of an integer variable: xn = f(n), n ∈ Z, with xn ∈ R, n ∈ Z. This concept
appeared early in the theory of almost periodic functions (see A. Walther
[98]). It has gained significance mainly due to the increased use of discrete
models in various applied areas.

Definition 3.8. The map f : Z → R is called almost periodic if to any ε > 0
there corresponds a positive integer N(ε) with the property that in any set of
N consecutive integers there exists an integer p such that

|f(n + p) − f(n)| < ε, n ∈ Z. (3.104)

The number p is called an ε-translation number of f .

Proposition 3.34. A necessary and sufficient condition for a function f :
Z → R to be almost periodic in the sense of Definition 3.8 is that any sequence
of translates {f(n + mk); k ≥ 1} contain a subsequence {f(n + m1k); k ≥ 1}
that is uniformly (with respect to n ∈ Z) convergent.

The proof is given in our book [23]. If we define a norm in the set of almost
periodic sequences, say ‖f‖ = sup{|f(n)|; n ∈ Z}, then we get the space
AP(Z,R). The condition in Proposition 3.34 is then the relative compactness
of the family of translates, a feature we have encountered in other types of
almost periodicity.

Another interesting property, characteristic for almost periodic elements
in AP(Z,R), can be stated as follows.
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Proposition 3.35. A necessary and sufficient condition for f ∈ AP(Z,R) is
the existence of a function ϕ ∈ AP(R,R) such that f(n) = ϕ(n), n ∈ Z.

Proof. If f ∈ AP(Z,R) is given, then ϕ(t) ∈ AP(R,R) can be constructed by
letting ϕ(t) = f(n) + (t − n)[f(n + 1) − f(n)], t ∈ [n, n + 1), n ∈ Z. The
remaining part of the proof can be carried out without difficulty.

Obviously, the graph of the function ϕ(t) is obtained by successively joining
the points (n, f(n)) ⊂ R2 by straight line segments.

The mean value for functions in AP(Z,R) is defined by the formula

M(f) = lim
k→∞

f(n + 1) + f(n + 2) + · · · + f(n + k)
k

· (3.105)

Proposition 3.36. For each f ∈ AP(Z,R), the mean value defined by equa-
tion (3.105) exists uniformly with respect to n ∈ Z.

Proof. Consider the function ϕ ∈ AP(R,R) associated with fas shown above.
Then

M{ϕ} = lim
k→∞

(
k−1

∫ n+k

n

ϕ(t)dt

)
(3.106)

exists uniformly for n ∈ Z. But

k−1

∫ n+k

n

ϕ(t)dt =
f(n + 1) + f(n + 2) + · · · + f(n + k)

k
+

f(n) − f(n + k)
2k

·

The relationship above tells us that the limit in equation (3.105) does exist
because [f(n)− f(n+k)](2k)−1 −→ 0 as k −→ ∞ due to the fact that |f(n)|,
n ∈ Z, is bounded. Moreover, M{ϕ} = M(f).

Proposition 3.37. If f ∈ AP(Z,R) and F (n), n ∈ Z is defined by F (0)
arbitrary in R, F (n + 1) − F (n) = f(n), n ∈ Z, then F ∈ AP(Z,R) if and
only if it is bounded in Z.

Proof. Let ϕ ∈ AP(R,R) be defined as above, and note that

∫ t

0

ϕ(s)ds = F ([t] + 1) −
∫ t

[t]

ϕ(s)ds − 1
2

[f(0) + f([t])].

The last two terms on the right-hand side are bounded, and this means that
F (n) and

∫ t

0
ϕ(s)ds are simultaneously bounded or unbounded on Z, resp.

R. If F (n), n ∈ Z, are bounded, then
∫ t

0
ϕ(s)ds is bounded, which means it

is in AP(R,R). This implies F ∈ AP(Z,R). The converse is obviously true.
We rely here on Theorem 5.1, which will be proved in Chapter 5. Besides
the space AP(Z, C), there are other spaces of almost periodic functions on Z
similar to those encountered in the case of a continuous variable t ∈ R.
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We shall briefly deal with the space B2(Z, C), which corresponds to the
Besicovitch space B2(R, C). The simplest way to introduce the space B2(Z, C)
is by the completion of the Banach space AP(Z, C) with respect to the norm

‖f‖ = {M{|f |2}}1/2 (3.107)

with M{f} defined by equation (3.105).
In order to prove that equation (3.107) makes sense for any f ∈ AP(Z, C),

it suffices to restrict our consideration to the case of the space AP(Z,R).
If f ∈ AP(Z,R), one has
∣∣f2(n + p) − f2(n)

∣∣ = |[f(n + p) − f(n)][f(n + p) + f(n)]|
≤ 2A|f(n + p) − f(n)|

(3.108)

with A = sup{|f(n)|; n ∈ Z}. A is finite, a fact resulting, for instance,
from Proposition 3.35 and the boundedness of almost periodic functions
in AP(R,R). The inequality (3.108) shows that f ∈ AP(Z,R) implies
f2 ∈ AP(Z,R), from which the existence of the mean value follows (see Propo-
sition 3.36). Therefore, the map

f −→ ‖f‖ = {M{|f |2}}1/2 (3.109)

of AP(Z, C) into IR+ is defined, and it’s an elementary fact to check the condi-
tions for a seminorm. Moreover, we can easily check that it is a norm. What’s
to be shown is that M{f} = 0, f ∈ AP(Z,R), f ≥ 0 on Z imply f(n) = 0
for n ∈ Z. Indeed, if ϕ ∈ AP(R,R) and f ∈ AP(Z,R) are related as shown
in Proposition 3.35, then M{f} = M{ϕ} according to Proposition 3.36. If we
assume M{f} = 0, f ≥ 0, then we obtain M{ϕ} = 0. Obviously, ϕ ≥ 0 on
R, and from Proposition 3.15 we obtain ϕ ≡ 0. This implies f(n) = 0, n ∈ Z.
The fact that the map (3.109) is a norm on AP(Z, C) enables us to conclude
that the completion of AP(Z, C) is also a Banach space, which we denote by
B2(Z, C). And this space is the discrete Besicovitch space.

Remark 3.25. We can prove that the space B2(Z, C) is a Hilbert space. We
invite the reader to show that the inner product can be defined by 〈f, g〉 =
M{fḡ}, f, g ∈ B2(Z, C). First, note that for f, g ∈ AP(Z, C) one has fḡ ∈
AP(Z, C). The inner product is extended to B2(Z, C) by continuity.

Remark 3.26. If we do not assume f ∈ AP(Z, C), then M{f} = 0 and f ≥ 0
do not imply f(n) = 0, n ∈ Z.

Indeed, if {f(n); n ∈ Z} is in �1(Z, C) (i.e.,
∑

n∈Z |f(n)| < ∞), then ob-
viously M{f} = 0, while f may not be zero at any n ∈ Z. A space of almost
periodic functions richer than B2(Z, C) is the Besicovitch space B1(Z, C),
or simply B(Z, C). The norm with respect to which we need to complete
AP(Z, C), in order to obtain B(Z, C) is f −→ M{|f |}, f ∈ B(Z, C).

Another type of almost periodicity, known as weak almost periodicity, will
be defined and discussed in Chapter 5 when we investigate the conditions
assuring the almost periodicity of the primitive of an almost periodic function.
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Fourier Analysis of Almost Periodic Functions

4.1 General Remarks

The Fourier analysis implies the study of such concepts as Fourier series
(which constitutes a special case of the general concept of trigonometric se-
ries), Fourier transforms, Fourier integrals, and other related topics. It is well
known that these concepts and related methods play a central role in inves-
tigating such phenomena as oscillations and waves. They are also relevant in
systems theory and other branches of applied science. Fourier analysis also has
been for almost two centuries one of the most powerful engines in advancing
real analysis, approximation theory, and other fields.

The original concept of a Fourier series preoccupied not only Fourier and
his contemporaries but many other mathematicians and scientists, the name
of Euler being one of the first to be mentioned.

Fourier series can be briefly described by means of the formula

f(t) ∼ a0

2
+

∞∑
k=1

(ak cos kt + bk sin kt), (4.1)

where ak, bk, k ≥ 0, are given by the formulas

ak =
1
π

∫ π

−π

f(t) cos kt dt, bk =
1
π

∫ π

−π

f(t) sin kt dt. (4.2)

The series in formula (4.1) is called the Fourier series of the function f(t).
Generally, f(t) is assumed to be periodic of period 2π and integrable on
[−π, π], which means that formulas (4.2) make sense. Formulas (4.2) are known
as Euler’s formulas.

The ∼ sign marks the association between the function f(t) and the series
on the right-hand side of formula (4.1). In some circumstances, the ∼ sign can
be replaced by the = sign. Criteria of this nature abound in the literature,
and we shall not dwell here on the classical theory of Fourier series. Excellent
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presentations of this theory can be found in the books by R. E. Edwards [36]
and N. K. Bary [6].

It is useful to mention here the complex version of formula (4.1),

f(t) ∼
∞∑

k=0

akeikt, t ∈ R, (4.3)

with ak ∈ C.
A more general case than formula (4.3) was considered in Section 3.1,

where instead of the integers k at the exponents, we have arbitrary real num-
bers λk; i.e.,

f(t) ∼
∞∑

k=0

akeiλkt, t ∈ R. (4.4)

If the series on the right-hand side of formula (4.4) is uniformly convergent (in
particular, if it is absolutely convergent), then the ∼ sign in formula (4.4) can
be replaced by the = sign, and the connection between f(t) and the coefficient
ak is given by

ak = lim
�→∞

(2�)−1

∫ �

−�

f(t)e−iλktdt = M{f(t)e−iλkt}, k ≥ 0. (4.5)

The case of absolute convergence of formula (4.4) leads to the space AP1(R, C)
we investigated in Section 3.1.

What we shall attempt to do in this chapter is to show how a “Fourier
series” can be attached to any almost periodic functionregardless of the par-
ticular type and what kind of connection exists between the almost periodic
function and its Fourier series. A very deep connection does exist between the
function and its Fourier series, which will help us to reconstruct the function
starting from its Fourier series. We have in mind, of course, the general type
of series given by formula (4.4) and not only the classical type represented
by formula (4.1). Nevertheless, the “model” offered by the classical theory of
Fourier series plays an important role in developing the concept of Fourier
series for almost periodic functions. Particular attention will be paid to the
space AP(R, C), which is more often encountered in the literature and likely
plays a greater role in applications. Similar considerations can be made for
the space AP(R,X) with X a Banach space.

Among the basic facts related to the Fourier series that can be generalized
from the classical case of periodic functions that generate the form (4.1) to
the case of almost periodic functions that generate series of the form (4.4),
we can mention here the following:

(1) If the Fourier series is uniformly convergent, then it converges to the
function that generated it.

(2) The Parseval formula relates the Fourier coefficients and the function.
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For instance, in the case described by formula (4.1), Parseval’s formula
looks like

a2
0

4
+

∞∑
k=1

(a2
k + b2

k) =
1
π

∫ π

−π

|f(t)|2dt,

while in the case of almost periodic functions it looks like
∞∑

k=0

|ak|2 = M{|f |2}.

The last formula corresponds to the situation related to formula (4.4).
(3) Generally, the Fourier series of a periodic or almost periodic func-

tion does not converge to the generating function. The series (Cesarò–Fejer–
Bochner) is always summable to the generating function.

This result will complete the proof of the equivalence between Bohr’s defi-
nition, the relative compactness of the family of translates in adequate norms,
and the approximation property (using trigonometric polynomials).

Some results of convergence for the Fourier series are directly applicable to
the periodic case, being suggested by known criteria for the latter. There are
some criteria that apply specifically only to certain classes of almost periodic
functions that do not encompass the periodic ones.

4.2 The Fourier Series Associated to an Almost Periodic
Function

As we saw in Section 3.4, for any function f ∈ B(R, C), there exists the mean
value

M{f} = lim
�→∞

(2�)−1

∫ �

−�

f(t)dt. (4.6)

Since B(R, C) is the richest space among the spaces of almost periodic func-
tions we considered in Chapter 3, any result based on the existence of the
mean value in B(R, C) is automatically valid in all these spaces of almost
periodic functions.

Let us note the fact that f ∈ B(R, C) implies f(t)e−iλt ∈ B(R, C) for any
λ ∈ R. Therefore, the quantity

a(f, λ) = M{f(t)e−iλt} (4.7)

is well defined for any f ∈ B(R, C) and λ ∈ R.
The following result is of utmost importance in regard to the concept of

Fourier series corresponding to almost periodic functions in various senses.

Proposition 4.1. For each f ∈ B(R, C), there exists at most a countable set
of values of λ ∈ R such that

a(f, λ) �= 0. (4.8)
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Proof. We know that there exists a sequence of trigonometric polynomials
{Tm(t); m ≥ 1} ⊂ T such that |f − Tm|B −→ 0 as m → ∞. In Section 3.4,
we have seen that the map f −→ M{f} is continuous from B into C. This
implies

lim
m→∞

M{Tm(t)e−iλt} = a(f, λ). (4.9)

But for each m ≥ 1, M{Tm(t)e−iλt} �= 0 only for a finite number of values
of λ. Namely, if Tm(t) =

∑n
k=1akeiλkt, ak ∈ C, λk ∈ R, k = 1, 2, . . . , n, then

only for λ = λk, k = 1, 2, . . . , n, can we have M{Tm(t)e−iλt} �= 0. Obviously,
there exists only a countable set of values of λ such that {Tm(t)e−iλt} �= 0 for
at least one m, m ≥ 1, and only for such values can we obtain a(f, λ) �= 0.

Proposition 4.1 is thereby proven.

Definition 4.1. Let f ∈ B(R, C), and denote by λk, k ≥ 1, the real values
for which

ak = a(f, λk) �= 0, k ≥ 1. (4.10)

Then the series ∞∑
k=1

akeiλkt (4.11)

is called the Fourier series of the function f . This fact is represented by

f(t) ∼
∞∑

k=1

akeiλkt. (4.12)

Remark 4.1. The numbers λk ∈ R, k = 1, 2, . . . , are called the Fourier
exponents of f , while ak ∈ C, k = 1, 2, .., are called Fourier coefficients of the
function f .

Remark 4.2. It is obvious that the number of Fourier exponents could be
finite. In such a case, we deal with a function f that reduces to a trigonometric
polynomial.

Remark 4.3. Proposition 4.1 and Definition 4.1 are valid for the space
B(R, C). But is is obvious that everything that has been said in connection
with the space B(R, C) can be extended to the space B(R, Cn). In this case,
ak ∈ Cn, k ≥ 1.

Remark 4.4. If f ∈ B(R, C) and formula (4.12) takes place, then the fol-
lowing relations are valid:

f̄(t) ∼
∞∑

k=1

āke−iλkt,

f(t + a) ∼
∞∑

k=1

akeiλkaeiλkt,
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eiλtf(t) ∼
∞∑

k=1

akei(λ+λk)t,

f ′(t) ∼
∞∑

k=1

iλkakeiλkt.

The last relation is true only if f ′ ∈ B(R, C), and therefore we can speak
about its Fourier series. First, the formula M{f ′(t)e−iλt} = iλM{f(t)e−iλt}
should be established (elementary). It implies that the Fourier exponents of
f ′ are the same as those of f , with the possible exception of the zero exponent
(i.e., there is a free term in the series, say a0).

There is another approach with regard to the way we can attach a Fourier
series to an almost periodic function, but this will be applicable only to the
space B2(R, C). Of course, this approach will lead to results that are valid
for such spaces as S2(R, C), W 2(R, C), or AP(R, C). At the same time, this
approach will lead to the solution of a problem of best approximation by
trigonometric polynomials. In other words, we will have a variational method
of attaching the Fourier series to a given almost periodic function. See A. S.
Besicovitch [10] for details.

We shall consider, for simplicity, only the case of the space AP(R, C). Let
f ∈ AP(R, C), and consider the set of trigonometric polynomials of the form

Tm(t) =
m∑

k=1

ckeiμkt, t ∈ R, (4.13)

with m fixed and ck ∈ C, μk ∈ R, k = 1, 2, . . . ,m. Denote

F (c1, c2, . . . , cm) = M{|f(t) − Tm(t)|2}, (4.14)

and try to minimize the function F . The real numbers μk, k = 1, 2, . . . ,m, are
assumed fixed. The fact that the right-hand side in equation (4.14) is finite
for each f and Tm is the consequence of f , Tm ∈ AP(R, C).

Since we dealt only with the case of almost periodic functions with values
in C (or Cn), it is natural to ask ourselves if similar concepts can be extended
to the spaces of almost periodic functions with values in a Banach space.
The answer to this question is positive, but the discussion will be postponed.
Taking into account the fact that in Section 3.5 we have proven the existence
of the mean value for functions in AP(R,X) with X a Banach space, we can
say we have the main tool in providing the construction of the Fourier series
for functions in AP(R,X). Some auxiliary results are necessary, and until we
establish these results, we are not able to proceed any further.

Based on the properties of the mean value (see Section 3.5) and the fact
that |α|2 = αᾱ for each α ∈ C, we obtain from equation (4.14)
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M

⎧
⎨
⎩

∣∣∣∣∣f(t) −
m∑

k=1

ckeiμkt

∣∣∣∣∣
2
⎫
⎬
⎭ = M{|f(t)|2} −

m∑
k=1

c̄kM{f(t)e−iμkt}

−
m∑

k=1

ckM{f̄(t)eiμkt} +
m∑

k=1

m∑
j=1

ck c̄jM{eiμkt−iμjt}.

Elementary calculations lead to the formula

F (c1, c2, . . . , cm) = M{|f(t)|2} +
m∑

k=1

|ck − a(f, μk)|2 −
m∑

k=1

|a(f, μk)|2,

from which we see that min F is attained for ck = a(f, μk), k = 1, 2, . . . ,m,
and

min F = M{|f(t)|2} −
m∑

k=1

|a(f, μk)|2. (4.15)

Because min F ≥ 0, as follows from equation (4.14), we obtain Bessel’s ine-
quality

m∑
k=1

|a(f, μk)|2 ≤ M{|f(t)|2}. (4.16)

This inequality allows us to prove the following important result (see
Proposition 4.1).

Proposition 4.2. For each f ∈ AP(R, C), there exists at most a countable
set of values λ such that formula (4.10) takes place.

Proof. For any γ > 0, there exists only a finite number of λ such that
|a(t, λ)| ≥ γ. Indeed, from formula (4.16) we obtain mγ ≤ M{|f(t)|2}, which
provides an upper bound for m. This implies that there exists an integer
k > 0 such that (k + 1)−1 ≤ |a(f, λ)|2 < k. Hence, the set of λ’s for which
|a(f, λ)| > 0 is a countable union of finite sets, and therefore it is countable
itself.

Since AP(R, C) ⊂ B(R, C) and we know about the existence of Fourier
exponents for f ∈ B(R, C), there results once again that for each f ∈ AP(R, C)
we have a sequence of Fourier exponents {λk; k ≥ 1}. Of course, the Fourier
coefficients are a(f, λk) = ak, k ≥ 1.

Remark 4.5. Proposition 4.2 offers an alternate proof of the existence of the
Fourier series for an almost periodic function in the Bohr space AP(R, C).
While it covers a space immersed in B(R, C), it has some advantages that will
be emphasized in subsequent sections.

Proposition 4.3. Let f ∈ AP(R, C). If ak, k ≥ 1, are its Fourier coefficients,
then the following (Bessel) inequality holds:

∞∑
k=1

|ak|2 ≤ M{|f(t)|2}. (4.17)
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Proof. From inequality (4.16), we derive

m∑
k=1

|ak|2 ≤ M{|f(t)|2} (4.18)

due to the fact that a(f, λk) = ak, k ≥ 1. But the right-hand side in formula
(4.18) is a constant, while the left-hand side grows with m. We can let m → ∞
in the inequality (4.18), which leads to formula (4.17).

The proof of Proposition 4.3 is complete.

The next result is an improvement of Proposition 4.3 with important im-
plications in the Fourier analysis of almost periodic functions.

Theorem 4.1. Let f ∈ AP(R, C) with Fourier series

f(t) ∼
∞∑

k=1

akeiλkt. (4.19)

Then, Parseval’s equality is valid:

∞∑
k=1

|ak|2 = M{|f(t)|2}. (4.20)

Proof. If we take into account formula (4.17), there remains to prove the
inequality

M{|f(t)|2} ≤
∞∑

k=1

|ak|2. (4.21)

Since f ∈ AP(R, C), there exists for every n ≥ 0 a trigonometric polynomial
Tn(t) such that

M{|f(t) − Tn(t)|2} <
1
n
· (4.22)

Denote by T ∗
n(t), n ≥ 1, the polynomial defined as follows:

T ∗
n(t) ≡ 0 if none of the Fourier exponents of f(t) appears in Tn(t).

T ∗
n(t) =

∑
akeiλkt, the summation being extended to those k’s

for which λk is a common Fourier exponent to f and Tn.

From formula (4.22), we derive from formula (4.16)

M{|f(t) − T ∗
n(t)|2} ≤ M{|f(t) − Tn(t)|2} ≤ 1

n
· (4.23)

But
M{|f(t) − T ∗

n(t)|2} = M{|f(t)|2} −
∑

|ak|2, (4.24)
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the summation being extended to those k’s for which λk is a Fourier exponent
of Tn(t). From formula (4.23) and (4.24), one obtains

M{|f(t)|2} ≤
∑

|ak|2 +
1
n

, (4.25)

with the summation extended to those k’s for which λk is the exponent in
Tn(t). Hence, from formula (4.25) we can write the inequality

M{|f(t)|2} ≤
∞∑

k=1

|ak|2 +
1
n
·

The inequality (4.21) follows from above, letting n → ∞.
The proof of Theorem 4.1 is complete. As mentioned above, its conclusion

remains valid in the space B2(R, C).

Remark 4.6. As we know (Section 3.4), when we write f ∈ B2(R, C), we
do not have in mind just the function f itself. It represents a whole class of
equivalent functions according to the relation f 
 g iff

lim
�→∞

(2�)−1

∫ �

−�

|f(t) − g(t)|2dt = 0. (4.26)

If we rely on inequality (3.52) from Section 3.4, then equation (4.26) implies

lim
�→∞

(2�)−1

∫ �

−�

|f(t) − g(t)|dt = 0. (4.27)

From equation (4.27), we derive

lim
�→∞

(2�)−1

∫ �

−�

f(t)e−iλtdt = lim
�→∞

(2�)−1

∫ �

−�

g(t)e−iλtdt,

which means that a(f, λ) = a(g, λ). Hence, f and g have the same Fourier
series.

The discussion above leads us to the following conclusion.

Corollary 4.1. Let f, g ∈ B2(R, C). Then f ∼ g, and consequently they have
the same Fourier series, iff

M{|f(t) − g(t)|2} = 0. (4.28)

Remark 4.7. Corollary 4.1 represents a uniqueness theorem because two
functions satisfying the condition (4.28) belong to the same class of equi-
valence and therefore are identifiable in B2(R, C).

Remark 4.8. Since AP(R, C) ⊂ B2(R, C), there results from Corollary 4.1
the uniqueness of Fourier series for Bohr’s almost periodic functions. But e-
quation (4.28) implies in this case f(t) ≡ g(t), t ∈ R.
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An application of Corollary 4.1 is related to the convergence of Fourier
series attached to almost periodic functions.

Proposition 4.4. Let f ∈ B2(R, C) be such that

f ∼
∞∑

k=1

akeiλkt. (4.29)

If the Fourier series on the right-hand side of formula (4.29) is uniformly
convergent, then f ∈ AP(R, C) and the ∼ sign can be replaced by the = sign.

Proof. Indeed, let us denote

g(t) =
∞∑

k=1

akeiλkt. (4.30)

The function g(t) is in AP(R, C) due to the fact that it is the uniform limit of
a sequence of polynomials. We obtain

M{g(t)e−iλt} = lim
k→∞

k∑
j=1

ajM{e−i(λ−λk)t} =

{
aj for λ = λj ,

0 for λ �= λj .

This means that g(t) has the same Fourier series as f(t). Consequently,
f(t) ≡ g(t), which ends the proof of Proposition 4.4.

Remark 4.9. The way we defined the space AP1(R, C) in Section 3.1 implies
that the series involved in the definition is the Fourier series of the function.

In particular, if {λk; k ≥ 1} ⊂ R is an arbitrary countable set, then any
absolutely convergent series of the form

∞∑
k=1

akeiλkt

represents a function in AP1(R, C). This shows the richness of the spaces of
almost periodic functions if we keep in mind that AP1(R, C) is contained in
other spaces we have investigated. It is obvious that this manner of construc-
ting almost periodic functions has applications to spaces such as AP1(R,X),
with X a Banach space.

4.3 Convergence of Fourier Series

As in Section 4.2, for each f ∈ B(R, C), we can define the Fourier series

f(t) ∼
∞∑

k=1

akeiλkt, (4.31)
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with λk ∈ R and ak ∈ C, k ≥ 1. Proposition 4.4 above shows the importance
of the uniform convergence of a Fourier series associated with a function f ∈
B2(R, C).

In particular, if the Fourier series is absolutely convergent, which means
f ∈ AP1(R, C), it is also uniformly convergent. This is the kind of convergence
characteristic of the space AP(R, C), and it is worth mentioning that this kind
of convergence is rather strong and it is natural to look for criteria that ensure
weaker kinds of convergence.

We shall establish a criterion of pointwise convergence of Fourier series,
generalizing a classical result known for Fourier series of periodic functions.

Before we can prove this criterion, we need to establish some auxiliary
results.

Let ϕa,b(λ) be the function defined by ϕa,b(λ) = 1 for |λ| ≤ a, ϕa,b(λ) =
(b− a)−1(b− |λ|) for a < |λ| < b, and ϕa,b(λ) = 0 for |λ| ≥ b, where a < b are
real positive numbers, while λ ∈ R.

Obviously, ϕa,b(λ) ∈ L1(R,R), which means its Fourier transform

ψa,b(t) = (2π)−1

∫

R

ϕa,b(λ)e−iλtdλ

is well defined. Actually, one finds after elementary calculations

ψa,b(t) =
2

π(b − a)t2
sin

b − a

2
t sin

b + a

2
t, (4.32)

a formula that obviously also makes sense for t = 0.

One can establish the following inequality:

∫

R

|ψa,b(t)|dt ≤ 2
π

(
2 + ln

b + a

b − a

)
. (4.33)

Indeed, letting (b − a)x = 2v and (b + a) = η(b − a), one finds

∫

R

|ψa,b(t)|dt =
2
π

∫ ∞

0

| sin v sin ηv|
v2

dv

≤ 2
π

∫ 1

0

| sin ηv|
v

dv +
2
π

∫ ∞

1

dv

v2
=

2
π

∫ η

0

| sin v|
v

dv +
2
π

=
2
π

∫ 1

0

| sin v|
v

dv +
2
π

∫ η

1

| sin v|
v

dv +
2
π

≤ 2
π

+
2
π

ln η +
2
π

=
2
π

(2 + ln η) =
2
π

(
2 + ln

b + a

b − a

)
.

The inequality (4.33) is thus proven.
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Consider now the convolution

fa,b(t) =
∫

R

f(t + x)ψa,b(x)dx (4.34)

with f ∈ AP(R, C), as indicated by formula (4.31). The convolution (4.34)
obviously exists because ψa,b ∈ L1(R,R). Moreover, fa,b(t) ∈ AP(R, C), as we
saw in Section 3.2.

Let us now calculate the Fourier exponents and Fourier coefficients of the
function fa,b(t) given by equation (4.34). It is an elementary matter to show
that

M
{
fa,b(t)e−iλt

}
= ϕa,b(λ)M

{
f(t)e−iλt

}
. (4.35)

The relation (4.35) shows that any Fourier exponent of f is also an exponent
for fa,b(t), provided ϕa,b(λ) �= 0. On the other hand, if ϕα,b(λk) = 0, then
M

{
fa,b(t)e−iλkt

}
= 0. This means that we can write

fa,b(t) ∼
∞∑

k=1

akϕa,b(λk)eiλkt. (4.36)

Proposition 4.5. Let f ∈ AP(R, C), and assume there is a θ ∈ (0, 1) such
that 0 < a < θb, while b → ∞. Then

lim
b→∞

fa,b(t) = f(t) (4.37)

uniformly on R (i.e., in AP(R, C)).

Proof. The inversion formula for the Fourier transform of functions in L1(R, C)
gives

ϕa,b(λ) =
∫

R

ψa,b(x)eiλxdx, (4.38)

and for λ = 0 we obtain ∫

R

ψa,b(x)dx = 1. (4.39)

From equations (4.34) and (4.39), by elementary transformations, one obtains
the formula

fa,b(t) − f(t) =
∫

R

{f(t + x) − f(t)}ψa,b(x)dx.

Taking equation (4.32) into account and making the substitution (b−a)x = 2v,
one obtains

fa,b(t) − f(t) =
1
π

∫

R

{
f

(
t +

2v

b − a

)
− f(t)

}
sin v

v2
sin

b + a

b − a
v dv.

Consider now N > 0, and split the last integral:
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|fa,b(t) − f(t)| ≤ 2M

π

∫ −N

−∞

dv

v2
+

2M

π

∫ ∞

N

dv

v2

+
1
π

∫ N

−N

∣∣∣∣f
(

t +
2v

b − a

)
− f(t)

∣∣∣∣
1
v2

∣∣∣∣sin v sin
b + a

b − a
v

∣∣∣∣ dv,

with M = sup |f(t)|, t ∈ R. But each of the first two integrals on the right-
hand side equals N−1. Therefore, given ε > 0, one can write

2M

π

∫ −N

−∞

dv

v2
+

2M

π

∫ ∞

N

dv

v2
<

ε

2
, (4.40)

provided N > 8M(πε)−1. We shall now fix N such that formula (4.40) takes
place. Because a < θb, 0 < θ < 1, we have b − a > b − θb = (1 − θ)b. But
(1−θ)b −→ ∞ as b → ∞. If we now consider |v| ≤ N , we obtain for sufficiently
large b the inequality

∣∣∣∣f
(

t +
2v

b − a

)
− f(t)

∣∣∣∣ <
ε

4{2 + ln[2/(1 − θ)]}

due to the uniform continuity of f on [−N,N ]. Hence,

1
π

∫ N

−N

∣∣∣∣f
(

t +
2v

b − a

)
− f(t)

∣∣∣∣
1
v2

∣∣∣∣sin v sin
b + a

b − a
v

∣∣∣∣ dv

≤ πε

4π{2 + ln[2/(1 − θ)]}

∫

R

1
v2

∣∣∣∣sin v sin
b + a

b − a
v

∣∣∣∣ dv

≤ ε

2
2 + ln[(b + a)/(b − a)]

2 + ln[2/(1 − θ)]
,

if one also takes into account formula (4.33).
Let us now observe that (b + a)/(b − a) < (b + b)/(b − θb) = 2/(1 − θ),

which allows us to write for sufficiently large b

1
π

∫ N

−N

∣∣∣∣f
(

t +
2v

b − a

)
− f(t)

∣∣∣∣
1
v2

∣∣∣∣sin v sin
b + a

b − a
v

∣∣∣∣ dv <
ε

2
·

From the inequalities above, starting with the one for |fa,b(t)−f(t)|, we derive

|fa,b(t) − f(t)| <
ε

2
+

ε

2
= ε

for sufficiently large b.
This ends the proof of Proposition 4.5.

We shall now consider a class of almost periodic functions in AP(R, C)
such that the Fourier exponents satisfy the condition

lim
k→∞

|λk| = +∞. (4.41)



4.3 Convergence of Fourier Series 109

We may say that the set of Fourier exponents has only a limit point, and this
limit is at infinity.

It is useful to observe that the periodic functions, regardless of the period,
belong to the class characterized by the condition (4.41).

In order to provide some symmetry to the formulas, we agree to add to the
Fourier exponents the numbers −λk for those k’s that do not appear among
the Fourier exponents. We number the exponents, including the added ones,
in such a way that λk = −λ−k. Under this assumption, it is natural to write
the Fourier series of f(t) in the form

f(t) ∼
∞∑

k=−∞
akeiλkt, (4.42)

noting that, for the added exponents, the corresponding coefficients ak = 0.
So, on the right-hand side of formula (4.42), we really have the same terms
as in formula (4.31).

The following result is in accordance with the similar situation encountered
in the case of periodic functions.

Theorem 4.2. Let f ∈ AP(R, C) be such that

λk+1 − λk ≥ α > 0, k ∈ Z. (4.43)

If t0 ∈ R is a point in the neighborhood of which f(t) has bounded variation,
then

lim
n→∞

n∑
k=−n

akeiλkt0 = f(t0). (4.44)

Proof. Let us take a = λn, b = λn + α in formula (4.43), which leads to the
following relations:

Sn(t) =
n∑

k=−n

akeiλkt = fa,b(t)

=
2

πα

∫

R

f(t + x)
sin αx

2 sin
(
λn + α

2

)
x

x2
dx.

(4.45)

Let h ∈ R be a positive number, and note that

Sn(t0) =
2

πα

(∫ −h

−∞
+
∫ h

−h

+
∫ ∞

h

)
= I1 + I2 + I3, (4.46)

with obvious notations. The behavior of the second term I2, for h −→ 0, is
the same as that of the integral

I2 =
1
π

∫ h

−h

f(t0 + x)
sin

(
λn + α

2

)
x

x
dx (4.47)

due to the fact that sin αx
2 /

(
αx
2

)
−→ 1 as x −→ 0.
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Indeed, we have

I2 − I2 =
1
π

∫ h

−h

f(t0 + x) sin
(
λn +

α

2

)
x

2 sin αx
2 − αx

αx2
dx,

and since the fraction under the integral tends to 0 with x (or h), we can write

|I2 − I2| <
ε

3
for h < δ(ε). (4.48)

From now on, we shall fix such an h.
On the other hand, for x ∈ (−∞,−h) ∪ (h,∞), the function

f(t0 + x) sin
αu

2
/u2

is absolutely integrable. Therefore, for each I1 and I3 that appear as sines
of Fourier transforms of an absolutely integrable function (i.e., in the space
L1(R,R)), we can write

|I1|, |I3| <
ε

3
, for n ≥ N(ε). (4.49)

Based on formulas (4.46)–(4.48), we can write

|Sn(t0) − I2| < 3
ε

3
= ε for n ≥ N(ε). (4.50)

But

lim
n→∞

I2 = lim
n→∞

1
π

∫ h

−h

f(t0 + x)
sin

(
λn + α

2

)
x

x
dx

=
1
2

[f(t0 + 0) + f(t0 − 0)] = f(t0).

(4.51)

Therefore
|Sn(t0) − f(t0)| < ε for n ≥ N1(ε),

which ends the proof of Theorem 4.2.

Remark 4.10. For formulas (4.49) and (4.51), see R. E. Edwards [36] or
N. K. Bary [6]. In equation (4.51), we took into account the hypothesis that
stipulates the property of local bounded variation of f(t) in a neighborhood
of t0.

We shall now consider a case of uniform convergence of the Fourier series
under another condition concerning the distribution of the Fourier exponents.

Theorem 4.3. Consider f ∈ AP(R, C) with Fourier series (4.42). Assume
there exists θ ∈ (0, 1) with the property λk ≤ θλk+1, k ≥ 0, and λk −→ ∞ as
k −→ ∞. Then the Fourier series (4.42) is uniformly convergent on R.
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Proof. The proof of Theorem 4.3 follows easily from Proposition 4.5. Indeed,
we take a = λk, b = λk+1, k ≥ 0, and note that

fa,b(t) =
∑

|λj |<λk

aj eiλjt.

The last relation is the consequence of the fact that for a = λk and b = λk+1

we have ϕa,b(λj) = 1 when |λj | < λk. Then Proposition 4.5 applies if we take
into account the hypothesis λk ≤ θλk+1, k ≥ 0, and λk −→ ∞ as k −→ ∞.

Remark 4.11. In the proof of Proposition 4.5, one assumes that f ∈
AP(R, C). But, as we know, the Fourier series can be attached to almost
periodic functions that belong to much larger classes than AP(R, C). Does
Theorem 4.3 remain valid if we assume only f ∈ B(R, C)? Or f ∈ S(R, C)?

4.4 Summability of Fourier Series

It has been shown by Cesaro and Fejér that, in the case of periodic functions,
the Fourier series can be used to reconstruct the generating function. Instead
of looking for the sum of the Fourier series, which does not exist in many cases,
a summability method can be used in order to obtain the original function.
Bochner has shown that the same procedure of summability can be applied
to almost periodic functions. The case of functions in AP(R, C) is the most
commonly encountered, even though summability methods can be used for
other classes of almost periodic functions. The book by A. S. Besicovitch [10]
is a source in this regard.

We shall rely on Theorem 3.3 of Chapter 3, which has been proven for the
space AP(R,X) with X a Banach space, which can be applied to the space
AP(R, C). The result we need can be formulated as follows.

Proposition 4.6. A set M ⊂ AP(R, C) is relatively compact if and only if
the following conditions are satisfied:

(1) The family M is equicontinuous on R.
(2) The family M is equi–almost-periodic.
(3) For each t ∈ R, the set {f(t); f ∈ M} is bounded.

Remark 4.12. Condition (3) is the condition of relative compactness in C. Of
course, it would be valid in any space Rn or Cn. The definitions of equiconti-
nuity and equi–almost-periodicity are provided in Theorem 3.3 of Chapter 3.

The following result is concerned with the convergence in AP(R, C) and
relies on the concept of convergence in B2(R, C). This last type of convergence
is certainly weaker than the uniform convergence.

Theorem 4.4. Let {fk(t); k ≥ 1} ⊂ AP(R, C) be a sequence convergent in
B2(R, C). If this sequence is equicontinuous and equi–almost-periodic, then it
is uniformly convergent on R.
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Proof. The assumption of convergence in B2(R, C) implies that for any ε > 0
there exists a natural number N(ε) such that

M{|fn(t) − fm(t)|2} < ε, (4.52)

provided m,n ≥ N(ε).
We shall now prove that formula (4.52), which represents Cauchy’s condi-

tion in B2(R, C), implies the following inequality representing Cauchy’s con-
dition in AP(R, C): For each η > 0, there exists N1(η) > 0 such that

|fn(t) − fm(t)| < η, t ∈ R, (4.53)

as soon as m,n ≥ N(η).
The following property we shall establish implies Cauchy’s condi-

tion (4.53):
If

|fn(t0) − fm(t0)| > c, t0 ∈ R, (4.54)

with fixed t0, then we can find a constant c1 = c1(c) > 0 such that

M{|fn(t) − fm(t)|2} > c1. (4.55)

Indeed, based on the property of equicontinuity of the sequence {fk(t); k ≥ 1},
we shall have

|fn(t1) − fn(t2)| <
c

8
for |t1 − t2| < δ(c). (4.56)

If τ is a point where
|fn(τ) − fm(τ)| >

c

2
, (4.57)

then there exists a segment of length 2δ, centered at τ , such that for |t−τ | < δ
we have

|fn(t) − fm(t)| >
c

4
· (4.58)

This is due to the fact that if there is a point t̄, |t̄ − τ | < δ, where formula
(4.58) is violated, then

|fn(τ) − fm(τ)| ≤ |fn(τ) − fn(t̄)| + |fn(t̄) − fm(t̄)|

+|fm(t̄) − fm(τ)| <
c

8
+

c

4
+

c

8
=

c

2
,

which is in contradiction with formula (4.57).
Further, there exists a number �1 = �(c/4) > 0 such that each interval

(a, a + �1) ⊂ R contains a (c/4)-translation number common to all terms of
the sequence {fk(t); k ≥ 1}. Therefore, any interval (a, a + �1) will contain a
point t′0 for which

|fk(t′0) − fk(t0)| ≤
c

4
, k ≥ 1. (4.59)
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Consequently, taking formulas (4.54) and (4.59) into account,

|fn(t′0) − fm(t′0)| ≥ |fn(t0) − fm(t0)| − |fm(t0) − fm(t′0)|

−|fn(t′0) − fn(t0)| ≥ |fn(t0) − fm(t0)| − 2
c

4
>

c

2
·

This implies that formula (4.57) holds for τ = t′0, with t′0 ∈ (a, a + �1), a ∈ R,
and in each interval (a, a + �) ∈ R, � = �1 + 2δ, the inequality (4.58) holds on
a subinterval of length 2δ. Hence,

1
n�

∫ n�

0

|fn(t) − fm(t)|2dt =
1
n�

n−1∑
k=0

∫ (k+1)�

k�

|fn(t) − fm(t)|2dt

≥ 1
n�

( c

4

)2

· n · 2δ =
2δ

�

( c

4

)2

= c1(c).

Letting � −→ ∞, one obtains from above that

M{|fn(t) − fm(t)|2} ≥ c1 > 0. (4.60)

But formula (4.60) contradicts Cauchy’s condition for {fk(t); k ≥ 1} in
B2(R, C).

One of the most remarkable applications of Theorem 4.4 is the proof
of the so-called approximation theorem for almost periodic functions using
trigonometric polynomials, starting with Bohr’s definition. Once this theorem
is proven, we shall be able to state that we have three equivalent properties
(or definitions) of the functions f ∈ AP(R, C): Bohr’s property, the approxi-
mation in BC(R, C) with any degree of accuracy using trigonometric polyno-
mials, and the relative compactness in BC(R, C) of the family of its translates
F = {f(t + h) : h ∈ R}.

Since the equivalence of Bohr’s property and the relative compactness of
the family of translates have been established (see Section 3.5 for the case of
Banach spaces; this also covers the spaces AP(R, C) or AP(R, Cn)), as well
as the fact that the approximation property implies Bohr’s property, there
remains to show only the fact that Bohr’s property implies the approximation
property.

It is useful to point out the fact that from Bohr’s property we derived the
existence of the mean value (Section 3.5), which allows us to introduce the
Fourier series.

Now, relying on the concept of Fourier series, we shall show that the ap-
proximation property for functions in AP(R, C) can be derived from Bohr’s
property without the help of other properties that have been emphasized.
Usually we have started with the approximation property using trigono-
metric polynomials as the definition for various spaces of almost periodic
functions.
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Theorem 4.5. Let f ∈ AP(R, C) with Fourier series

f(t) ∼
∞∑

k=1

akeiλkt. (4.61)

Then, there exists a sequence of trigonometric polynomials

σm(t) =
n∑

k=1

rk,makeiλkt, n = n(m),

such that σm(t) −→ f(t) in AP(R, C). The rational numbers rk,m depend on
λk and m but not on ak’s. Moreover, limm→∞ rk,m = 1.

Proof. Before we get into the convergence part of the proof, we shall dwell
first on an auxiliary topic necessary in constructing the polynomials σm(t),
m ≥ 1.

Let E ⊂ R be a set of reals. We shall say that the linearly independent
numbers βk, k ≥ 1, form a basis for E if any α ∈ E can be represented in the
form

α = r1β1 + r2β2 + · · · + rnβn, (4.62)

with rk ∈ Q the set of rational numbers. The independence is meant here
with respect to rational coefficients.

The following statement is proven easily: Any countable set of real numbers
admits a basis with elements of its own. Indeed, let {λk; k ≥ 1} ⊂ R be a
countable set. Denote β1 = λ1, and eliminate from the set all λk’s that are
of the form r1β1 with r1 ∈ Q. Then let β2 be the first λk that is not of
the form r1β1, r1 ∈ Q. Then we eliminate from the remaining λk’s those of
the form r1β1 + r2β2, if any. We proceed in the same way, letting β3 be the
first λk not yet eliminated, and so on. We construct in this way the sequence
{βj ; j ≥ 1}, which constitutes the basis for {λk; k ≥ 1}. It implies that any
element α ∈ E can be represented in the form (4.62) with convenient numbers
r1, r2, . . . , rn. The representation is unique because, from equation (4.62) and
α = r′1β1 + r′2β2 + · · · + r′nβn, we derive

(r1 − r′1)β1 + (r2 − r′2)β + · · · + (rn − r′n)βn = 0,

and from the independence of the β′
i’s, we get rj = r′j , j = 1, 2, . . . , n.

In order to construct the polynomials σm(t), m ≥ 1, we shall introduce
the Fejér kernels

Kn(t) =
1
n

sin2(nt/2)
sin2(t/2)

· (4.63)

For t = 2kπ, k ∈ Z, the values of Kn(t) are defined in such a way that Kn(t)
is continuous at such points (and hence everywhere on R).
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It can be easily proven that

Kn(t) =
n∑

j=−n

(
1 − |j|

n

)
e−ijt. (4.64)

The following properties of Kn(t) are easily derived from equation (4.64) or
(4.63):

Kn(t) ≥ 0; M{Kn(t)} = 1, n ≥ 1. (4.65)

Now, consider a basis {βj ; j ≥ 1} for the set of Fourier exponents of f ,
{λk; k ≥ 1}, and define the polynomials σm(t), m ≥ 1, by

σm(t) = Ms

{
f(t + s)K(m!)2

(
β1s

m!

)
· · ·K(m!)2

(
βms

m!

)}
, (4.66)

where Ms means that the mean value of the function inside {·} must be taken
with respect to s.

In order to obtain a more adequate formula for σm(t), we shall denote for
simplicity a(λ) = M{f(t)e−iλt}, and taking into account equations (4.64) and
(4.66), we get

σm(t) =
(m!)2∑

j1=−(m!)2

· · ·
(m!)2∑

jm=−(m!)2

(
1 − |j1|

(m!)2

)
· · ·

(
1 − |jm|

(m!)2

)

·a
(

j1β1 + · · · + jmβm

m!

)
exp

[
i

(
j1β1 + · · · + jmβm

m!

)
t

]
.

We shall now define the rationals rk,m by

rk,m =
(

1 − |j1|
(m!)2

)
· · ·

(
1 − |jm|

(m!)2

)
,

where the numbers jk, k = 1, 2, . . . , m, are determined from the representation

λk =
j1β1 + j2β2 + · · · + jmβm

m!
· (4.67)

Let us note that such a representation of any λk is possible if m is sufficiently
large. One must have

|jk|
(m!)2

=
|rk|
m!

, k = 1, 2, . . . ,m,

if λk = j1β1 + j2β2 + · · · + jmβm. Then, for rk,m above, one obtains

lim
m→∞

rk,m = 1, (4.68)

as required in the statement of the theorem.
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We shall now apply Parseval’s formula to the function

f(t) − σm(t) ∈ AP(R, C).

There results

M{|f(t) − σm(t)|2} =
∞∑

k=1

(rk,m − 1)2|ak|2. (4.69)

Now choose N large enough that
∞∑

k=N+1

|ak|2 <
ε

2
(4.70)

with ε > 0 given, and then take m large enough that for fixed N with equation
(4.69) valid

N∑
k=1

(rk,m − 1)2|ak|2 <
ε

2
, m ≥ N1(ε). (4.71)

Formula (4.71) follows from property (4.68). Combining formulas (4.69),
(4.70), and (4.71), there results

M{|f(t) − σm(t)|2} <
ε

2
+

ε

2
= ε, (4.72)

provided m ≥ N1(ε).
The inequality (4.71) shows that the sequence {σm(t); m ≥ 1} is conver-

gent in B2(R, C) to f(t). We need to show that the sequence {σm(t); m ≥ 1}
is equicontinuous and equi–almost-periodic on R. Then the proof will be com-
plete based on Theorem 4.4.

First, we have

M

{
K(m!)2

(
β1t

m!

)
· · ·K(m!)2

(
βmt

m!

)}
= 1 (4.73)

because the mean value is taken for a trigonometric polynomial whose term
without the exponential is obviously 1.

Second, relying on the first relation in formula (4.65), we observe that

sup
t∈R

|σm(t + s) − σm(t)| ≤ sup
t∈R

|f(t + s) − f(t)|. (4.74)

From formula (4.74), we derive that {σ(t); m ≥ 1} is equicontinuous on R
(because f is uniformly continuous) and any ε-translation number for f is an
ε-translation number common to all σm(t), m ≥ 1.

Theorem 4.5 is thereby proven.

In concluding this section, we shall show how a summability criterion like
the one given by Theorem 4.5 can help us to obtain a criterion of convergence
in AP(R, C).
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Theorem 4.6. Let f ∈ AP(R, C) be a function whose Fourier exponents are
linearly independent (over rationals). Then the Fourier series of f is conver-
gent in AP1(R, C) to f .

Proof. Assume f is as shown in formula (4.61). Denote θk = Arg ak, k ≥ 1,
and consider the functions

ϕk(t) = 1 +
1
2

[
ei(λkt+θk) + e−i(λkt+θk)

]
,

Φn(t) =
n∏

k=1

ϕk(t) = 1 +
1
2

n∑
k=1

e−i(λkt+θk) +
∑

j

cje
iμjt.

Obviously, the numbers μj are linear combinations of λk’s with integer coef-
ficients, at least one of them being nonzero. Hence, none of the μj can vanish
and none can be equal to a λk due to their linear independence. We obtain

M{Φn(t)} = 1, M{f(t)Φn(t)} =
1
2

n∑
k=1

|ak|.

But Φn(t) ≥ 0, t ∈ R, because ϕn(t) ≥ 0, k ≥ 1. Hence

|M{f(t)Φn(t)}| ≤ sup
t∈R

|f(t)| · M{Φn(t)} = sup
t∈R

|f(t)|.

Since
n∑

k=1

|ak| ≤ 2 sup
t∈R

|f(t)|

for any integer n, there results
∞∑

k=1

|ak| ≤ 2|f |AP,

which means that the Fourier series of f is absolutely convergent. Therefore,
f ∈ AP1(R, C), which proves the theorem (absolute convergence always im-
plies uniform convergence for trigonometric series).

4.5 The Fourier Series of Almost Periodic Functions
in Banach Spaces

The case of the space AP(R,X) with X a Banach space needs special con-
sideration while introducing the Fourier series. There are some features in
common with the finite-dimensional cases AP(R, C) or AP(R, Cn), but the
case of AP(R,X) has to be dealt with separately, which is exactly what we
are going to do in this section. We shall rely on some auxiliary facts that are
of interest in themselves. The case of AP(R,X) could be reduced to the scalar
case of the space AP(R, C), but we shall pursue another venue.
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Proposition 4.7. Let ϕ ∈ AP(R, C) be such that

ϕ(t) ∼
∞∑

k=1

akeiλkt. (4.75)

Then, for each ε > 0, one can determine a natural number n and a number δ >
0 (δ < π) such that any solution τ of the system of Diophantine inequalities

|λkτ | < δ (mod 2π), k = 1, 2, . . . , n, (4.76)

is an ε-translation number of ϕ.

Proof. For arbitrary ε > 0, there exists a trigonometric polynomial S(t)∈T
such that

|ϕ(t) − S(t)| <
ε

3
, t ∈ R. (4.77)

Without loss of generality, from Theorem 4.5, we can assume that all the
exponents of S(t) are chosen among the λk’s. From formula (4.77), we easily
derive that any (ε/3)-translation number of S(t) is an ε-translation number
for ϕ(t). Indeed, we can write for any t, τ ∈ R

|ϕ(t + τ) − ϕ(t)| ≤ |ϕ(t + τ) − S(t + τ)|

+|S(t + τ) − S(t)| + |S(t) − ϕ(t)|,

which immediately leads to our assertion.

Now, if τ satisfies formula (4.76), one has

∣∣eiλkτ − 1
∣∣ =

√
(1 − cos λkτ)2 + sin2 λkτ = 2

∣∣∣∣sin
λkτ

2

∣∣∣∣ < δ.

Consequently, if S(t) =
∑n

k=1bkeiλkt, one obtains

|S(t + τ) − S(t)| ≤
n∑

k=1

|bk|
∣∣eiλkτ − 1

∣∣ < δ

n∑
k=1

|bk| <
ε

3
,

provided we have 3δ
∑n

k=1|bk| < ε. This inequality shows how large the number
δ can be in terms of ε Because the bk’s are determined by ϕ. It suffices to
choose the polynomial S(t) as indicated in Theorem 4.5. This means that the
bk’s are known because the ak’s are known as Fourier coefficients of ϕ.

We shall now deal with another auxiliary proposition, which is entirely
concerned with Diophantine inequalities and is due to Kronecker. It can be
stated as follows.

Proposition 4.8. Let λk, μk, k = 1, 2, . . . , n, be arbitrary real numbers. The
system of Diophantine inequalities
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|λkτ − μk| < δ (mod 2π), k = 1, 2, . . . , n,

admits solutions τ , for any δ > 0, if and only if any relationship of the form
n∑

k=1

mkλk = 0,

with mk ∈ Z, k = 1, 2, . . . , n, implies the relationship
n∑

k=1

mkμk = 0 (mod 2π).

Proof. We shall first prove the necessity of the condition. If we assume that for
any δ > 0 the system of inequalities in the statement admits solutions, then
we can write for such a solution τ the relationships λkτ −μk = δk −2pkπ with
|δk| < δ, k = 1, 2, . . . , n, and pk ∈ Z, k = 1, 2, . . . , n. If we multiply both sides
of the relationships above by mk and add with respect to k, k = 1, 2, . . . , n,
we obtain

n∑
k=1

mkμk − 2π

n∑
k=1

mkpk = −
n∑

k=1

mkδk,

taking into account
∑n

k=1mkλk = 0. We further derive
∣∣∣∣∣

n∑
k=1

mkμk − 2π

n∑
k=1

mkpk

∣∣∣∣∣ < δ

n∑
k=1

|mk|

because |δk| < δ, k = 1, 2, . . . , n. But δ is arbitrary, which means that
n∑

k=1

mkμk − 2π
n∑

k=1

mkpk = 0,

a relationship equivalent to
∑n

k=1mkμk = 0 (mod 2π). This ends the proof of
the necessity.

In order to prove the sufficiency of the condition, we will show that the
minimum of the modulus of the function

f(t) = 1 +
n∑

k=1

ei(λkt−μk)

is equal to n + 1, which is actually the value of the function

F (u1, u2, . . . , un) = 1 + u1 + u2 + · · · + un

at the point uk = 1, k = 1, 2, . . . , n. For any natural number p, we set

[f(t)]p =
∑

j

dje
iβjt, (4.78)

[F (u1, . . . , un)]p =
∑

aj1,j2,...,jn
uj1

1 uj2
2 . . . ujn

n . (4.79)
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It is obvious that the expansion in equation (4.78) can be obtained from the
expansion in equation (4.79), with uk = exp{i(λkτ − μk)}, k = 1, 2, . . . , n, by
adding terms with the same βj . According to our assumption, if

n∑
k=1

m′
kλk =

n∑
k=1

m′′
kλk,

then from the definition of f(t) we have

n∑
k=1

m′
kμk =

n∑
k=1

m′′
kμk (mod 2π).

This means that similar terms in the expansion have equal arguments
(mod 2π). Since the modulus of a sum of complex numbers with the same
argument equals the sum of moduli of these numbers (a fact that is obvious
if we write each term in trigonometric form, ρ exp(iα)), we are led to the
relation ∑

j

|dj | =
∑

aj1,j1,...,jn
= [F ]p = (n + 1)p. (4.80)

But from equation (4.78) we derive

|dj | =
∣∣M{|f(t)|pe−iβjt}

∣∣ ≤ Ap (4.81)

with A = sup{|f(t)|; t ∈ R} = |f |AP. If we now admit that |f |AP = h < n+1,
then we obtain ∑

j

|dj | ≤ (p + 1)nhp (4.82)

if we also take into account the fact that the number of terms in equation
(4.79) is at most (p + 1)n. Indeed, this is obvious for n = 1 and any p natural
when the number of terms in the expansions (4.79) is p + 1. Now we assume
that the statement is valid for any p and for a fixed n (i.e., the number of
terms in the expansion (4.79) is not greater than (p+1)n). Then we can write

(1 + u1 + · · · + un + v)p =
p∑

k=0

(
p

k

)
(1 + u1 + · · · + un)p−kvk,

the expansion having (p + 1) terms, products of power in parentheses, and
powers of v. The number of terms in each power in parentheses is at most
(p + 1)n according to our hypothesis of induction and taking into account
the fact that this number grows with the exponent. Therefore, the number
of distinct terms in the last expansion above is at most (p + 1)(p + 1)n =
(p + 1)n+1. This proves the statement according to the induction principle.

We shall now compare formula (4.80) with formula (4.82). There results
the inequality

(n + 1)p ≤ (p + 1)nhp (4.83)
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for fixed natural n and any p ∈ N. But formula (4.83) is not possible if we
choose p sufficiently large. The left-hand side has exponential growth with
respect to p, while the right-hand side has only polynomial growth.

The contradiction above proves the sufficiency of the condition in Propo-
sition 4.8, which ends the proof.

Remark 4.13. Proposition 4.8 is a useful tool to better understand the rela-
tionship between the Fourier exponents of an almost periodic function and its
almost period. We shall dwell on this topic before we define the Fourier series
of functions in AP(R,X).

Proposition 4.9. Let ϕ ∈ AP(R, C) be such that

ϕ(t) ∼
∞∑

k=1

akeiλkt

and λ ∈ R a number that is not a linear combination of λk’s with rational
coefficients (i.e., λ does not belong to the module generated by the λk’s over
the rationals). Then, for each ε > 0, there exist δ, 0 < δ < (π/2), and an
integer n such that ϕ admits ε-translation numbers τ , verifying the system of
inequalities

|λkτ | < δ, k = 1, 2, . . . , n, |λτ − π| < δ (mod 2π). (4.84)

Proof. According to Proposition 4.7, there exist δ and n, which depend on ε
only, such that any solution of the system consisting of the first n inequalities
in formula (4.84) is an ε-translation number for ϕ(t). We must prove that
among them there is at least one satisfying the last inequality in formula
(4.84). This fact is a direct consequence of Proposition 4.7. Indeed, a rela-
tionship of the form

n∑
k=1

mkλk + mλ = 0, mk and m integers, (4.85)

is not possible. In Proposition 4.7, we can take μk = 0, k = 1, 2, . . . , n, μk+1 =
π, which would constitute a contradiction to equation (4.85).

This ends the proof of Proposition 4.9.

Proposition 4.10. Let f ∈ AP(R,X), where X stands for a Banach space
(complex or real). Then

a(λ, f) = M{f(t)e−iλt}, λ ∈ R, (4.86)

is different from the null element in X only for a set of λ’s at most countable.

Proof. Let us define the function
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ϕ(t) = sup
u∈R

|f(t + u) − f(u)|X , t ∈ R.

Since

|ϕ(t + τ) − ϕ(t)| =
∣∣∣∣sup
u∈R

|f(t + τ + u) − f(u)|X − sup
u∈R

|f(t + u) − f(u)|X
∣∣∣∣

≤ sup
u∈R

||f(t + τ + u) − f(u)|X − |f(t + u) − f(u)|X |

≤ sup
u∈R

|f(t + τ + u) − f(t + u)|X = sup
u∈R

|f(τ + u) − f(u)|X ,

we see that ϕ(t) is uniformly continuous on R and almost periodic (Bohr).
An ε-translation number for f is also an ε-translation number for ϕ. If
λk, k = 1, 2, . . . are the Fourier exponents of ϕ, we denote by M(ϕ) the
module generated by the set {λk} ⊂ R over the rationals. We shall now prove
that

λ /∈ M(ϕ) =⇒ a(λ, f) = θ ∈ X. (4.87)

Since the module M(ϕ) consists of all real numbers of the form

r1λ1 + r2λ2 + · · · + rmλm, m ≥ 1,

and rk rationals, there results that the cardinal number of M(ϕ) is at most
ℵ0. Hence, M(ϕ) ⊂ R is at most countable.

Now let λ /∈ M(ϕ). According to Proposition 4.8, for each ε > 0, we can
find ε-translation numbers τ of ϕ such that

|λτ − π| <
π

2
(mod 2π). (4.88)

But formula (4.88) implies
∣∣1 − e−iλt

∣∣ > 1. (4.89)

The relations

a(λ, f) = lim
T→∞

T−1

∫ τ+T

τ

f(t)e−iλtdt = e−iλτM{f(t + τ)e−iλt}

= e−iλτa(λ, f) + e−iλτM{[f(t + τ) − f(t)]e−iλt}

are obvious, and keeping in mind that τ is an ε-translation number for f , one
obtains, based also on formula (4.88),

|a(λ, f)|X
∣∣1 − e−iλτ

∣∣ ≤ ε, |a(λ, f)|X < ε.

The arbitrariness of ε > 0 proves Proposition 4.10.
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Definition 4.2. Let f ∈ AP(R,X), with X a Banach space. Denote by λk,
k ≥ 1, those real λ’s for which ak = a(λk, f) �= θ. Then we write

f(t) ∼
∞∑

k=1

akeiλkt, (4.90)

and we shall call the series on the right-hand side of formula (4.90) the Fourier
series associated to f .

Remark 4.14. The way we have defined the Fourier series for f ∈ AP(R,X)
coincides with the case f ∈ AP(R, C), despite the fact that we have proceeded
in a different way to prove the existence of this series. The cases of the spaces
S(R,X) or B(R,X) will not be discussed here.

An important feature related to the concept of Fourier series consists in
the fact that this series completely characterizes the generating functions.
This result is known as the uniqueness theorem. It will be established by
reducing the problem to the case of scalar functions. In other words, the
result concerning AP(R,X) will be derived from the one corresponding to the
space AP(R, C). The scalar case has been discussed in Corollary 4.1.

Proposition 4.11. Let f ∈ AP(R,X) and ϕ ∈ X∗ = the dual of X. Then
ϕ(f(t)) ∈ AP(R, C), and ϕ(M{f}) = M{ϕ(f)}.

Proof. The proof follows directly from the obvious inequalities

|ϕ(f(t + τ)) − ϕ(t)| ≤ ‖ϕ‖|f(t + τ) − f(t)|X ,

where ‖ϕ‖ is the norm in X∗ and

ϕ

(
1
T

∫ T

0

f(t)dt

)
=

1
T

∫ T

0

ϕ(f(t))dt.

Theorem 4.7 (Uniqueness). Let f, g ∈ AP(R,X), with X a Banach space.
If they have identical Fourier series, then f(t) ≡ g(t), t ∈ R.

Proof. Our hypothesis leads to the relationship M{f(t)e−iλt}=M{g(t)e−iλt},
which tells us that the Fourier exponents are the same and so are the Fourier
coefficients. Both sides are zero, for λ real, except the values λk, k ≥ 1, which
denote the Fourier exponents of both functions. For λ = λk, one must have
a(λk; f) = a(λk, g), which expresses the equality of Fourier coefficients of f
and g. For any ϕ ∈ X∗, one has M{ϕ(f)e−iλt} = M{ϕ(g)e−iλt}. This means
that the scalar functions ϕ(f(t)) and ϕ(g(t)) have the same Fourier series.
According to Theorem 4.5, we get ϕ(f(t)) = ϕ(g(t)), and since ϕ ∈ X∗ is
arbitrary, one obtains f(t) = g(t), t ∈ R.
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We shall now prove the approximation theorem for functions in AP(R,X)
by using the Bochner–Fejér polynomials defined in Section 4.4 for almost
periodic functions in AP(R, C). Before we state the result, let us point out
the fact that the trigonometric polynomials σm(t), m ≥ 1, defined by formula
(4.66), make sense when f ∈ AP(R,X). Of course, their coefficients now
belong to X.

Theorem 4.8. Let f ∈ AP(R,X) with

f(t) ∼
∞∑

k=1

akeiλkt,

where X denotes a Banach space (over the complex field). Then, the sequence
of polynomials

σm(t) =
n∑

k=1

rk,makeiλkt, n = n(m), (4.91)

converges in AP(R,X), as m → ∞, to the generating function f . The rational
numbers rk,m depend on k and m but not on ak. Moreover,

rk,m −→ 1 as m −→ ∞.

Proof. The proof is rather similar to that of Theorem 4.5 in the case of
scalar-valued functions. There is a significant difference at the moment we
apply Theorem 3.3 of relative compactness of sets in AP(R,X). In the case of
AP(R, C), it has been much simpler to deal with because the boundedness is
equivalent to relative compactness in finite-dimensional spaces. We shall use
the function Kn(t), n ≥ 1, defined above by equation (4.63). We can write,
for each m ≥ 1,

σm(t) = Ms

{
f(t + s)K(m!)2

(
β1s

m!

)
· · ·K(m!)2

(
βms

m!

)}
, (4.92)

where {βj ; j ≥ 1} is a basis for the Fourier exponents of the function f ∈
AP(R,X). If we take into account properties (4.64) and (4.65) of the functions
Kn(t), n ≥ 1, and proceed as in the proof of Theorem 4.5, one obtains the
expression (4.91) for the polynomials σm(t), m ≥ 1.

First, we shall prove that the sequence {σm(t); m ≥ 1} is weakly conver-
gent to f . Indeed, for each ϕ ∈ X∗, one obtains for ϕ(σm(t)), m ≥ 1, the
formula

ϕ(σm(t)) = lim
T→∞

T−1

∫ t+T

t

Km(s − t)ϕ(f(s))ds (4.93)

with

Km(u) = K(m!)2

(
β1u

m!

)
· · ·K(m!)2

(
βmu

m!

)
, m ≥ 1. (4.94)
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Taking into account the properties of Km(u), one sees from equation (4.93)
that ϕ(σm(t)) converges uniformly on R to ϕ(f(t)) for any ϕ ∈ X∗. We also
have to take into account Proposition 4.11 above as well as the fact that the
Fourier coefficients of ϕ(f(u)) are, according to Proposition 4.11, equal to
ϕ(ak), k ≥ 1. This concludes the first part of the proof (i.e., the fact that
{σm(t), m ≥ 1} converges weakly to f(t) for each t ∈ R).

Second, in order to obtain the fact that the convergence is uniform on R
in the norm of X, we shall apply the criterion of relative compactness given
in Proposition 4.6. Let us note now that equation (4.92) implies the following
estimates for the polynomials σm(t), m ≥ 1:

|σm(t)|X ≤ sup
t∈R

|f |X = |f |AP, t ∈ R, (4.95)

|σm(t + τ) − σm(t)| ≤ sup
t∈R

|f(t + τ) − f(t)|, (4.96)

where t, τ ∈ R are arbitrary. While equation (4.95) shows the equiboundedness
of the set {σm(t);m ≥ 1} ⊂ X for t ∈ R, the inequality (4.96) proves the
equicontinuity and equi–almost-periodicity of that set.

In order to draw a conclusion about the relative compactness of the set
{σm(t); m ≥ 1} for t ∈ R, we will apply a result of Phillips (see our book [23],
p. 170).

According to this result, we must prove that, from any bounded sequence
{ϕn; n ≥ 1} ⊂ X∗, one can extract a subsequence {ϕnk

; k ≥ 1} such that
{ϕnk

(σm(t)); k ≥ 1} is uniformly convergent on R also uniformly with respect
to m ≥ 1. Indeed, from equality (4.94), we derive the following inequalities
for any bounded sequence {ϕn; n ≥ 1} ⊂ X∗, where say ‖ϕn‖ ≤ M < +∞,
n ≥ 1, and m ≥ 1 hold true due to formulas (4.95) and (4.96):

|ϕn(σm(t))| ≤ M |f |AP, (4.97)

|ϕn(σm(t + τ)) − ϕn(σm(t))| ≤ M |f(t + τ) − f(t)|AP. (4.98)

These inequalities imply the equiboundedness, equicontinuity, and equi–
almost-periodicity of the sequence {ϕn(σm(t)); n ≥ 1} ⊂ AP(R, C). They
hold uniformly when m ≥ 1. From Proposition 4.6, there exists a subse-
quence {ϕnk

(σm(t)); k ≥ 1} such that it converges in AP(R, C) uniformly
when m ≥ 1. This means that for any sequence {ϕn; n ≥ 1} ∈ X∗, there
exists a subsequence {ϕnk

; k ≥ 1} such that it is uniformly convergent on R,
as k −→ ∞, uniformly on the set {x; x ∈ X, x = σm(t), t ∈ R, m ≥ 1} = A.
In other words, the map ϕ −→ ϕ(x) from X∗ into B(A,D) is compact. Hence,
the set A ⊂ X is relatively compact in X.

In order to conclude the proof, we need to show that the sequence {σm(t);
m ≥ 1} ⊂ AP(R,X) converges in the same topology uniformly on R (i.e., in
AP(R,X)). We have seen above that the sequence {σm(t); m ≥ 1} converges
weakly in X to the function f(t). On the other hand, due to the fact that
{σm(t); m ≥ 1} ⊂ AP(R,X) is relatively compact, there results that any
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convergent subsequence, say {σmp
(t); p ≥ 1}, must have f(t) as its limit.

Indeed, the convergence in AP(R,X) implies the weak convergence, and since
the limit is unique (even for pointwise weak convergence!), we must have
lim σmp

(t) = f(t) as p −→ ∞, t ∈ R. Therefore, any convergent subsequence
of {σm(t); m ≥ 1} in AP(R,X) must converge to f(t). This means that
lim σm(t) = f(t) as m −→ ∞ in AP(R,X).

Theorem 4.8 is thereby proven.

Remark 4.15. Theorem 4.8 allows us to conclude that the approximation
property using trigonometric polynomials is characteristic for functions in
AP(R,X). In other words, we have established the equivalence of the Bohr
definition, the relative compactness of the family of translates {f(t + h); h ∈
R}, and the approximation property using trigonometric polynomials. Hence,
one can define AP(R,X) as the closure of the set of trigonometric polynomials
of the form

∑n
k=1ak exp(iλkt) with ak ∈ X and λk ∈ R, k ≥ 1.

Remark 4.16. There are several proofs for the remarkable Theorem 4.8. In
L. Amerio [2], one can find a proof of another constructive type. Also, in
M. A. Krasnoselskii et al. [55], a more direct proof is suggested based on the
use of Minkowski’s functionals.

Remark 4.17. Hilbert spaces occur in applications and, as mentioned al-
ready, for the space AP(R,H), where is a H is a Hilbert space, the theory
of Fourier series is the same as the case of the space AP(R, C) ⊂ B2(R, C),
as developed in Section 4.2. In particular, Parseval’s formula

∑∞
k=1‖ak‖2 =

M{‖f‖2} is valid for any f ∈ AP(R,H).

4.6 Further Topics Related to Fourier Series

In this section, we will discuss several facts and properties related to the
concept of Fourier series for various classes of almost periodic functions. We
shall also attempt a classification of almost periodic functions based on the
nature of the module generated by the sequence of Fourier coefficients. This
approach will lead us to the concept of quasi-periodic functions. They consti-
tute a subspace of AP(R, C) and were investigated much earlier than the space
AP(R, C) by P. Bohl [13], [14]. Some of the procedures used by Bohl, and also
by E. Esclangon [38], have been extended by Bohr to the case of functions in
AP(R, C). Part of the results will be given without proof but with adequate
references. Such results will not be used in forthcoming chapters.

First, we shall deal with the space AP1(R, C). The following result is easily
proven: If {λk; k ≥ 1} ⊂ R is an arbitrary sequence and {ak; k ≥ 1} ⊂
�1(Z+, C), then

f(t) =
∞∑

k=1

akeiλkt ∈ AP1(R, C). (4.99)



4.6 Further Topics Related to Fourier Series 127

The inclusion (4.99) is obvious, and we only note the fact that, choosing λk’s
and ak’s as indicated, we will obtain the whole space AP1(R, C). It is worth
mentioning that the distribution of λk’s on R can be totally arbitrary.

Second, we shall mention a result due to A. S. Besicovitch that is of the
Riesz–Fischer type: If {λk; k ≥ 1} ⊂ R is an arbitrary sequence and {ak; k ≥
1} ⊂ �2(Z+, C), then there exists f such that

f(t) ∼
∞∑

k=1

akeiλkt ∈ AP2(R, C). (4.100)

The proof of the existence of f(t) can be found in A. S. Besicovitch [10].
In connection with the results mentioned above, it appears natural to check

the validity of a similar result for the case of the space APr(R, C), 1 < r < 2,
introduced in Section 2.5.

As seen above, the distribution of Fourier exponents of an almost periodic
function can be completely arbitrary (on the real axis R). In Sections 4.3 and
4.4, we have seen that the distribution of the Fourier exponents plays a cer-
tain role in regard to the convergence of the Fourier series to the generating
function. When talking about the distribution of Fourier exponents, we have
in mind the geometric distribution. But instead of looking at the geometric
aspect, we shall now consider some algebraic properties of the set of Fourier
exponents. In Section 4.5, we have dealt with the module of the Fourier ex-
ponents of an almost periodic function over the field Q of rationals.

Let f ∈ AP(R, C) be such that

f(t) ∼
∞∑

k=1

akeiλkt. (4.101)

The smallest additive group in R that contains all exponents λk, k ≥ 1, is
called the module of f , and we shall denote it by mod(f).

It is a simple exercise to see that the elements of mod(f) are of the form

m1λ1 + m2λ2 + · · · + mpλp (4.102)

with mj ∈ Z, j=1, 2, . . . , p, p ≥ 1. The representation (4.102) is unique only
if the λk’s are linearly independent (i.e., from m1λ1+m2λ2 + · · · + mpλp = 0
there results m1 = m1 = · · · = mp = 0). Generally speaking, this is not the
case for arbitrary sequences {λk; k ≥ 1} ⊂ R. When only a finite number of
λk’s are linearly independent, say p ≥ 1, then each element of mod(f) can be
uniquely represented in the form (4.102).

Definition 4.3. Let f ∈ AP(R, C) be such that the maximum number of lin-
early independent Fourier exponents is finite, say p ≥ 1. Then f is called quasi-
periodic. The set of all quasi-periodic functions in AP(R, C) will be denoted
by APQ(R, C).
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It is obvious that the Fourier series of a function g ∈ APQ(R, C) has the form

g ∼ Σam1,m2,...,mp
ei(m1λ1+···+mpλp)t, (4.103)

the summation being extended from 1 to ∞ for each mj , j = 1, 2, . . . , p. The
fact that we have p indices for summation does not raise any problems since
the number of terms on the right-hand side of formula (4.102) is countable,
and terms can be rearranged in such a way as to obtain a series with a single
summation index. One can easily see that APQ(R, C) is a linear manifold in
AP(R, C). Instead of the space AP(R, C), one could start with another space
of almost periodic functions like AP1(R, C), AP2(R, C) = B2(R, C), or even
B(R, C).

If there are infinitely many linearly independent λk’s, one obtains almost
periodic functions of the most general type. Let us point out the fact that if
the whole sequence of λk’s consists of linearly independent elements, we have
proven Theorem 4.6, stating that such a function necessarily belongs to the
space AP1(R, C).

A remarkable case of quasi-periodicity corresponds to the situation p = 1.
This means that a single Fourier exponent generates the whole set of expo-
nents. In this case, mod(f) consists of the set of real numbers that are mul-
tiples of a given (positive!) number, say ω > 0; i.e., mod(f) = {kω; k ∈ Z}.
The Fourier series has the form

f ∼
∑
k∈Z

akeikωt, (4.104)

which represents the Fourier series of a periodic function with period 2π/ω.
Again, the terms can be rearranged in order to present the series on the right-
hand side of formula (4.104) in the form (4.101).

It is interesting to present a method to generate the quasi-periodic func-
tions starting from periodic functions depending on several variables. The
periodicity is assumed with respect to each argument, and the period is the
same, equal to 2π.

Let F (t1, t2, . . . , tp) be such a continuous map from Rp into C. The Fourier
series of F is given by

F (t1, t2, . . . , tp) ∼ Σam1,m2,...,mp
ei(m1t1+m2t2+···+mptp), (4.105)

where the summation is extended to all mk ∈ Z+, k = 1, 2, . . . , p. The coeffi-
cients can be expressed by the formula

am1,m2,...,mp
=(2π)−p

∫ π

−π

· · ·
∫ π

−π︸ ︷︷ ︸
p times

e−(m1t1+···+mptp)F (t1, t2, . . . , tp)dt1dt2 . . . dtp,

which constitutes a generalization of the well-known Euler formulas.
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It turns out that any quasi-periodic function can be obtained from a perio-
dic function of the type mentioned above, taking its values on a straight line.
Indeed, with the notation used above, let us consider in Rp the line whose
parametric equations are tk = ωkt, k = 1, 2, . . . , p, ωk �= 0, and t ∈ R. Then

f(t) = F (ω1t, ω2t, . . . , ωpt), t ∈ R, (4.106)

is a continuous function in CB(R, C), periodic in each argument. Moreover,
from formula (4.105), we see that f(t) has a Fourier series, namely

f(t) ∼ Σam1,m2,...,mp
ei(m1ω1+m2ω2+···+mpap)t. (4.107)

From formula (4.107), we notice that we are in the circumstances described
by formula (4.103), which means that f(t) is a quasi-periodic function. Let us
point out the fact that our discussion has a formal character. A proper proof
of the fact mentioned above can be found in Besicovitch [10] or Levitan [62].

Another class of almost periodic functions is the class of the so-called limit
periodic functions. The definition is very simple. The function f ∈ AP(R, C) is
called limit periodic iff f(t) = lim fk(t), k → ∞, uniformly on R, where each
fk(t), k ≥ 1, is periodic and hence in AP(R, C). Of course, the periods need
not be the same for each fk(t). According to property III from Section 3.2,
the limit function must be in AP(R, C).

The connection of the property of limit periodicity with the Fourier series
is expressed by the formula

f(t) ∼
∑
k=1

akeirkωt

with rk ∈ Q the field of rationals and ω �= 0. Obviously, this case includes
the periodic one, corresponding to the situation where all rk are integers. For
details, see Besicovitch [10].

Another important concept related to Fourier series is spectrum, also at-
tached to an almost periodic function. Actually, the spectrum can be defined
for functions in BC(R, C) or even BC(R,X), with X a Banach space. The
spectrum of almost periodic functions enjoys some special properties. Roughly
speaking, the spectrum of almost periodic functions is determined by the set
of its Fourier exponents. There are several (equivalent) definitions for the
concept of a spectrum of an almost periodic function, and we shall follow the
presentation of Levitan and Zhikov [63].

Let f ∈ BC(R,X) with X a Banach space. A point λ ∈ R is called regular
if there is a neighborhood Vλ ⊂ R such that

(f ∗ ϕ)(t) =
∫

R
f(t − s)ϕ(s)ds = 0 for every ϕ ∈ L1(R, C)

for which its Fourier transform ϕ̂ ∈ C∞
0 with support in Vλ.

The spectrum of f , denoted by σ(f), is the complement (in R) of the set of
all regular points of f . Since the set of regular points is obviously open, there
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results that σ(f) is a closed set in R. We note that the Fourier transform ϕ̂(λ)
is defined for ϕ ∈ L1(R, C) by ϕ̂(λ) =

∫
R

ϕ(t)e−iλtdt, while the convolution
product has been discussed in Section 2.5. Other definitions for the spectrum
are formulated in Y. Katznelson [54] and L. H. Loomis [65]. The last reference
covers the case of measurable functions, and the line R is replaced by a locally
compact topological group G.

Again let f ∈ BC(R,X), and define a point of almost periodicity λ ∈ R by
the following property: There exists a neighborhood Wλ of λ ∈ R such that
f ∗ϕ ∈ AP(R,X) for each ϕ ∈ L1(R, C) with ϕ̂ ∈ C∞

0 and support in Wλ. The
set of points of almost periodicity of a function f ∈ BC(R,X) is obviously
open, and its complement in R is denoted by Δ(f). Obviously, Δ(f) ⊂ σ(f).

The following result (see Levitan and Zhikov [63]) provides conditions of
almost periodicity in terms of the spectral properties. Let f ∈ BC(R,X) be
uniformly continuous, and assume Δ(f) is a rarified set (i.e., it is closed in R
and does not contain any nonempty perfect subset). Then f ∈ AP(R,X) if at
least one of the following properties is verified:

(a) The space X does not contain c0(Z+, R).
(b) The set {x; x = f(t), t ∈ R} ⊂ X is weakly compact.

Remark 4.18. If instead of a Banach space X we consider one of the spaces
Rn or Cn, then condition (b) is automatically verified.

Remark 4.19. By c0(Z+, R), one denotes the space of sequences {xn; n ≥ 1}
such that |xn| −→ 0 as n −→ ∞. The norm is the usual supremum norm, and
c0(Z+, R) is a Banach space.

Other topics on almost periodicity will be discussed later as they are
needed.
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Linear Oscillations

5.1 The Equation ẋ(t) = f(t)

Before one can investigate linear oscillations described by linear differential
equations or related linear equations (such as integro-differential ones), we
need to clarify the matter of almost periodicity in regard to the simplest
differential equation,

ẋ(t) = f(t), t ∈ R, (5.1)

with f chosen from various spaces of almost periodic functions. In other words,
we want to answer the question: When is the primitive of an almost periodic
function almost periodic?

The answer is negative in general. For instance, if we assume f(t) to be
periodic (and continuous) of period 2π, then it is easy to see that

x(t) = C +
∫ t

0

f(s)ds (5.2)

is periodic of the same period iff the mean value of f(t) is equal to zero:
∫ 2π

0

f(t)dt = 0. (5.3)

A simple example illustrating the fact that the primitive of a periodic func-
tion may not be almost periodic is given by f(t) = 1 + cos t, whose primitive
F (t) = C + t + sin t is unbounded. Hence, it does not belong to AP(R,R) or
even to S(R,R), B(R,R).

There are important categories of almost periodic functions for which the
answer to the question above is positive. In Section 3.1, we noted that for f ∈
AP1(R, C) such that the Fourier exponents satisfy |λk| ≥ δ > 0, k = 1, 2, . . . ,
the primitive is also in AP1(R, C).

The following classical result provides an answer to the question of almost
periodicity of the primitive of an almost periodic function in the case of the
space AP(R, C).

C. Corduneanu, Almost Periodic Oscillations and Waves, 131
DOI 10.1007/978-0-387-09819-7 5, c© Springer Science+Business Media, LLC 2009
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Theorem 5.1. Let f ∈ AP(R, C). Then its primitive F ∈ AP(R, C) iff it
belongs to BC(R, C).

Proof. Since f ∈ AP(R, C), it means that f = f1+if2 with g1, g2 ∈ AP(R,R),
it suffices to prove the theorem for f ∈ AP(R,R) only because

∫ t

0

f(s)ds =
∫ t

0

f1(s)ds + i

∫ t

0

f2(s)ds,

and the first term is bounded iff both integrals on the right-hand side are
bounded in R.

Our hypothesis states that F (t) ∈ BC(R,R), which implies the existence
of two real numbers m < M such that

m = inf
t∈R

F (t) ≤ sup
t∈R

F (t) = M. (5.4)

Denote by S(f) the set of real sequences s = {sn; n ≥ 1} with the property
that f(t + sn) −→ fs(t) in AP(R,R) as n −→ ∞. Such sequences do exist
according to the Bochner property of functions in AP(R,R). For such a se-
quence, we can write

F (t + sn) = F (sn) +
∫ t

0

f(s + sn)ds, n ≥ 1, t ∈ R, (5.5)

and observe that the right-hand side is uniformly convergent to (fs(t)) on each
finite interval of R. Without loss of generality, we can assume F (sn) −→ Cs =
constant as n −→ ∞, substituting if necessary by a subsequence and taking
into account equation (5.4).

We derive from above, for each t ∈ R,

lim
n→∞

F (t + sn) = Cs +
∫ t

0

fs(u)du = Fs(t). (5.6)

From equation (5.6), we see that Fs(t) is a primitive for fs(t) since the con-
vergence in equation (5.6) is uniform on each finite interval of R. Also, from
equation (5.6) we obtain

m ≤ ms = inf
t∈R

Fs(t) ≤ sup
t∈R

Fs(t) = Ms ≤ M. (5.7)

We shall prove now, as a subsidiary result, that ms = m and Ms = M .
Indeed, assume Ms < M . Then, from f(t + sn) −→ fs(t) in AP(R,R) as
n −→ ∞, we obtain lim fs(t−sn) = f(t) in AP(R,R). Indeed, from sup |f(t+
sn)−fs(t)| −→ 0 as n −→ ∞, one derives sup |fs(t−sn)−f(t)| = 0 as n −→ ∞.
Without loss of generality (maybe using a subsequence of s if necessary), we
can write

lim
n→∞

Fs(t − sn) = C +
∫ t

0

f(u)du = C + F (t) (5.8)
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for some constant C ∈ R. Now, taking equations (5.7) and (5.8) into account,
we can write

sup
t∈R

[C + F (t)] = C + M ≤ Ms < M,

and similarly
inf
t∈R

[C + F (t)] = C + m ≥ ms ≥ m.

From these inequalities, we obtain first C < 0 and then C ≥ 0. This is absurd,
which means that equation (5.7) is valid with equal signs: m = ms, M = Ms.

We shall now prove that F (t) ∈ AP(R,R). Let s = {sn; n ≥ 1} ⊂ R
be arbitrary such that s ∈ S(f); i.e., f(t + sn) −→ fs(t) in AP(R,R). We
will show that the sequence of translates {F (t + sn); n ≥ 1} is uniformly
convergent on R. If this property is false, then we can find a constant ρ > 0,
as well as three sequences {αn; n ≥ 1}, {sn1; n ≥ 1} ⊂ {sn; n ≥ 1}, and
{sn2; n ≥ 1} ⊂ {sn; n ≥ 1}, with the property

|F (αn + sn2) − F (αn + sn1)| ≥ ρ. (5.9)

We can assume that {αn + sn1; n ≥ 1} ∈ S(f) and {αn + sn2; n ≥ 1} ∈ S(f)
by going to subsequences if necessary, which translates into

lim
n→∞

f(t + αn + sn1) = f1(t),

lim
n→∞

f(t + αn + sn2) = f2(t),

both in AP(R,R). From these limits, we can obtain the similar ones
⎧
⎨
⎩

lim
n→∞

F (t + αn + sn1) = F1(t),

lim
n→∞

F (t + αn + sn2) = F2(t),
(5.10)

uniformly on each finite interval of R. Again, if necessary, one can go to
subsequences, which will be denoted the same way as the original sequences.
Of course,

F1(t) =
∫ t

0

f1(s)ds, F2(t) =
∫ t

0

f2(s)ds.

Let us show that
f1(t) = f2(t), t ∈ R. (5.11)

Indeed, from the fact that f(t + sn) −→ fs(t) in AP(R,R), we can write

sup
t∈R

|f(t + αn + sn1) − f(t + αn + sn2)|

= sup
t∈R

|f(t + sn1) − f(t + sn2)| −→ 0.

This means that F2(t) − F1(t) = C = constant, and according to formulas
(5.9) and (5.10), we have |C| ≥ ρ > 0. But this is in contradiction with the
fact established above, Ms = M , or supF2(t) = sup F1(t), t ∈ R.
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The discussion above shows that our assumption concerning the nonuni-
form convergence of {F (t + sn); n ≥ 1} is not acceptable.

Hence, F (t) satisfies the Bochner definition for almost periodicity:

F (t) ∈ AP(R,R).

This ends the proof of Theorem 5.1.

While the case of the space AP(R, C) did not pose very difficult problems,
the case of the space AP(R,X) with X a Banach space will require some
preparation and some new concepts. We shall discuss this case in the next
section.

In closing the discussion in this section, we shall provide a result that
guarantees the almost periodicity of the primitive of an almost periodic func-
tion from AP(R, C) in terms of the Fourier series.

First, we shall prove an auxiliary result related to trigonometric polyno-
mials.

Proposition 5.1. Let us consider the trigonometric polynomial

T (t) =
n∑

k=1

akeiλkt, t ∈ R,

whose exponents satisfy the condition |λk| ≥ M > 0, k = 1, 2, . . . , n. Denote

T̃ (t) =
n∑

k=1

ak

iλk
eiλkt, t ∈ R.

Then, there exists a constant K > 0, independent of T and M , such that

sup
t∈R

|T̃ | ≤ KM−1 sup
t∈R

|T |. (5.12)

Proof. The proof relies on the use of the Fourier transform of complex-valued
functions from L2(R, C), namely

ϕ̂(u) = (2π)−1

∫

R

e−iutϕ(t)dt. (5.13)

We define ϕ(t) as ϕ(t) = it, |t| ≤ 1, ϕ(t) = −(it)−1, |t| ≥ 1, and assume
M = 1. By elementary estimates, the following inequality can be obtained:

|ϕ̃(u)| ≤ C

1 + u2
, C > 0. (5.14)

One proceeds by integrating by parts in equation (5.13) and taking into ac-
count that 2|t3| ≥ 1 + t2 for |t| ≥ 1. The constant C can be determined, but
its value is not material.
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Since formula (5.14) implies ϕ̂ ∈ L1(R, C), there results that the inversion
formula holds (in the sense of principal value).

Taking into account that |λk| ≥ 1, k = 1, . . . , n, we have

T̃ (t) = −
n∑

k=1

akϕ(λk)eiλkt = −
n∑

k=1

ak

(∫

R

ϕ̂(u)eiλkudu

)
eiλkt

= −
∫

R

(
n∑

k=1

anei(u+t)λk

)
ϕ̂(u)du = −

∫

R

T (u + t)ϕ̂(u)du,

which implies an inequality of the type (5.12):

sup
t∈R

|T̃ (t)| ≤ |ϕ̂|L1 sup
t∈R

|T (t)|. (5.15)

In order to eliminate the restriction M = 1, we have to consider the trigono-
metric polynomial T1(t) = T

(
t

M

)
instead of T (t). In this case, applying for-

mula (5.15), one obviously obtains formula (5.12) with K = |ϕ̂|L1 .

We can now state the result that assures the existence of an almost periodic
primitive for a function in AP(R, C). Let us observe that a similar result in
the case of the space AP1(R, C) has been discussed in Section 4.1.

Theorem 5.2. If f ∈ AP(R, C) such that

f(t) ∼
∞∑

k=1

akeiλkt, (5.16)

then |λk| ≥ M > 0, k ≥ 1, implies
∫ t

0
f(s)ds ∈ AP(R, C). Accordingly,

∫ t

0

f(s)ds ∼ C +
∞∑

k=1

ak(iλk)−1eiλkt. (5.17)

Proof. We have shown that there exists a sequence of trigonometric polyno-
mials {σn(t); n ≥ 1} such that σn(t) −→ f(t) as n −→ ∞ in AP(R, C), with
σn(t) of the form

σn(t) =
m(n)∑
k=1

a
(n)
k eiλkt, t ∈ R. (5.18)

In other words, the exponents of σn(t) are chosen from those of f . This has
been proven in Theorem 4.5 (Bochner’s approximation theorem).

Let us now define

σ̃n(t) =
m(n)∑
k=1

a
(n)
k (iλk)−1eiλkt, t ∈ R. (5.19)
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Taking into account Proposition 5.1, we can write from equations (5.18) and
(5.19) the inequality

sup
t∈R

|σ̃n(t) − σ̃m(t)| ≤ KM−1 sup
t∈R

|σn(t) − σm(t)|, (5.20)

where K is a constant independent of {σn(t); n ≥ 1} and M . The inequal-
ity (5.20) shows that the sequence {σ̃n(t); n ≥ 1} is a Cauchy sequence
in AP(R, C). Therefore, we can find g ∈ AP(R, C) such that σ̃n(t) −→
g(t) ∈ AP(R, C). In the same way we derived formula (5.20), one can get the
inequality

sup
t∈R

|σ̃n(t)| ≤ KM−1 sup
t∈R

|σn(t)| (5.21)

for each n ≥ 1. This implies, for n −→ ∞,

|g|AP ≤ KM−1|f |AP. (5.22)

Since a
(n)
k = rk,nak, k, n ≥ 1, and rk,n −→ 1 as n −→ ∞, there results

a
(n)
k −→ ak as n −→ ∞.

Taking equation (5.19) into account, we see that

a
(n)
k (iλk)−1 −→ ak(iλk)−1

as n −→ ∞ for each k ≥ 1. This means that

g ∼ C +
∞∑

k=1

ak(iλk)−1eiλkt,

which motivates formula (5.17) due to the fact that σ̃′
n(t) = σn(t), n ≥ 1,

while the convergence of both sequences {σn(t); n ≥ 1} and {σ̃n(t); n ≥ 1}
is uniform on R.

Remark 5.1. Formula (5.17) tells us that the indefinite integral has the same
exponents as the function itself, plus the exponent 0 (zero).

Remark 5.2. The inequality (5.22) plays an important role in searching al-
most periodic solutions to linear differential and related equations.

The simplest mechanical interpretation of the equation ẋ(t) = f(t) is the
following: The velocity of a point moving on a straight line being almost
periodic, can we say that the motion itself is almost periodic?

As we already know from Section 3.1, the answer is positive when f ∈
AP1(R,R) and the Fourier exponents of f stay away from zero. The same is
true in the case f ∈ AP(R,R). Generally speaking, the motion may not be
almost periodic, even though the velocity is almost periodic. Under certain
restrictions, the motion itself is almost periodic, as we shall see later.
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5.2 Weakly Almost Periodic Functions

The concept of weak almost periodicity is important in itself, but it turns out
to be very helpful when investigating the almost periodicity of the primitive
of an almost periodic function from AP(R,X) with X a Banach space.

This concept of almost periodicity also represents an illustration of the
more general situation when the Banach space X is substituted by a locally
convex space. Namely, we shall deal with the dual of X, denoted by X∗, and
the local convex space Xw with the same elements as X but a different type
of convergence than the norm convergence in X.

Let us briefly discuss these concepts before we formulate the definition of
weak almost periodicity.

First, the dual X∗ of the Banach space X is defined as the set of linear
and continuous maps from X into C endowed with the operations of pointwise
addition of maps and scalar multiplication; the norm is defined by

‖ϕ‖ = sup{|ϕ(x)|; x ∈ X, ‖x‖ ≤ 1}.

It is an elementary exercise to check that X∗ is also a Banach space (even if
X is only a normed space).

Second, the weak convergence in X, which makes X a locally convex space,
denoted by Xw, is defined by means of the seminorms

X � x −→ |ϕ(x)|, ϕ ∈ X∗. (5.23)

These seminorms constitute a sufficient family because ϕ(x) = 0, ∀ϕ ∈ X∗,
implies x = θ = the null element of X. This is a consequence of the Hahn–
Banach theorem (see, for instance, E. Zeidler [110]).

Definition 5.1. A map x : R −→ X is called weakly almost periodic if, for
each ϕ ∈ X∗, the map (function) ϕ(x(t)) ∈ AP(R, C).

Let us denote by WAP(R,X) the set of weakly almost periodic functions
with values in the Banach space X.

We have seen in Section 4.5 that for any x ∈ AP(R,X) and ϕ ∈ X∗ one
has ϕ(x(t)) ∈ AP(R, C). This means that the elements of AP(R,X) are also
weakly almost periodic.

It is worth mentioning that some basic properties of almost periodic func-
tions in AP(R,X) are also valid for weakly almost periodic functions.

Proposition 5.2. For each x ∈ WAP(R,X), the set Rx = {y ∈ X, y = x(t),
t ∈ R} is bounded and separable.

Proof. The boundedness of Rx follows from the well-known result (see, for
instance, V. Trénoguine [95]) that states that boundedness and weak boun-
dedness are equivalent concepts.
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Or, for each ϕ ∈ X∗, ϕ(x(t)) ∈ AP(R, C), which implies its boundedness
on R. In other words, the set Rx is weakly bounded and hence bounded.

To prove the fact that Rx is separable, we need to show that Rx belongs
to the closure of a countable set of elements of the space X. Indeed, let us
consider the countable set {x(r); r ∈ Q = the set of rationals}. We know
that each t0 ∈ R is the limit of a sequence {rm; m ≥ 1} ⊂ Q. This implies
lim ϕ(x(rm)) = ϕ(x(t0)) for each ϕ ∈ X∗. According to a theorem of S. Mazur
(see again V. Trénoguine [95]), there exists a sequence of linear combinations
of the form

yk =
mk∑
j=1

λjkx(rj) (5.24)

with λjk ∈ C such that yk −→ x(t0) as k −→ ∞ in the norm topology (i.e., in
the space X). Without any loss of generality, one can assume that all λjk are
rational numbers, still maintaining the validity of yk −→ x(t0) as k −→ ∞.
But the set of all yk of the form (5.24) is at most countable. Hence, the
separability of Rx is proven.

There are several features encountered in the case of the space AP(R,X)
that remain valid for the space WAP(R,X). We shall state here a few of
them, without proof, sending the interested reader to the book by L. Amerio
and G. Prouse [3]. Let us mention that L. Amerio first considered the space
WAP(R,X), establishing its basic properties.

Proposition 5.3. The space WAP(R,X) is closed with respect to the weak
uniform (on R) convergence.

This means that from {xk(t); k ≥ 1} ⊂ WAP(R,X) with xk(t) −→ x(t)
as k −→ ∞ uniformly with respect to t ∈ R, one derives x(t) ∈ WAP(R,X).

In other words, WAP(R,X) is complete for its kind of convergence (the
weak one).

Proposition 5.4. If x ∈ WAP(R,X), then there exists the mean value

a(λ, x) = lim∗(2T )−1

∫ T+a

−T+a

x(t)e−iλtdt (5.25)

uniformly with respect to a ∈ R.

The lim∗ stands for the weak limit, and equation (5.25) is the consequence
of

lim(2T )−1

∫ T+a

−T+a

ϕ(x(t)e−iλt)dt = ϕ

(
lim(2T )−1

∫ T+a

−T+a

x(t)e−iλtdt

)
(5.26)

for each ϕ ∈ X∗ (because ϕ is continuous).
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Proposition 5.5. For each x ∈ WAP(R,X), a(λ, x) defined by equation
(5.25) is different from the null element of X only for a set of values of λ
that is at most countable.

This proposition shows that we can associate to any x ∈ WAP(R,X) a Fourier
series. Those λ’s for which a(λ, x) �= θ are the Fourier exponents of x.

As in the case of AP(R,X), the Fourier series characterizes the generating
function.

Proposition 5.6. If x ∈ WAP(R,X), then the (Bochner–Féjer) polynomials
σm(t), defined by equation (4.92) for x(t) in Section 4.5 with the mean value
substituted by the weak mean value, converge weakly to x(t) uniformly on R.

Proof. First, it is worth mentioning that the Fourier exponents of each ϕ(x(t)),
ϕ ∈ X∗, are the same as for x(t).

Indeed, we obtain from equation (5.26)

a(λ, ϕ(x(t))) = M{ϕ(x(t))e−iλt} = ϕ(a(λ, x(t))),

showing that a(λ, x(t)) = 0 implies a(λ, ϕ(x(t))) = 0.
Moreover, one has

ϕ(σm(t)) =
n∑

r=1

rk,mϕ(ak)eiλkt, n = n(m). (5.27)

Formula (5.27) tells us that ϕ(σm(t)) is the Fejér–Bochner polynomial for
ϕ(x(t)). Since ϕ(σm(t)), ϕ(x(t)) ∈ AP(R,X), one has

lim
m→∞

ϕ(σm(t)) = ϕ(x(t)) (5.28)

uniformly on R.

The next proposition is the analogue of the Bochner characteristic proper-
ty of almost periodicity.

Proposition 5.7. Let x : R −→ Xw be a continuous map. The necessary and
sufficient condition for having x ∈ WAP(R,X) is the relative compactness of
the set {x(t + h); h ∈ R} ⊂ X in the following sense: From each sequence
{x(t + hk); k ≥ 1} ⊂ X, one can extract a subsequence {x(t + h1k); k ≥ 1}
that is uniformly convergent on R in the topology of Xw (i.e., the sequence
{ϕ(x(t + h1k)); k ≥ 1} is uniformly convergent on R for each ϕ ∈ X∗).

Proof. The sufficiency of the condition is obvious. Based on the Bochner cri-
terion in AP(R, C), we obtain the fact that each ϕ(x(t)) ∈ AP(R, C), ϕ ∈ X∗.
This is the definition of functions in WAP(R,X).

The necessity can be proven as follows. Assume now that one has x(t) ∈
W AP(R,X), and consider a sequence {x(t + hj); j ≥ 1} ⊂ X. We shall now
extract a subsequence {x(t + h1j); j ≥ 1} with the property that
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lim
n→∞

eiλnh1j = eiαj , j ≥ 1. (5.29)

This is possible because |eiα| = 1, α ∈ R, and Bolzano’s criterion is applicable.
There follows

lim
j→∞

σm(x(t + h1j)) =
n∑

k=1

rk,makeiαkeiλkt, r = n(m), (5.30)

uniformly on R. We have further, for any ϕ ∈ X∗,

|ϕ(x(t + h1j)) − ϕ(x(t + h1k))|
≤ |ϕ(x(t + h1j)) − ϕ(σm(x(t + h1j)))|
+|ϕ(σm(x(t + h1j))) − ϕ(σm(t + h1k))|
+|ϕ(σm(x + h1k)) − ϕ(x(t + h1k))|.

If we now take into account equations (5.27) and (5.28), we find that
{ϕ(x(t + h1j)); j≥ 1} is a Cauchy sequence in AP(R, C). There remains to
apply Proposition 5.3 to conclude that x(t) ∈ WAP(R,X).

The following result establishes the condition for a function in WAP(R,X)
to belong also to AP(R,X).

Theorem 5.3. A necessary and sufficient condition for a function x ∈
WAP(R,X) to belong also to AP(R,X) is the relative compactness of its
set of values (range) in X.

Proof. The necessity of the condition is a direct consequence of Proposition 3.6.
The sufficiency will be proven by using Proposition 3.6 of Chapter 3. Let

x ∈ WAP(R,X). Based on our hypothesis, the set Rx = {x(t); t ∈ R}
is relatively compact in X, and the aforementioned proposition assures that
from any bounded sequence {ϕn : n ≥ 1} ⊂ X∗, say ‖ϕn‖ ≤ M < ∞,
n ≥ 1, we can extract a subsequence uniformly convergent on Rx. In other
words, there exists a subsequence of {ϕn; n ≥ 1} that we can continue to
denote in the same way such that {ϕn(x(t)); n ≥ 1} converges uniformly
on R. Therefore, the set of functions {ϕ(x(t)); t ∈ R, ϕ ∈ X∗} is relatively
compact in the topology of uniform convergence on R. These are functions in
AP(R, C), and consequently the set {ϕ(x(t)), ϕ ∈ X∗, ‖ϕ‖ ≤ 1} is equicon-
tinuous and equi–almost-periodic. This fact is a consequence of Proposition
4.6 of Chapter 4. But we can write

|x(t + τ) − x(t)|X = sup{|ϕ(x(t + τ)) − ϕ(x(t))|; ‖ϕ‖ ≤ 1},

which proves the sufficiency.
This ends the proof of Theorem 5.3, which characterizes Bohr’s almost

periodic functions in AP(R,X) among the weakly almost periodic functions
of WAP(R,X).
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Remark 5.3. If X is a finite-dimensional Banach space, then AP(R,X) =
WAP(R,X). This is a consequence of the fact that any bounded set in a
finite-dimensional space is relatively compact. Proposition 5.2 above implies
the equality of the two spaces.

Remark 5.4. In the case of Banach spaces of infinite dimension, only the
inclusion AP(R,X) ⊂ WAP(R,X) is valid. There are weakly almost periodic
functions that are not almost periodic in Bohr’s sense. In order to clarify
this relationship, we need to establish some properties of the functions in
WAP(R,X) if X is a separable Hilbert space.

Let us first note that the separability hypothesis on the Hilbert space is
not restrictive due to the fact that the range of any weakly almost periodic
function is separable.

We shall assume that X is a separable Hilbert space and {en; n ≥ 1}
is an orthonormal basis for X. This means that 〈ei, ej〉 = 0 for i �= j and
〈ei, ei〉 = 1, i ≥ 1, while each element of X can be represented as a series,
namely

x =
∞∑

i=1

xiei, xi ∈ C, i ≥ 1.

The series must be convergent in the norm of X, which means
∣∣∣∣∣x −

N∑
i=1

xiei

∣∣∣∣∣
X

−→ 0 as N −→ ∞.

Moreover, we always have

‖x‖2 =
∞∑

i=1

|xi|2.

When x = x(t), t ∈ R, there results xi = xi(t), t ∈ R, i ≥ 1.

We can now formulate a result that characterizes the functions in AP(R,X).

Proposition 5.8. Let x : R −→ X be a bounded function. In order to have
x ∈ AP(R,X) with X a separable Hilbert space, it is necessary and sufficient
that the following two conditions be satisfied:

(1) xi(t) ∈ AP(R, C), i ≥ 1.

(2) The series

|x(t)|2X =
∞∑

i=1

|xi(t)|2

converges uniformly on R.
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Proof. Conditions (1) and (2) are sufficient for having x ∈ AP(R,X). Indeed,
since

x(t) =
∞∑

i=1

xi(t)ei, t ∈ R, (5.31)

the convergence being generally pointwise, we need only prove that the con-
vergence is uniform on R in the norm of X due to the fact that each partial
sum in equation (5.31) belongs to AP(R,X). Or, condition (2) implies the
uniform convergence on R of the series in equation (5.31). We obtain

∣∣∣∣∣
N∑

i=n

xi(t)ei

∣∣∣∣∣
2

=
N∑

i=n

|xi(t)|2 < ε for N ≥ n > N0(ε), t ∈ R, (5.32)

which represents Cauchy’s criterion for the uniform convergence of series
(5.31).

We shall now prove that conditions (1) and (2) are necessary for any
x ∈ AP(R,X).

First, since xi(t) = 〈x(t), ei〉, i ≥ 1, we have

|xi(t + τ) − xi(t)| ≤ |x(t + τ) − x(t)|X , i ≥ 1,

which shows that each xi(t), i ≥ 1, is in AP(R, C); i.e., condition (1) is neces-
sary. Furthermore, since the equality in condition (2) is valid pointwise, we
need to prove that the series is uniformly convergent on R. The equality in
equation (5.32) tells us that the series

∞∑
i=1

xi(t)ei and
∞∑

i=1

|xi(t)|2

are simultaneously uniformly convergent. Therefore, it suffices to prove that
the series (5.31) converges uniformly on R.

Indeed, if we denote by sn(t), n ≥ 1, the partial sums of the series (5.31),
then we notice the fact that sn(t) = Pnx(t), n ≥ 1, t ∈ R, with Pn the
projector of the space X on the finite-dimensional subspace generated by the
unit vectors ei, i = 1, 2, . . . , n. Since ‖Pn‖ ≤ 1, n ≥ 1, we can write

|sn(t + τ) − sn(t)|X ≤ |x(t + τ) − x(t)|X , (5.33)

which shows that the set of almost periodic functions {x(t), sn(t), n ≥ 1} ⊂
AP(R,X) is equicontinuous and equi–almost-periodic. This will help us to
prove the uniform convergence of the series (5.31). From Dini’s theorem on
uniform convergence, we know that the series in condition (2) is uniformly
convergent on any compact interval of R. Now take ε > 0 arbitrary, and let
� = �(ε/3) be the corresponding length according to Bohr’s definition. The
series (5.31) converges uniformly for t ∈ [0, �]. If t ∈ R is arbitrary, then we
can write
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|x(t)−sn(t)|X
≤|x(t)−x(t+τ)|X+|x(t+τ)−sn(t+τ)|X+|sn(t+τ)−sn(t)|X .

(5.34)

Based on the equi–almost-periodicity of the set of functions {x(t), sn(t);n≥1},
when τ is an (ε/3)-almost period common to all these functions, we can write,
for any n ≥ 1,

|x(t) − x(t + τ)|X <
ε

3
, |sn(t) − sn(t + τ)| <

ε

3
, t ∈ R. (5.35)

Concerning the middle term on the right-hand side of formula (5.34), we note
that choosing the (ε/3)-almost period τ ∈ (−t,−t + �), we can write, for any
n ≥ N(ε),

|x(t + τ) − sn(t + τ)|X <
ε

3
, (5.36)

due to the fact that t + τ ∈ (0, �). Summing up our discussion, there results
from formulas (5.34)–(5.36)

|x(t) − sn(t)|X < ε, t ∈ R, n ≥ N(ε). (5.37)

Remark 5.5. An alternate proof of Proposition 5.8 is actually contained in
the proof of Theorem 5.3, where the main feature to be taken into considera-
tion is the relative compactness of the set Rx.

We can now construct an example of a function in WAP(R,X) that does
not belong to AP(R,X).

Proposition 5.9. Assume X is a separable Hilbert space of infinite dimen-
sion, and consider a sequence {xn(t); n ≥ 1} ⊂ AP(R, C). If the following
conditions hold, then the function

x(t) =
∞∑

i=1

xi(t)ei

is in WAP(R,X) but not in AP(R,X):

(1) xi(t), i ≥ 1, are uniformly bounded, and we can assume, without loss of
generality, sup{|xi(t)|; t ∈ R} = 1, i ≥ 1.

(2) The supports of xi(t) and xj(t), i �= j, are disjoint sets.

Proof. Let us remind the reader that the support of a function defined on R
is the set of those values t ∈ R such that the function does not vanish at t.
It is not difficult to produce such functions (e.g., xi(t) is periodic of period 1,
and its support in (0, 1) is the interval ((i + 1)−1, i−1)).

The function x(t) is in WAP(R,X), but cannot be in AP(R,X), due to
the fact that condition (2) in Proposition 5.8 is obviously violated:

sup
∞∑

i=1

|xi(t)|2 = 1, t ∈ R.

The series cannot converge uniformly.
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5.3 The Equation ẋ(t) = f(t) in Banach Spaces

The preceding section, besides illustrating another concept of almost periodi-
city, is providing us with some tools for investigating the problem of almost
periodicity of the integral (primitive) of functions in AP(R,X). The impor-
tance of the concept of weak almost periodicity stems from the fact that the
primitive is always weakly almost periodic, and only in particular circum-
stances does it belong to AP(R,X).

An introductory result for the topics discussed in this section is the fol-
lowing.

Proposition 5.10. If f(t) ∈ AP(R,X) and

x(t) =
∫ t

0

f(s)ds, t ∈ R, (5.38)

then the boundedness of x on R implies x ∈ WAP(R,X). Furthermore, in
order to have x ∈ AP(R,X), it is necessary and sufficient that Rx = {x(t);
t ∈ R} be relatively compact in X.

Proof. Theorem 5.1 and the definition of WAP(R,X) tell us that the bound-
edness of x(t) has as a consequence its weakly almost periodicity. We note
that for each ϕ ∈ X∗ one has

ϕ(x(t)) =
∫ t

0

ϕ(f(s))ds, t ∈ R, (5.39)

which justifies the assertion.
For the second statement in Proposition 5.10, the necessity of the condition

is obvious. The sufficiency follows directly from Proposition 5.3 above.

Remark 5.6. A pertinent question is whether or not the boundedness of x(t)
in X assures its almost periodicity. We shall now provide an example (see
Amerio and Prouse [3]) that shows that boundedness only does not suffice
for the almost periodicity of the function x(t) = the primitive of f(t). The
underlying space would be the Banach space of bounded sequences with com-
plex elements, and the norm is given by ‖x‖ = sup{|xn|; xn ∈ C, n ≥ 1},
x = (x1, x2, . . .). We shall denote this space by b(C). We consider the following
map from R into C:

f(t) =
(

cos t,
1
2

cos
t

2
, · · · , 1

n
cos

t

n
, · · ·

)
. (5.40)

One has f ∈ AP(R, b(C)) because f(t) = lim fn(t) as n → ∞ with

fn(t) =
(

cos t,
1
2

cos
t

2
, · · · , 1

n
cos

t

n
, 0, 0, . . .

)
.
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Indeed, ‖f − fn‖ ≤ (n + 1)−1, n > 1, and each fn(t) is periodic in t (one
period is 2π(n!)). From equation (5.40), we obtain

x(t) =
∫ t

0

f(s)ds =
(

sin t, sin
t

2
, · · · , sin

t

n
, · · ·

)
. (5.41)

This implies ‖x(t)‖ ≤ 1 and hence its boundedness on R.

We shall now prove that x(t) does not belong to AP(R, b(C)). Indeed, as-
suming x(t) ∈ AP(R, b(R)), we would find that the sequence

{
sin t

n ; n ≥ 1
}

must be equi–almost-periodic. But the sequence of the derivatives
{

1
n cos t

n ;
n ≥ 1} is uniformly bounded on R, which implies the equicontinuity of{
sin t

n ; n ≥ 1
}
. According to Theorem 3.3 (Section 3.5), the sequence{

sin t
n ; n ≥ 1

}
should contain a subsequence that converges uniformly on

R. It is easy to see that such a subsequence, say
{

sin t
nk

; k ≥ 1
}

, nk → ∞,
cannot exist. The limit should be zero, which is obviously impossible in the
case of uniform convergence on R.

Two distinct problems arise in connection with the almost periodicity of
the integral of an almost periodic function from AP(R,X).

First is to find conditions on the space X such that the boundedness of
the integral suffices for its almost periodicity. We shall see that this problem
has a solution, and we will discuss it in some detail.

The second problem is to find conditions on the function in AP(R,X) such
that its integral is also almost periodic. We can provide a simple illustration
of the fact that such conditions are possible. For instance, if we deal with the
space AP1(R,X), where X stands for an arbitrary Banach space, and assume
that

f(t) =
∞∑

k=1

akeiλkt,

with |λk| ≥ ρ > 0, k ≥ 1, then the integral x(t) has the Fourier series

x(t) = C +
∞∑

k=1

akλ−1
k eiλkt.

In Section 3.1, we presented this situation when X = C. The details are
the same.

Concerning the first approach to the almost periodicity of the integral, we
shall provide a result due to L. Amerio [2] in which the Banach space X is
assumed to be uniformly convex.

Definition 5.2. The Banach space X is called uniformly convex if for any
σ ∈ (0, 2] one can find δ(σ) > 0 such that from x, y ∈ X, ‖x‖, ‖y‖ ≤ 1, and
‖x − y‖ ≥ σ, there results ‖x + y‖ ≤ 2[1 − δ(σ)].
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If x, y ∈ X are arbitrary, then the condition of uniform convexity is:
‖x − y‖ ≥ σ max(‖x‖, ‖y‖) implies ‖x + y‖ ≥ 2[1 − δ(σ)]max(‖x‖, ‖y‖).

A good example of a uniformly convex Banach space is a Hilbert space
because of the identity

‖x + y‖2 + ‖x − y‖2 = 2(‖x‖2 + ‖y‖2). (5.42)

Less trivial is the fact that any uniformly convex Banach space is reflexive
(i.e., X = X∗∗ = the Banach space of linear continuous functionals on X∗).
For details on these concepts, we send the reader to K. Yosida [103].

The basic result obtained by L. Amerio can be stated as follows.

Theorem 5.4. Let f ∈ AP(R,X) with X a uniformly convex Banach space.
Then its primitive (5.38) belongs to AP(R,X) if and only if it is bounded
on R.

Before we proceed with the proof of Theorem 5.4, we shall establish an
auxiliary result.

Proposition 5.11. Let x ∈ WAP(R,X). If there exists a sequence {hn; n ≥
1} ⊂ R such that {x(t + hn);n ≥ 1} is pointwise weakly convergent to x̃(t),
t ∈ R, then

sup
t∈R

‖x̃(t)‖ = sup
t∈R

‖x(t)‖. (5.43)

Proof. For ϕ ∈ X∗, ϕ(x(t)) ∈ AP(R,X). The sequence {ϕ(x(t + hn)); n ≥
1} ∈ AP(R,X) is equicontinuous and equi–almost-periodic. Since it converges
pointwise on R, from an argument given in the proof of Theorem 3.3, this
sequence converges uniformly on R to ϕ(x̃(t)) ∈ AP(R, C). But ϕ ∈ X∗ is
arbitrary, which implies x̃(t) ∈ WAP(R,X). Taking into account that ϕ(x(t+
hn)) −→ ϕ(x̃(t)) uniformly on R as n → ∞, we obtain ϕ(x̃(t − hn)) −→
ϕ(x(t)) uniformly on R as n → ∞. In other words, due to the arbitrariness of
ϕ ∈ X∗, x(t + hn) −→ x̃(t) and x̃(t− hn) −→ x(t) as n → ∞, both uniformly
on R in the weak topology (i.e., of the space Xw). These facts imply, for
sufficiently large n and ‖ϕ‖ = 1,

|ϕ(x̃(t))| < |ϕ(x(t + hn))| + ε ≤ ‖(t + hn)‖ + ε ≤ sup
t∈R

‖x(t)‖ + ε,

which amounts to the inequality

‖x̃(t)‖ ≤ sup
t∈R

‖x(t)‖ + ε,

ε > 0 being arbitrary. Therefore

sup
t∈R

‖x̃(t)‖ ≤ sup
t∈R

‖x(t)‖. (5.44)

The opposite inequality to (5.44) is obtained by the same argument, which
proves the validity of equation (5.43).
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Proof of Theorem 5.4. The boundedness is necessary, as seen in Proposition
3.16 of Chapter 3.

We shall now prove the sufficiency by noting first that x(t)∈WAP(R,X)
and then proving the relative compactness in X of the range Rx. According to
Proposition 5.10 in this section, one has x(t) ∈ WAP(R,X). There remains
to show the relative compactness of the set Rx. We assume the contrary to
hold. Then we can find a sequence {hn; n ≥ 1} ⊂ R such that

‖x(hj) − x(hk)‖ ≥ 2σ > 0, j �= k. (5.45)

This follows from Cauchy’s criterion of convergence in complete metric spaces.
Based on Bochner’s property and the definition of functions in AP(R,X),

we can extract a subsequence of {hn; n ≥ 1} that we continue to denote in
the same way such that

lim
n×∞

f(t + hn) = f̃(t) (5.46)

uniformly on R.
Since the sequence {x(hn); n ≥ 1} is bounded in X and X is reflexive,

we can extract a subsequence, still denoted by {x(hn); n ≥ 1}, that is weakly
convergent in X:

lim
n→∞

x(hn) = c ∈ X weakly. (5.47)

Now let t ∈ R be fixed. One has

x(t + hk) = x(hk) +
∫ t+hk

hk

f(s)ds = x(hk) +
∫ t

0

f(s + hk)ds.

The relationships above and equation (5.46) imply the weak uniform conver-
gence on any compact interval of the sequence {x(t + hn); n ≥ 1}. In other
words, we can write

lim
n→∞

x(t + hn) = c +
∫ t

0

f̃(s)ds = x̃(t). (5.48)

But x(t) ∈ WAP(R,X), and Proposition 5.11 above allows us to write

sup
t∈R

‖x̃(t)‖ = sup
t∈R

‖x(t)‖ = M < ∞. (5.49)

If t ∈ R is fixed, then we have

‖x(t + hj) − x(t + hk)‖

=
∥∥∥∥x(hj) − x(hk) +

∫ t

0

[f(s + hj) − f(s + hk)]ds

∥∥∥∥

≥ ‖x(hj) − x(hk)‖ −
∥∥∥∥
∫ t

0

[f(s + hj) − f(s + hk)]ds

∥∥∥∥

≥ 2σ −
∥∥∥∥
∫ t

0

[f(s + hj) − f(s + hk)]ds

∥∥∥∥.
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From equation (5.46), we can write

∥∥∥∥
∫ t

0

[f(s + hj) − f(s + hk)]ds

∥∥∥∥ < σ

for j, k ≥ N = N(σ, t). Combining this with the preceding inequality, we can
write

‖x(t + hj) − x(t + hk)‖ ≥ 2σ − σ = σ,

provided j, k ≥ N. If we also rely on the definition of uniform convexity and
the meaning of M , we obtain from above, for j, k ≥ N,

‖x(t + hj) − x(t + hk)‖ ≥ σM−1 max{‖x(t + hj)‖, ‖x(t + hk)‖}. (5.50)

The inequality (5.50) implies, according to the definition of uniform convexity,

‖x(t + hj) + x(t + hk)‖ ≤ 2[1 − δ(σM−1)]max{‖(t + hj)‖, ‖x(t + h)k)‖},

from which we get

‖x(t + hj) + x(t + hk)‖ ≤ 2M [1 − δ(σM−1)], j, k ≥ N. (5.51)

For any ϕ ∈ X∗, ‖ϕ‖ = 1, we have

|ϕ(x(t + hj) + x(t + hk))| ≤ ‖x(t + hj) + x(t + hk)‖ ≤ 2M [1 − δ(σM−1)].

Letting j, k → ∞, and taking equation (5.48) into account, one gets the
inequality

‖x̃(t)‖ ≤ M [1 − δ(σM−1)] < M. (5.52)

The inequality (5.52) contradicts equation (5.43), and thus Theorem 5.4
is proven.

Remark 5.7. Since the Hilbert spaces are uniformly convex, this result is
applicable only in a limited number of situations. We have in mind the func-
tion spaces occurring in the theory of partial differential equations, such as
certain Sobolev spaces (W k,2(Ω) for instance).

As we mentioned above in this section, the problem of almost periodicity
of the primitive of a function in AP(R,X), with X a Banach space, has been
solved by M. J. Kateds (see, for instance, B. M. Levitan and V. V. Zhikov [63]).
The answer to this problem is given in the following theorem.

Theorem 5.5. The boundedness of the primitive of any function in AP(R,X)
is a necessary and sufficient condition for its almost periodicity if and only if
X does not contain as a subspace the Banach space c0(Z+, R).



5.3 The Equation ẋ(t) = f(t) in Banach Spaces 149

The condition is necessary according to Proposition 5.10. The sufficiency is
more difficult to prove, requiring further preparation from functional analysis.
We will omit the proof of Theorem 5.5 and send the reader to Levitan and
Zhikov [63].

The space c0(Z+, R) is the space of sequences x = (x1, x2, . . . , xn, . . .)
with xk ∈ R, k ≥ 1, such that xn → 0 as n → ∞. The norm is ‖x‖ =
sup{|xn|; n ≥ 1}. The convergence in c0 means convergence on each coordinate
uniformly with respect to n ∈ Z+.

There are two basic properties of c0 that we will need in our construc-
tion. First, any linear functional on c0 has the form ϕ(x) =

∑∞
k=1anxn with∑∞

n=1|an| < ∞. Second, a set S ⊂ c0 is relatively compact if and only if it is
uniformly bounded and xn → 0 as n → ∞ uniformly with respect to x ∈ S.
Both properties are easy to prove, and the reader can find the treatment of
c0 in textbooks on functional analysis.

Let α(t) ∈ AP(R,R) be an arbitrary function whose primitive is bounded
on R (and hence also in AP(R,R)). We consider the map f : R → c0 by
letting fn(t) = n−1α(n−1t), n ≥ 1. Since α is bounded, it is obvious that
f(t) = (f1(t), f2(t), . . . , fn(t), ..) ∈ c0, t ∈ R. Assume now that A(t), t ∈ R, is
a primitive of α(t) : A′(t) = α(t), t ∈ R.

First, we note that f(t) is weakly almost periodic. Indeed, according to
the general formula of representations of continuous linear functionals on c0

mentioned above, there results that (ϕf)(t), ϕ ∈ c∗0 = �1, is almost periodic
(as the sum of a series of almost periodic functions that converges uniformly
on R). Hence, f is weakly almost periodic.

Second, from F (t) =
∫ t

0
f(s)ds = {A(n−1t)−A(0); n ≥ 1}, we obtain the

weak almost periodicity of F (t) by considering

ϕ(F (t)) =
∞∑

n=1

an[A(n−1t) − A(0)],

with {an; n ≥ 1} ∈ �1, and taking into account that A(t) is almost periodic
(and hence bounded).

We will now prove that RA ⊂ c0 is not relatively compact, which will show
that F (t) cannot belong to AP(R, c0).

According to the criterion of relative compactness stated above, if RA is
relatively compact in c0, then we should have A(n−1t)−A(0) −→ 0 as n → ∞
uniformly with respect to t ∈ R. But this is obviously impossible since A(t) is
an almost periodic function in AP(R,R) that does not reduce to a constant,
and this fact implies that A(n−1t) takes values as close as we want from both
sup A(t) and inf A(t) for arbitrarily large values of t ∈ R.

The example examined above, where the Banach space X = c0, clarifies
the situation not only for this particular case but also for any Banach space
X that contains c0 as a subspace. Actually, as was shown by M. J. Kadets
(Theorem 5.5 above), this feature is characteristic for obtaining a positive
answer to the problem of almost periodicity of the primitive if it is bounded.
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5.4 Linear Oscillations Described by Ordinary
Differential Equations

Having dealt with the simplest equation, ẋ(t) = f(t), we shall concentrate
now on the more general situation described by linear systems of ordinary
differential equations of the form

ẋ(t) = Ax(t) + f(t), t ∈ R, (5.53)

where x : R −→ Cn, A ∈ L(Cn, Cn), and f ∈ E(R, Cn), where E stands for
one of the spaces of almost periodic functions investigated in the preceding
chapters.

We are considering here the case of constant coefficients. The variable
coefficient case A = A(t) ∈ L(Cn, Cn) for t ∈ R is more intricate and will be
discussed briefly in forthcoming sections.

To the form (5.53) we can reduce higher-order scalar equations of the form

y(n) + a1y
(n−1) + · · · + any = g(t),

where ak, 1 ≤ k ≤ n, are in R or C. Such equations, particularly if n = 2,
are known to describe linear oscillations in mechanical, electrical, and other
types of physical and engineering systems.

It is well known from linear algebra that by means of a linear transforma-
tion on x of the form

x = Tu, x, u ∈ Cn, (5.54)

where T ∈ L(Cn, Cn) and detT �= 0, equation (5.53) can be reduced to the
special form

u̇ = Bu + f̃(t) (5.55)

with an upper-triangular matrix B:

B = T−1AT. (5.56)

The vector function f̃(t) is given by

f̃(t) = T−1f(t), t ∈ R. (5.57)

It is also known, but easy to check, that the diagonal elements of B are the
characteristic numbers or eigenvalues of the matrix A:

B =

⎡
⎢⎢⎣

λ1 b12 b13 · · · b1n

0 λ2 b23 · · · b2n

.............................
0 0 0 · · · λn

⎤
⎥⎥⎦ . (5.58)

The eigenvalues λk, 1 ≤ k ≤ n, satisfy the algebraic equation
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det(λkI − A) = 0, k = 1, 2, . . . , n. (5.59)

The identity
det(λI − B) = det(λI − A)

justifies our claim about the nature of the diagonal elements of B.
After this brief recall of some elementary properties of constant matrices,

let us move to the investigation of the different meanings of the problem of
almost periodicity of the solutions of the equation/system (5.53) under the
basic assumption that f(t) on the right-hand side is almost periodic.

We will start with the historically known result, due to Bohr and
Neugebauer, related to the case f ∈ AP(R, Cn).

Proposition 5.12. If x(t) is a solution of equation (5.53) with f ∈ AP
(R, Cn), then a necessary and sufficient condition for having x ∈ AP(R, Cn)
is x ∈ BC(R, Cn).

Proof. The condition is obviously necessary because AP(R, Cn) ⊂ BC(R, Cn).
To prove the sufficiency of the condition x ∈ BC(R, Cn), we shall use the

“reduced” form of the system (5.53), namely
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u̇1 = λ1u1 + b12u2 + b13u3 + · · · + b1nun + f̃1(t),

u̇2 = λ2u2 + b23u3 + · · · + b2nun + f̃2(t),
....................................................................................

u̇n−1 = λn−1un−1 + bn−1,nun + f̃n−1(t),

u̇n = λnun + f̃n(t).

(5.60)

As we can see, the last equation in (5.60) is a scalar equation in un with the
almost periodic term f̃n(t) on the right-hand side. Therefore, if we prove that
un(t) ∈ AP(R, C) and we substitute it in the right-hand side of the equation
for un−1(t), we obtain for un−1(t) an equation similar to the last equation in
equation (5.60),

u̇ = λu + g(t), (5.61)

where g(t) = bn−1,nun(t)+ f̃n−1(t) ∈ AP(R, C). This process can be continued
until we obtain u1(t) ∈ AP(R, C), provided any bounded u(t) from equa-
tion (5.61) is shown to be in AP(R, C) regardless of the value of λ ∈ C and
g ∈ AP(R, C).

The solution of equation (5.61) is given by the formula

u(t) = eλt

[
c +

∫ t

0

e−λsg(s)ds

]
, t ∈ R, (5.62)

where c stands for an arbitrary complex number.
We need to distinguish three different situations according to the value of

Re λ: (1) Reλ < 0; (2) Re λ = 0; (3) Reλ > 0.
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From our hypothesis on x(t), we know that u(t) must be bounded on R.

Case 1. Since eλt −→ ∞ as t −→ −∞, the only chance to obtain u(t) from
equation (5.62) bounded on R is to have c+

∫ −∞
0

e−λsg(s)ds = 0. The integral
always exists due to the boundedness of g(t) on R. This choice for the constant
c leads to the following solution for the scalar equation (5.61):

u(t) =
∫ t

−∞
eλ(t−s)g(s)ds, t ∈ R. (5.63)

This expression for u(t) as a convolution in which the first factor is in
L1(R−, C) defines an almost periodic solution to equation (5.61). Since the
homogeneous equation corresponding to equation (5.61), u̇(t) = λu(t), has
only the zero solution bounded on R when Re λ < 0, equation (5.63) repre-
sents the unique almost periodic solution of equation (5.61).

It can be easily seen that

sup
t∈R

|u(t)| ≤ 1
|Re λ| sup

t∈R
|g(t)|. (5.64)

Case 2. When Re λ = 0, there follows eλt = eiωt for some ω �= 0. But the
solution of equation (5.61) is then

u(t) = ceiωt + eiωt

∫ t

0

e−iωsg(s)ds. (5.65)

We derive from the above that u(t) is bounded on R if and only if the integral∫ t

0
eiωsg(s)ds is bounded there. Since the function e−iωsg(s) is in AP(R, C),

from Theorem 5.1 we find that its integral is also in AP(R, C).
Consequently, all bounded solutions of equation (5.61) are in AP(R, C).

Case 3. This case is completely analogous to Case 1, and for Reλ > 0 there
exists only one bounded almost periodic solution of equation (5.61). It is given
by the formula

u(t) = −
∫ ∞

t

eλ(t−s)g(s)ds, t ∈ R. (5.66)

To summarize, we start with a bounded solution x = x(t) of equation
(5.53), which by means of the linear transformation x = Tu generates a
bounded solution of equation (5.55). This solution of (5.55) is necessarily
in AP(R, Cn), as seen in the discussion above, when all possible cases for
Re λ have been considered and all uk, 1 ≤ k ≤ n, have been found to be
almost periodic. Hence, x(t) is also in AP(R, Cn), which ends the proof of
Proposition 5.12.

The case where Re λk �= 0, k = 1, 2, . . . , n, is interesting in connection with
the uniqueness of the almost periodic solution. The following proposition is
basically proven above.
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Proposition 5.13. Consider the system (5.53) under the same conditions as
in Proposition 5.12 plus Re λk �= 0, k = 1, 2, . . . , n. Then there exists a unique
bounded (and hence almost periodic) solution x(t) for each f ∈ AP(R, Cn).
Moreover, an estimate of the form

|x|AP ≤ K|f |AP (5.67)

is valid with K > 0 independent of f (and hence depending on A only).

Proof. As seen in the proof of Proposition 5.12, if Reλk �= 0, the corresponding
(reduced) equation has only one almost periodic solution in AP(R, Cn). Since
Re λk = 0 is not a possibility, the uniqueness is proven. It can also be obtained
by observing that the homogeneous equation (i.e., when f(t) = θ, the null
element in Cn) has no bounded solution on R except x = 0 (or u = 0).

The estimate (5.67) is a consequence of the estimates on coordinates of
the form (5.64).

Remark 5.8. The proposition above tells us that the operator f −→ x on
AP(R, C) is continuous. By x we mean the unique solution in AP(R, C) of
equation (5.53).

Remark 5.9. The inverse operator of f −→ x can be expressed as an integral,

x(t) =
∫ t

−∞
X−(t − s)f(s)ds −

∫ ∞

t

X+(t − s)f(s)ds, (5.68)

where the matrices X− and X+ are such that X−(t) + X+(t) = X(t), with
Ẋ(t) = AX(t), X(0) = I = the unit n×n matrix; moreover, X−(t) contains
only the parts of entries in X(t) with Reλk < 0, while X+(t) has a similar
meaning related to the terms with Reλk > 0.

It is a simple exercise to check that x(t) given by equation (5.68) satisfies
equation (5.53) and is bounded on R. Hence, it does represent the unique
solution of equation (5.53) in AP(R, Cn).

Remark 5.10. The formula (5.68) can be used to extend the result of
Proposition 5.13 to the case where f ∈ S(R, Cn).

Indeed, we can rewrite equation (5.68) in the convolution form

x(t) =
∫

R

K(t − s)f(s)ds, t ∈ R, (5.68′)

with K(t) = X−(t) for t > 0 and K(t) = X+(t) for t ≤ 0.
Since ‖K‖ ∈ L1(R,R), there results x ∈ S(R, Cn), as seen in Section 3.3,

where we defined and investigated the almost periodic function in the sense
of Stepanov. In other words, the operator f −→ x, f and x being related by
equation (5.53), is defined on S(R, Cn). Of course, it is assumed that Reλk �=
0, k = 1, 2, . . . , n.
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The result just stated is not the best possible under our assumptions.
Actually, the following proposition can be proved.

Proposition 5.14. Consider the equation (5.53), and assume that Re λk �= 0,
k = 1, 2, . . . , n, with λk satisfying det(λkI −A) = 0. Then the operator f −→
x, with f and x connected by equation (5.53), is a continuous operator from
S(R, Cn) into AP(R, Cn).

Proof. We shall use the convolution (5.68′), representing the connection be-
tween f and x. As seen above, the kernel K(t), defined by means of X−(t) and
X+(t), is in L1(R,L(Cn, Cn)). But taking into account the properties of the
matrices X−(t) and X+(t), we realize that K(t) is decreasing exponentially
at ±∞. In other words, we can find positive numbers M and α such that

‖K(t)‖ ≤ Me−α|t|, t ∈ R. (5.69)

Let us now return to the formula (5.68′) expressing the unique solution in
S(R, Cn) of equation (5.53) with f ∈ S(R, Cn). Also taking into account the
growth of X−(t) and X+(t), we can find an estimate of the form

|x(t)|AP ≤ N |f(t)|S , (5.70)

with N > 0, independent of f ∈ S(R, Cn). The inequality (5.70) proves that
the solution of equation (5.53) in S(R, Cn) is actually in AP(R, Cn). Moreover,
the operator f −→ x, with f and x related by equation (5.53), is continuous
from S(R, Cn) into AP(R, Cn).

The details for obtaining the estimate (5.70) from equation (5.68′), when
K(t) satisfies formula (5.69), can be summarized as

x(t) =
∫ t

−∞
K(t − s)f(s)ds +

∫ ∞

t

K(t − s)f(s)ds = u(t) + v(t),

|u(t)| ≤ Me−αt

∫ t

−∞
eαs|f(s)|ds

≤ e−αt

(
eαt

∫ t

t−1

|f(s)|ds + eα(t−1)

∫ t−1

t−2

|f(s)|ds + · · ·
)

≤ M
(
1 + e−1 + e−2 + · · ·

)
|f |S =

Me

e − 1
|f |S .

Similar estimates are valid for v(t), which lead to formula (5.70), and this
ends the proof.

Remark 5.11. We can use the convolution formula (5.68′) to obtain a similar
result for the space AP1(R, C). Indeed, if we take f ∈ AP1(R, C) with

f(t) =
∞∑

j=1

aje
iλjt, t ∈ R, (5.71)
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where aj ∈ Cn and λj are real and
∑∞

j=1|aj | < ∞, then one finds with the
notation above that

x(t) =
∫

R

K(t − s)f(s)ds =
∫

R

K(t − s)

⎛
⎝

∞∑
j=1

aje
iλjs

⎞
⎠ ds

=
∞∑

j=1

aj

(∫

R

K(t − s)e−iλj(t−s)ds

)
eiλjt =

∞∑
j=1

ãje
iλjt,

where
ãj = aj

∫

R

K(u)e−iλjudu, j = 1, 2, . . . .

Therefore, |ãj | ≤ |K|L1 |aj |, j = 1, 2, . . . , which shows that
∑∞

j=1|ãj | < ∞;
i.e., x(t) ∈ AP1(R, Cn).

The reader is invited to examine the operator f −→ x with f and x related
by equation (5.53), considering other spaces of almost periodic functions (e.g.,
Besicovitch spaces AP2(R, Cn) and B(R, Cn)). Apparently, these cases have
not yet received the attention of researchers.

As seen in Propositions 5.13 and 5.14, the basic hypothesis was Re λk �= 0,
k = 1, 2, . . . , n, where λk are the eigenvalues of the matrix A. It is therefore
interesting to examine the problem of almost periodicity of the solutions of
equation (5.53) when the matrix A possesses purely imaginary eigenvalues.

For instance, in the case n = 1, the equation ẋ = iαx + eiαt, in which
A = iα = the unique eigenvalue (α = real), has the general solution x(t) =
(t + x0)eiαt with arbitrary x0 ∈ C, and none of its particular solutions is
bounded (and hence cannot be almost periodic).

Of course, this example does not mean that we should not expect almost
periodic solutions when A has purely imaginary eigenvalues. Actually, in the
introduction, we examined equation (5.4), for which quasi-periodic solutions
have been found, under adequate assumptions on the forcing term. But the
eigenvalues of the matrix of the system ẋ = ωy, ẏ = −ωx are ±iω, ω �= 0.

Instead of dealing with this situation, we shall postpone the investigation
until we examine the problem for linear systems of the form

ẋ(t) =
∫

R

[dA(s)]x(t − s) + f(t), (5.72)

which contain as a very special case the system (5.53).
In concluding this section, we will consider a simple example that occurs

in the theory of oscillations described by second-order linear differential equa-
tions. Of course, the forcing term will be chosen to be almost periodic, more
precisely in AP(R, C).

Consider the second-order linear differential equation

ẍ + 2aẋ + bx = f(t), t ∈ R, (5.73)
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with a, b ∈ R and f ∈ AP(R,R). Equation (5.73) describes the linear mo-
tion of a point attracted or repulsed by the origin that encounters a friction
(proportional to its velocity ẋ) and is subject to an external force represented
by f(t).

The linear system equivalent to equation (5.73) is
{

ẋ = y,

ẏ = −bx − 2ay + f(t),
(5.74)

and the eigenvalues of the matrix

A =

(
0 1

−b −2a

)

are λ1 = −a −
√

a2 − b, λ2 = −a +
√

a2 − b. If one assumes ab �= 0, then
both roots have real parts different from zero when a2 − b < 0 are real and of
contrary sign when a2− b > 0, and both are equal to −a �= 0 when a2− b = 0.

Therefore, under the main assumption ab �= 0, equation (5.73) has a unique
solution in AP(R,R) for any f ∈ AP(R,R). It is obvious that ẋ and ẍ are
also in AP(R,R), which means that not only is the space variable x(t) almost
periodic but the velocity and the acceleration also.

Based on Proposition 5.14, we can conclude that if f ∈ S(R,R), the space
variable x(t) and the velocity ẋ(t) are both in AP(R,R).

We invite the reader to examine the case where either number a, or b, or
both, are zero.

5.5 Linear Periodic and Almost Periodic Oscillations
in Systems Described by Convolution Equations

In this section, we shall be concerned with periodic or almost periodic solu-
tions of differential equations of convolution type of the form

ẋ(t) =
∫

R

[dA(s)]x(t − s) + f(t), t ∈ R, (5.75)

where A : R −→ L(Rn, Rn) is a matrix whose entries are real-valued functions
with bounded variation on R always assumed to be left continuous. It is also
assumed that f : R −→ Cn, x : R −→ Cn.

It is generally known that the system (5.75) contains as particular cases
several types of functional equations/systems that appear in the literature.

For example, the linear equation ẋ(t) = Ax(t) + f(t), investigated in
Section 5.4, can be obtained from equation (5.75) by letting A(s) = O =
the zero matrix of type n×n for s ≤ 0,

A(s) = (aij), i, j = 1, 2, . . . , n, for s > 0.



5.5 Convolution Equations 157

Similarly, if we choose some positive numbers tk, k = 1, 2, . . . , N, then one
obtains from equation (5.75) the system with delays (say 0 < t1 < t2 < · · · <
tN )

ẋ(t) =
N∑

k=1

Akx(t − tk) + f(t) (5.76)

by choosing A(s) = 0 for s ≤ t1, A(s) = A1 for t1 < s ≤ t2, then A(s) = A2

for t2 < s ≤ t3, and so on.
We can also obtain more complex systems such as

ẋ(t) =
∞∑

k=1

Akx(t − tk) +
∫

R

B(s)x(t − s)ds (5.77)

with tk ∈ R, k ≥ 1, and

∞∑
k=1

|Ak| < ∞,

∫

R

|B(s)|ds < ∞. (5.78)

For various properties of systems of the form (5.77) with tk ≥ 0 and
B(s) = 0 for s > 0, see the author’s book [25].

For the investigation of the system (5.75), we shall need the Fourier–
Stieltjes transformation, which is defined by

Ã(is) =
∫

R

[dA(t)]e−its, s ∈ R.

Under our assumptions on A(t), the Fourier–Stieltjes transform is defined
on R. If A(t) is differentiable, which implies |A′| ∈ L1(R,R), one obtains the
Fourier transform of A′(s) for functions in L1(R,R). Therefore, we may regard
the Fourier transform as a special case of the Fourier–Stieltjes transform.
Namely, one integrates in the latter with respect to the measure dA(t) (instead
of the Lebesgue measure in the case of the Fourier transform).

We shall now deal with the problem of periodicity of solutions of equation
(5.75), assuming that the forcing term f(t) is a periodic function of period
ω > 0 (i.e., ω is the minimal period for f).

Instead of assuming f to be a continuous periodic function, we shall in
fact deal with f ∈ L2([0, ω], Cn) and extend it to the whole real axis R by
letting f(t + ω) = f(t) a.e. In this manner, we allow more generality in the
forcing term, including cases where discontinuities are present.

Changing somewhat the notation used in Section 4.6 when discussing the
Fourier series corresponding to a periodic function of period 2π/ω, we shall
now write

f(t) ∼
∑
k∈Z

fkeiωkt, (5.79)

where ωk = 2kπ/ω, k ∈ Z.



158 5 Linear Oscillations

We note that the Bessel–Parseval formula becomes

∑
k∈Z

|fk|2 =
1
ω

∫ ω

0

|f(t)|2dt. (5.80)

Formula (5.80) is a special case of the Bessel–Parseval formula (see, for in-
stance, the author’s book [23] or any book containing the theory of Hilbert
spaces).

For equation (5.75), one tries to find periodic solutions of the form

x(t) =
∑
k∈Z

xkeiωkt, t ∈ R. (5.81)

We have in mind, of course, solutions in Carathéodory’s sense (i.e., satisfying
the equation a.e.). Substituting (now formally) x(t) given by equation (5.81)
into equation (5.75) and taking into account formula (5.79), we obtain the
following infinite system of equations for xk, k ∈ Z :

iωkxk =
(∫

R

[dA(s)] e−iωks

)
xk + fk. (5.82)

These equations can also be rewritten in the form

[iωkI − Ã(iωk)]xk = fk, k ∈ Z. (5.83)

It is obvious from equation (5.83) that the condition

det[isI − Ã(is)] �= 0, s ∈ R, (5.84)

will suffice for getting a unique xk, k ∈ Z, which can lead to a unique perio-
dic solution to equation (5.75), provided the series on the right-hand side of
equation (5.81) converges in some sense. This would be true for any period
ω > 0.

On the other hand, we realize that condition (5.84) is much too strong if
we deal with a fixed period ω. As seen from equation (5.83), it will be sufficient
to assume that formula (5.84) holds true only for s = ωk, k ∈ Z.

We shall now prove a proposition that will allow us to formulate an
even weaker condition that ensures the unique solvability of equations (5.82)
or (5.83).

Proposition 5.15. Let s ∈ R be a solution of the equation

det[isI − Ã(is)] = 0. (5.85)

Then
|s| ≤

∫

R

|dA(t)| = γ < ∞. (5.86)
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Proof. Let us note that the right-hand side in equation (5.86) represents the
total variation of A(t) on R, which we assumed to be finite.

If equation (5.85) holds for some s ∈ R, then the linear system isv =
Ã(is)v has nontrivial solution v ∈ Cn. Hence, |s||v| ≤ |Ã(is)||v|, where | · | is
the Euclidean norm in Cn, while |Ã(is)| is the matrix norm induced by the
Euclidean norm for vectors. Since |v| �= 0, one obtains |s| ≤ |Ã(is)|. But from
formula (5.78) one derives

|Ã(is)| ≤
∫

R

|dA(t)|, (5.87)

which means that equation (5.86) is true.

Corollary 5.1. From Proposition 5.15, there results that the only values for
ωk needed in the conditions

det[iωkI − Ã(iωk)] �= 0 (5.88)

are those for which ωk ≤ γ < ωk+1, as well as their opposite ω−k.

Obviously, there is a maximum k > 0 satisfying ωk ≤ γ < ωk+1, which
means that we actually involve only a finite number of k’s in formulating the
solvability condition for the system (5.83).

We now have all the elements necessary to formulate an existence result
for periodic solutions to the equation/system (5.75).

Theorem 5.6. Consider the equation (5.75) under the following assumptions:

(a) f ∈ L2([0, 0], Cn) and then extended by periodicity to R by f(t + ω) = f(t)
a.e.

(b) A(t) ∈ L(Rn, Rn), t ∈ R, has bounded variation on R and is left contin-
uous.

(c) Condition (5.88) is verified for |k| ≤ p, with p the greatest integer for
which ωp ≤ γ < ωp+1.

Then there exists a unique solution x(t) of equation (5.75), periodic with period
ω, satisfying the equation a.e. such that its Fourier series

∑
k∈Z

[iωkI − Ã(iωk)]−1fkeiωkt (5.89)

converges uniformly and absolutely.

Proof. The construction of the series (5.83) has been given above, and
Corollary 5.1 to Proposition 5.15 allows us to restrict the validity of formula
(5.88) to these k such that |k| ≤ p.

The uniform and absolute convergence of the series (5.89) follows easily
from the estimate
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|[iωkI − Ã(iωk)]−1fk| ≤ M(ω−2
k + |fk|2) (5.90)

with M > 0 for |k| ≥ p+1. To obtain formula (5.90), we rely on the fact that
Ã(iωk)/ωk −→ 0 as |k| −→ ∞. Using equation (5.80), we obtain the uniform
and absolute convergence of the series (5.89), which defines a function x(t).

We need to verify the fact that we have obtained indeed a solution of
equation (5.75). Using equation (5.80), we have

∫
R
[dA(s)]x(t − s) =

∫

R

[dA(s)]
∑
k∈Z

xkeiωk(t−s)

=
∑
k∈Z

(∫

R

[dA(s)]e−iωks

)
xkeiωkt

=
∑
k∈Z

Ã(iωk)xkeiωkt,

with xk, k ∈ Z, given by equation (5.83). Hence,
∫

R

[dA(s)]x(t − s) + f(t)

=
∑
k∈Z

{
Ã(iωk)[iωkI − Ã(iωk)]−1fk + fk

}
eiωkt

=
∑
k∈Z

{
iωk[iωkI − Ã(iωk)]−1

}
fkeiωkt

(5.91)

because
Ã(iωk)[iωkI − Ã(iωk)]−1fk

= [iωk − iωk + Ã(iωk)][iωkI − Ã(iωk)]−1fk

= iωk[iωkI − Ã(iωk)]−1 − fk.

The series in the last term of equation (5.91) is the Fourier series of the
derivative ẋ(t). Hence, we can assert that x(t) given by formula (5.89) satis-
fies a.e. equation (5.75).

The uniqueness follows from the remark that the difference of two (pos-
sible) solutions has a Fourier series that has all coefficients zero.

The proof of Theorem 5.6 is complete.

Remark 5.12. In the case of ordinary differential equations of the form
ẋ(t) = Ax(t) + f(t), condition (5.88) becomes det[iωI − A] �= 0 for ω = ωk.
This means that iωk must not coincide with any characteristic root of A. In
particular, if ω > 0 is large enough, then formula (5.88) is automatically
satisfied. In other words, we can have periodic solutions for the equation
ẋ(t) = Ax(t) + f(t) when A is such that among its characteristic roots there
are some with zero real part, but the period ω > 0 of f(t) does verify the
condition det[(iωk) I − A] �= 0.
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Remark 5.13. In case condition (5.88) is violated by some k’s, it is obvi-
ous from equation (5.83) that we cannot have periodic solutions for equation
(5.75), regardless of how we choose f(t). The discussion of such cases, though
very important for the theory of oscillations, will be omitted here. See some
indications in the author’s book [23] and in Schwabik et al. [87].

Using the same approach as in the periodic case, we shall now investigate
the problem of almost periodicity for the solutions of equation (5.75). We
will maintain the conditions specified for the matrix A(t), but f(t) will be
assumed almost periodic in a certain sense. We shall look for solutions to
equation (5.75) that belong to the space AP1(R, Cn). More general conditions
will be examined in Section 5.6.

Let us now assume that f ∈ AP(R, Cn), and the Fourier series is

f(t) ∼
∞∑

k=1

fkeiλkt, (5.92)

with fk ∈ Cn, k ≥ 1, and λk ∈ R. It is then natural to seek a solution x(t) to
equation (5.75) also in AP(R, Cn), if any, that will be completely determined
by its Fourier series

x(t) ∼
∞∑

k=1

xkeiλkt. (5.93)

Substituting formula (5.93) on the right-hand side of formula (5.75), we obtain
as above ∫

R

[dA(s)]x(t − s) + f(t) ∼
∞∑

k=1

[Ã(iλk) + fk]eiλkt.

It is important to note that the operator

x(t) −→
∫

R

[dA(s)]x(t − s)

is acting continuously on AP(R, Cn) due to the conditions imposed on A(t) in
this section, namely

∣∣∣∣∣
∫

R

dA(s)

[
x(s) − y(s)

]∣∣∣∣∣
AP

≤ γ|x − y|AP.

On the other hand, if equation (5.75) has an almost periodic solution, its
derivative will also be almost periodic, and therefore

ẋ(t) ∼
∞∑

k=1

iλkxkeiλkt. (5.94)

This leads to the system of equations for the coefficients xk

[iλkI − Ã(iλk)]xk = fk, k ≥ 1, (5.95)
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similar to the system (5.83). Of course, equation (5.95) must take place if we
want x(t) in formula (5.93) to be a solution of equation (5.75).

Based on Proposition 5.15, we are permitted to restrict the discussion of
the solvability of equation (5.95) only for those xk’s that verify the condition

|λk| ≤ γ =
∫

R

|dA(s)|. (5.96)

We shall state and prove a result of the existence of solutions in AP1(R, Cn)
for equation (5.75).

Theorem 5.7. Consider equation (5.75) under the following assumptions:

(a) f ∈ AP(R, Cn) and formula (5.92) is verified.
(b) the same as in Theorem 5.6.
(c) For all λk’s satisfying equation (5.96),

det[iλkI − Ã(iλk)] �= 0. (5.97)

(d)The Fourier exponents of f satisfy

∞∑
k=1

|λk|−2 < ∞. (5.98)

Then there exists a unique solution x(t) ∈ AP1(R, Cn) to equation (5.75). The
Fourier series of this solution is

∞∑
k=1

[iλkI − Ã(iλk)]−1fkeiλkt. (5.99)

Proof. From equation (5.96) and formula (5.97), the construction of the series
(5.99) is assured. We need to prove first its uniform and absolute convergence
(on R). The proof is very similar to the proof of Theorem 5.6. We point
out that formula (5.98) implies |λk| −→ ∞ as k −→ ∞. This means that
Ã(iλk)/λk −→ 0 as k −→ ∞, which obviously implies |iI − Ã(iλk)/λk| ≤
M < ∞, k ≥ 1, taking the Euclidean norm for the matrix iI − Ã(iλk)/λk,
k ≥ 1.

We now obtain the inequalities
∣∣∣[iλkI − Ã(iλk)]fk

∣∣∣ ≤ M

2
(
|λk|−2 + |fk|2

)
, k ≥ 1, (5.100)

which imply the validity of the uniform and absolute convergence of the series
(5.99) as well as the fact that its sum belongs to AP1(R, Cn). Of course, we
had to rely on the fact that

∑
|fk|2 < ∞, which is a consequence of Bessel’s

inequality for the Fourier coefficients of functions in AP(R, Cn).
An argument similar to that used in the last part of the proof of Theorem

5.6 will tell us that the sum of the series (5.99) verifies equation (5.75).
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The uniqueness can also be proven as in Theorem 5.6, observing that the
Fourier coefficients of the difference of two solutions of equation (5.75) must
all vanish.

This ends the proof of Theorem 5.7.

Remark 5.14. Based on condition (d) of Theorem 5.7, we can assert that
the number of λk’s for which formula (5.97) must hold is finite. If there is no
λk satisfying equation (5.96), condition (5.97) is automatically verified, and
therefore it can be dropped.

Remark 5.15. Condition (d) in Theorem 5.7 is rather restrictive and dimin-
ishes the class of almost periodic functions that are acceptable in the theorem.
Fortunately, it is always verified in the case of periodic functions (of any pe-
riod).

Remark 5.16. An alternate proof of Theorem 5.7, under somewhat more
restrictive conditions, is given in the author’s paper [26]. It is shown first that
if f is a trigonometric polynomial, one also obtains a trigonometric polynomial
as the solution, as well as the continuity of the linear map f −→ unique
solution of equation (5.75). Then, the result is extended to the case f ∈
AP1(R, Cn) or f ∈ AP(R, Cn).

It is natural to ask whether one can obtain results similar to those in
this section when f belongs to spaces of almost periodic functions richer than
AP(R, Cn). We have seen, for instance, that f ∈ S(R, Cn) is acceptable for
systems/equations of the form (5.53). Let us note that the operator on the
right-hand side of equation (5.75) does not leave invariant all spaces of almost
periodic functions. Actually, the integral

∫
[dA(s)]x(t−s) may not make sense

in the classical framework. In such cases, one must make recourse to the theory
of distributions (or generalized functions), an approach we shall consider in
the next section.

We shall now deal with a special case of equation (5.75), namely the one
described by equation (5.77). Under adequate conditions, similar to those
in Theorem 5.7, we shall be able to prove that choices more general than
f ∈ AP(R, Cn) are acceptable. For instance, the case f ∈ S(R, Cn) can be
treated satisfactorily. The condition imposed on the Fourier–Stieltjes trans-
form appearing in equation (5.77) is now formulated in a slightly different way
than in the case of equation (5.75), even though it is equivalent to equation
(5.84). Let us note that in equation (5.77) the transform has the form

Ã(iω) =
∞∑

k=1

Ake−iωtk +
∫

R

B(t)e−iωtdt. (5.101)

The “characteristic” equation (a special case of formula (5.84)) is

det[iωI − Ã(iω)] = 0, ω ∈ R,

with Ã(iω) given by equation (5.101).
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The number γ defined by equation (5.86) is now

γ =
∞∑

k=1

|Ak| +
∫

R

|B(t)|dt. (5.102)

It is always finite if conditions (5.78) are satisfied.
From equation (5.101), we see that Ã(iω) is the sum of an almost periodic

function in AP1(R, Cn) and the (classical) Fourier transform of the matrix
B(t).

It is also worth noting that the operator on the right-hand side of equation
(5.77) is defined on the space S(R, Cn) because both operators

x(t) −→
∞∑

k=1

Akx(t − tk)

and

x(t) −→
∫

R

B(s)x(t − s)ds

are defined and continuous on S(R, Cn). For the first operator, the assertion
is obvious, while for the second it has been proven in Section 3.3.

In order to obtain an existence result for equation (5.77), it will be neces-
sary to consider the space S2(R, Cn) ⊂ S(R, Cn) because for S(R, C) we do
not have Bessel’s inequality. Since S2(R, Cn) ⊂ B2(R, Cn) = AP2(R, Cn), we
can rely on that inequality for any f ∈ S2(R, Cn).

We shall now state the result for the existence of an almost periodic solu-
tion to equation (5.77), which is similar to the result contained in Theorem 5.7.

Theorem 5.8. Let us consider equation (5.77) under the following assump-
tions:

(a) The matrices Aj , j ≥ 1, and B(t) satisfy the estimates (5.78).
(b) f ∈ S2(R, Cn),

f(t) ∼
∞∑

k=1

fkeiλkt,

with λk ∈ R, k ≥ 1, and such that formula (5.98) holds.
(c) For all λk’s satisfying equation (5.96) with γ given by equation (5.102),

we have formula (5.97) satisfied, where Ã(iλk) are obtained from equation
(5.101).

Then, there exists a unique solution x(t) to equation (5.77) such that x(t) ∈
AP1(R, Cn), while its Fourier series is given by formula (5.99).

Proof. The proof of Theorem 5.8 goes along the same lines as the proof of
Theorem 5.7.
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It is not a particular case of the preceding theorem due to the fact that we
allow more generality for the free (forcing) term f(t): f ∈ S2(R, Cn) instead
of f ∈ AP(R, Cn).

On the other hand, equation (5.77) is a special case of equation (5.75) due
to the special choice of A(t).

We have discussed above the specific features occurring when we deal
with equation (5.77) instead of equation (5.75), and the key to the proof is
the inequality (5.100), which remains valid because Bessel’s inequality holds
for the elements of S2(R, Cn).

This ends the proof of Theorem 5.8.

Remark 5.17. The Bessel inequality holds for more general spaces of almost
periodic functions (e.g., for B2(R, Cn)). As noted above in this section, the
right-hand side of equation (5.77) may not make sense for x ∈ B2(R, Cn). We
can provide a sense of the convolution product appearing on the right-hand
side of equation (5.77) when x ∈ B2(R, Cn) if we considerably restrict the
condition imposed on B(t).

Namely, it can be proved that
∫

R
B(s)x(t − s)ds makes sense for each

x ∈ B2(R, Cn) as soon as B(t) verifies (1 + t2)|B(t)| ∈ L1(R,R). This last
condition is much more restrictive than formula (5.78). The reason such a
condition works follows from the fact that B2(R, Cn) is part of a weighted
L1-space, namely for each x ∈ B2, (1 + t2)−1|x(t)|2 ∈ L1(R,R).

Some considerations related to this case can be found in our paper [26],
where a brief discussion is conducted.

5.6 Further Results on Almost Periodic Oscillations
in Linear Time-Invariant Systems

The systems dealt with in the preceding sections belong to the class of time-
invariant systems, and all of them can be described by means of convolutions
between certain functions (or matrix functions).

Actually, there is a result due to L. Schwartz (see K. Yosida [103]) in the
theory of distributions that, roughly speaking, states that any time-invariant
operator (to be defined below) is a convolution operator.

We will assume the reader has some acquaintance with the theory of dis-
tributions (see L. Schwartz [88] and K. Yosida [103]) in order to better de-
scribe the concepts that will appear in this section, especially those related
to the almost periodic distribution and the Fourier transform of tempered
distributions.

The equation to be dealt with is formally the same equation (5.75), which
we will rewrite in the (equivalent under some conditions) form

x′(t) + (A ∗ x)(t) = f(t), t ∈ R, (5.103)
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where A is a matrix-valued function, A : R −→ L(Cn, Cn), x, f : R −→ Cn,
and the ∗ sign stands for the convolution of functions.

We will regard equation (5.103) as an equation in distributions, even
though A will stand for a finite measure, which is a rather special kind of
distribution, and f will usually be assumed to be in L∞(R, Cn) or a subspace
of it.

In equation (5.103), x′(t) means the derivative of x(t) in the distributional
sense, which implies its existence for any locally integrable x(t).

Since we shall use the Fourier transformation of distributions, it is auto-
matically implied that we mean tempered distributions. This is the case of
both finite measures and L∞-functions, a feature that will allow us to take
the Fourier transformations of both sides in equation (5.103).

Let us recall that the space of distributions D′(R, C), as defined by
L. Schwartz [88], consists of the linear continuous functionals on the test-
function space C∞

0 (R, C), the latter being the space of infinitely differentiable
maps from R into C with compact support, with the following type of conver-
gence: xn −→ x iff there exists a compact K ⊂ R such that supp(xn) ∈ K,
n ≥ 1, while Djxn −→ Djx uniformly on K for each j ≥ 0 (here Dj

stands for the derivative of order j). The C∞
0 (R, C) with this sort of con-

vergence/topology is denoted by D(R, C). The space of distributions D′(R, C)
appears as the dual space of D(R, C).

According to the definition above, a distribution T ∈ D′(R, C) is a linear
continuous map: T : D(R, C) −→ C. The continuity means that xn −→ x in
D(R, C) implies T (xn) −→ T (x) in C. Elementary operations, for distributions
such as addition and scalar multiplication, can be routinely defined. The pro-
duct does not necessarily make sense as well as the convolution product of
two distributions.

The derivative of a distribution is defined by

T ′(x) = −T (x′), x ∈ C∞
0 (R, C).

And since x is indefinitely differentiable, any distribution can be differentiated
any number of times, the result of differentiation also being a distribution.

For f ∈ L1
loc(R, C), the associated distribution is defined by

Tf (x) =
∫

R

f(t)x(t)dt, x ∈ D(R, C), (5.104)

which tells us clearly that distributions can be regarded as generalized func-
tions.

The Schwartz result we mentioned above states that any linear continuous
mapping L from D′(R, C) into C∞(R, C) such that L(τhx) = τh(Lx) for any
h ∈ R and x ∈ D(R, C), where (τhx)(t) = x(t − h), can be represented as a
convolution, L(x) = T ∗ x, where the distribution T ∈ D′(R, C) is completely
determined by L.
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Remark 5.18. The convolution product of a distribution in D′(R, C) with a
function in D(R, C) is always defined. The convolution product of two distri-
butions is also defined if one of them has compact support (see, for instance,
K. Yosida [103]). In the first case, the definition is by the formula

(T ∗ x)(t) = Ts(x(t − s)),

where Ts means that the distribution T is acting on the test function x,
regarded as a function of s.

Remark 5.19. It is known, particularly in the engineering literature, that the
so-called time-invariant systems are usually described by means of convolution
operators. The result of L. Schwartz above tells us that (in a broad sense) all
time-invariant systems can be described by means of operatorsor equations of
convolution type in the case of functions as well as distributions (generalized
functions).

It is necessary to introduce another class of distributions for which it is
possible to define the Fourier transform. In the classical literature, the Fourier
transformation is usually defined for functions x ∈ L1(R, C) as well as for those
in L2(R, C).

For distributions in D′(R, C), the Fourier transformation is not defined in
general. The tempered distributions constitute a class for which the Fourier
transformation is defined, and it is also a distribution.

We start with the space S(R, C) of test functions consisting of those maps
from R into C differentiable of any order and such that

sup
t∈R

|tkDjx(t)| < ∞, k, j ≥ 0. (5.105)

A tempered distribution is a linear continuous functional T : S −→ C.
The seminorms defining the topology on S(R, C) are those appearing in

the inequality (5.105) above for the test functions.
The space of tempered distributions is usually denoted by S′(R, C), and it

appears as the dual space of S(R, C).
The Fourier transform T̂ of a distribution T ∈ S′(R, C) is simply defined

by the formula
T̂ (x) = T (x̂), x ∈ S(R, C). (5.106)

This definition is motivated by the fact that, for each x ∈ S(R, C), the Fourier
transformation

x̂(t) = (2π)−1/2

∫

R

x(s)e−itsds (5.107)

is defined and x̂ ∈ S(R, C). This assertion follows quite easily if we take into
account the definition of the space S(R, C) and differentiate (with respect to t)
any number of times in (5.107).
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Remark 5.20. If f ∈ L1(R, C) and Tf is the associated distribution defined
by equation (5.104), then T̂f = Tf̂ , where f and f̂ are related by

f̂(t) = (2π)−1/2

∫

R

f(s)e−itsds.

This formula shows that the Fourier transform for tempered distributions
coincides with the classical transform for functions in L1(R, C). In the integral
T̂f (x) =

∫
R

f(s)x̂(s)ds, one has to change the order of integration.

Remark 5.21. The coefficient (2π)−1/2 in front of the integral in equation
(5.107) is sometimes used because of the symmetry in the inverse formula for
equation (5.106):

x(t) = (2π)−1/2

∫

R

x̂(s)eitsds.

A similar discussion can be conducted in the case of the classical Fourier
transform on the space L2(R, C), the conclusions being the same: The Fourier
transform for tempered distributions coincides with the classical transform of
L2-functions when the distribution is an L2-function.

The procedure used above to construct the distribution spaces D′(R, C)
and S ′(R, C) can be applied to many other situations. One starts with a test-
function space endowed with a topology, and the “distributions” are nothing
but the elements of the dual space (i.e., the linear continuous functionals).
See the references mentioned above for other examples of distribution spaces.

An important space of particular distributions is the space of measures,
defined as follows. Let the test-function space consist of all continuous func-
tions in C(R, C) such that each has a compact support; on this space one can
define a convergence/topology the same way we proceeded with C∞

0 (R, C);
then, any continuous linear functional will be called a measure (on R, with
complex values) and similarly for real-valued measures.

If L is such a functional, then we can represent it by the formula

L(x) =
∫

R

x(s)dμ(s) (5.108)

according to a well–known result due to F. Riesz and M. Fréchet. The integral
in equation (5.108) is a Stieltjes integral, and μ is a function with bounded
variation on any compact interval of R. When μ has bounded variation on R,
then we say that μ is a finite measure.

Of course, equation (5.108) makes sense when x ∈ C∞
0 (R, C), and formula

(5.108) can be regarded as describing those distributions that reduce to
measures.

It is useful to note that a finite measure is also a tempered distribution,
which will allow us to use the Fourier transform for such distributions.
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These few facts we have gathered above about distributions will allow us
to look at the equation (5.75) or (5.103) as an equation in distributions. We
will rewrite these equations in the form

x′ + μ ∗ x = f, (5.109)

with μ a matrix of type n×n whose entries are finite measures on R and real
valued or complex valued, and f ∈ AP(R, Cn). We shall be interested in so-
lutions to equation (5.109) such that they belong to AP1(R, Cn), AP(R, Cn),
or another space of almost periodic functions.

Since the Fourier transform method will be used substantially, we need to
consider this transform in the distributional sense.

Indeed, the classical Fourier transform cannot be applied to functions in
AP(R, Cn). For the measure μ, we shall use the Fourier–Stieltjes transform,
which coincides with the Fourier transform for tempered distributions.

Let us mention here that a distribution T ∈ D′(R, C) is called almost
periodic iff T ∗ x ∈ AP(R, C) for any x ∈ D(R, C). This definition recalls
the definition of weakly almost periodic functions (see Section 5.2). There is
another definition, based on the relative compactness of the set of translates
{τhT ; h ∈ R}, where τhT (x) = T (τ−hx), h ∈ R, with T ∈ D′(R, C). Of course,
the relative compactness is meant in the sense of convergence in D′(R, C).

The space of almost periodic distributions will be denoted by AP(R, C).
We shall also need the concept of a bounded distribution, which should be

an extension of the usual concept of boundedness for functions.
One says that T ∈ D′(R, C) is bounded if the set of the translates {τhT ;

h ∈ R} is bounded in D′(R, C). Let us recall that a set Σ in a topological
vector space (and D′ is such a space!) is bounded iff, for each neighborhood
U � θ = the zero element, there exists an integer p > 0 such that pU ⊃ Σ.
The space of bounded distributions will be denoted by B′(R, C).

An equivalent definition is that T is a bounded distribution iff T ∗ x is a
bounded function on R for each x ∈ D(R, C).

Taking into account the fact that any relatively compact set is also
bounded, there results that any almost periodic distribution is bounded.

It can be shown that any bounded distribution is also a tempered distribu-
tion (see L. Schwartz [88]). Therefore, the Fourier transform for distribution
can be applied to any bounded distribution and also to any almost periodic
distribution.

We can now reformulate the old Bohr–Neugebauer problem, which we
have considered in Section 5.4 for ordinary differential equations, for the more
general setting where we deal with functional differential equations of the
form (5.109). Namely, under what conditions can we assert that a bounded
(distributional) solution is almost periodic if f itself is an almost periodic
distribution?

This problem will be discussed in the remaining part of this section, fol-
lowing the paper of O. Staffans [93]. We will attempt to be as self-contained
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as possible, but given the complexity of the topic, it will be necessary to send
the reader to other sources (in book form).

We need to say a few words about the Fourier series attached to an almost
periodic distribution. This concept will allow us to pursue the same procedure
as in Section 5.5 to construct almost periodic solutions to equation (5.109);
in other words, to obtain from the equation the Fourier series of the solution
in terms of the Fourier series of f and the Fourier transform of the measure
μ.

Of great help in pursuing the discussion of the problem formulated above
(Bohr–Neugebauer, the Fourier series) is a result that will allow us to reduce
problems in B′(R, C) to problems in UCB(R, C) where UCB(R, C) is the sub-
space of CB(R, C) consisting of the uniformly continuous functions on R or
reduce problems in AP(R, C) to problems in AP(R, C).

Let us consider the auxiliary functions in L1(R, C)

em(t) =
tm−1

(m − 1)!
e−t, t ≥ 0 and em(t) = 0, t < 0. (5.110)

The result we have in mind (see L. Schwartz [88]) can be stated as follows.

Proposition 5.16. For any distribution x ∈ B′(R, C), there exists an integer
m ≥ 1 such that em ∗ x ∈ UCB(R, C). If x ∈ B′(R, C), then x ∈ AP(R, C) iff
em ∗ x ∈ AP(R, C) for some integer m ≥ 1.

Based on Proposition 5.16, we can define the Fourier series for almost
periodic distributions. Namely, since for some m ≥ 1 one has em∗x ∈ AP(R, C)
given x ∈ AP(R, C), we can write (Section 4.2)

em ∗ x ∼
∞∑

k=1

bkeiλkt,

which leads us to define the Fourier series by

x ∼
∞∑

k=1

(1 + iλk)mbkeiλkt. (5.111)

The rationale for writing formula (5.111) stems from the fact that êm(s) =
(1+ is)−m and (em ∗x)̂ = êmx̂ (the product of a function and a distribution).

If for x ∈ AP(R, C) we write

x ∼
∞∑

k=1

akeiλkt, (5.112)

in accordance with formula (5.111), then λk, k ≥ 1, are called the Fourier
exponents of x, while ak, k ≥ 1, are the Fourier coefficients. The coefficients
ak, k ≥ 1, do not depend on m, but bk, k ≥ 1, do depend on m.
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Let us mention that the mean value can also be defined for distributions
in AP(R, C), and the classical approach to defining the Fourier series can be
pursued successfully.

It is obvious that what has been said above for the space AP(R, C) can be
extended in the standard manner to the space AP(R, Cn), n ≥ 1, of vector-
valued distributions or even to the case of matrix-valued distributions.

We shall now return to equation (5.109) and state the main results of
this section. They complete and substantially improve the results contained
in Section 5.5. The reason we did not omit the results in Section 5.5 is because
they have been obtained by rather elementary procedures, while in this section
the presentation requires a lot more concepts and preparation (mainly in
connection with distribution theory).

Theorem 5.9. Consider the functional differential equation (5.109) under
the following (general) assumptions:

A1:μ is a matrix-valued finite measure on R of type n×n. Equivalently, μ :
R −→ L(Cn, Cn), each entry being a function with bounded variation from
R into C.

A2:If D(s) = isI + μ̂(s), s ∈ R, where μ̂(s) =
∫

R
eistdμ(t) is the Fourier–

Stieltjes transform of μ, then the equation

det D(s) = 0, s ∈ R, (5.113)

has at most a countable set of solutions.
A3:f ∈ AP(R, Cn).

Then any solution of equation (5.109) that is a bounded distribution is an
almost periodic distribution (i.e., it belongs to AP(R, Cn)). If f ∈ S(R, Cn),
then any bounded solution of equation (5.109), in the distributional sense,
belongs to AP(R, C). Moreover, if equation (5.113) has only a finite number
of solutions and f ∈ AP(R, Cn) has the Fourier series

f ∼
∞∑

k=1

fkeiλkt (5.114)

satisfying the condition
∑

k

∣∣D−1(λk)fk

∣∣ < ∞, for those k with det D(λk) �= 0, (5.115)

then any bounded distribution solution of equation (5.109) belongs to AP1

(R, Cn).

The proof of Theorem 5.9 is rather lengthy, and we shall present it in
several steps.

First, let us dwell on the assumption A3. Since we are interested in almost
periodic solutions to equation (5.109), it is worth noting that the left-hand side
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of this equation is an almost periodic distribution, any time x is in AP(R, Cn).
Therefore, if we look for such a solution, one must necessarily accept A3.
Indeed, x ∈ AP(R, Cn) implies x′ ∈ AP(R, Cn), and the space AP(R, Cn) is
invariant (see L. Schwartz [88]) with respect to convolution by a finite matrix-
valued measure on R. In other words, if μ satisfies A1, then μ∗x ∈ AP(R, Cn)
for any x ∈ AP(R, Cn). The assertion is well known when x ∈ AP(R, Cn). It
also holds for x ∈ AP(R, Cn) because em ∗ μ ∗ x = μ ∗ em ∗ x. Moreover, if x
is as in formula (5.112), then

μ ∗ x =
∞∑

k=1

μ̂(λk)akeiλkt. (5.116)

Second, in order to carry out the proof of Theorem 5.9, it is convenient to
give an equivalent form to equation (5.109). Namely, the following statement
holds true.

Proposition 5.17. Let μ satisfy condition A1. If x ∈ B′(R, Cn) is a solution
of equation (5.109), then it verifies the equation

x + ν ∗ x = e1 ∗ f (5.117)

and vice versa, where
ν = e1 ∗ μ − e1I. (5.118)

Proof. If equation (5.109) is satisfied by x ∈ B′(R, Cn), then necessarily f ∈
B′(R, Cn). Taking the convolution product of both sides of equation (5.109)
by e1, we obtain

e1 ∗ x′ + e1 ∗ μ ∗ x = e1 ∗ f,

which leads to
e′1 ∗ x + e1 ∗ μ ∗ x = e1 ∗ f (5.119)

because the derivative of a convolution product is obtained by differentiating
either one of the factors. Since e′1 = δ − e1, with δ the Dirac distributions
(δx = x(0), x ∈ D), one obtains equation (5.119) by substituting e′1 in equa-
tion (5.118).

Conversely, if x ∈ B′(R, Cn) satisfies equation (5.117), with ν given by
equation (5.118), then differentiating both sides of equation (5.117), one
obtains

x′ + ν′ ∗ x = e′1 ∗ f. (5.120)

But e′1 = δ − e1, and ν′ = e′1 ∗ μ − e′1I = μ − e1 ∗ μ − δI + e1I = μ − δI − ν.
From equation (5.120), we now get

x′ + μ ∗ x − x − ν ∗ x = f − e1 ∗ f,

and from equation (5.117) one obtains equation (5.109).
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Third, let us note that a solution x ∈ AP(R, Cn) of equation (5.109) sa-
tisfying formula (5.112) and f satisfying formula (5.114) lead to the identity

∞∑
k=1

fkeiλkt ≡
∞∑

k=1

D(λk)akeiλkt. (5.121)

Actually, formula (5.121) should serve for finding the Fourier coefficients of
the solution in terms of the Fourier coefficients of f and the Fourier–Stieltjes
transform of μ. Obviously, assuming detD(λk) �= 0, k ≥ 1, would suffice for
uniquely determining the coefficients ak, k ≥ 1. But here we do not attempt
to prove the existence of a solution to equation (5.109). All we want now is to
show that a solution of equation (5.109), which is a bounded distribution, is
in fact in AP(R, Cn). From this point of view, another condition proves to be
useful. This condition is based on a characterization of functions in AP(R, Cn)
by means of their Fourier transform (in the distributional sense).

Fourth, we will provide this characterization after introducing the concept
of an asymptotically uniformly continuous function on R.

We shall say that x ∈ L∞(R, C) is asymptotically uniformly continuous if
for each ε > 0 there correspond T (ε) > 0 and δ(ε) > 0 such that t ≥ T (ε)
and |s| < δ(ε) imply |x(t + s) − x(t)| < ε.

The space of such functions (which is a subspace of L∞) is denoted by
AUCB(R, C). One can easily see that it is invariant with respect to the con-
volution with a finite measure.

The result we want to state here and prove later follows.

Proposition 5.18. Let x ∈ AUCB(R, C). Then x ∈ AP(R, C) iff the set of
points on R where x̂ is not almost periodic is countable.

The proof will be given at the end of this section, the result in Proposition
5.18 being significant in many circumstances.

Fifth, we shall now reduce the case of distribution solutions to the case of
functions in UCB(R, Cn). In this respect, Proposition 5.16 is the main tool.

Indeed, let us assume with respect to equation (5.109) that x ∈ B′(R, Cn),
while f ∈ AP(B, Cn) according to A3. According to Proposition 5.17, x and
f are connected by equation (5.117). If we choose m large enough, then

y = em ∗ x ∈ UCB(R, Cn) and em+1 ∗ f ∈ AP(R, Cn).

Therefore, y satisfies the equation

y + ν ∗ y = g (5.122)

with g = em+1 ∗ f. As seen in Proposition 5.16, x ∈ AP(R, Cn) if and only
if y ∈ AP(R, Cn). Hence we need only prove that for g ∈ AP(R, C) every
solution y ∈ UCB(R, Cn) is actually in AP(R, Cn).
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Let us apply the Fourier transform (distributional) to both sides of equa-
tion (5.122). One obtains

(δI + ν )̂ ŷ = ĝ (5.123)

with the matrix-vector product on the left-hand side of equation (5.123). But
we can show that

(δI + ν )̂ (s) = (1 + is)−1D(s), s ∈ R, (5.124)

by using equation (5.118) and ê1(s) = (1 + is)−1. Hence, equation (5.123)
becomes

[(1 + is)−1D(s)]ŷ(s) = ĝ(s), s ∈ R. (5.125)

From equation (5.125), based on the hypothesis of Proposition 5.18 (see
formula (5.113) of assumption A2), we see that ŷ may fail, being almost pe-
riodic only for a set on R that is at most countable. Proposition 5.18 allows
us to conclude that y(t), t ∈ R, is in AP(R, Cn).

This conclusion motivates the first statement in Theorem 5.9.
Sixth, we shall now concentrate on proving the second statement in

Theorem 5.9, which claims that f ∈ S(R, Cn) implies x ∈ AP(R, Cn).
Considering again equation (5.117), which is equivalent to equation

(5.109), we note that for f ∈ S(R, Cn) one has e1 ∗ f ∈ AP(R, Cn). This
assertion can be easily proven because

|(e1∗f)(t)| =
∣∣∣∣
∫ ∞

0

e−sf(t − s)ds

∣∣∣∣ ≤
∞∑

k=0

e−k

∫ k+1

k

|f(t−s)|ds ≤ e(e−1)−1|f |S .

In other words, the operator f −→ e1 ∗f is a continuous operator from S into
AP (apply the inequality above to fτ − f).

Therefore, when f ∈ S(R, Cn), the right-hand side in equation (5.117)
belongs to AP(R, Cn).

On the other hand, due to the fact that e1 ∗ μ = ν ∈ L1(R,L(Rn×Rn)),
we reduce our problem to proving that any bounded distribution x satisfying
the equation

x + νx = h (5.126)

with ν as above and h ∈ AP(R, Cn) is actually a function and belongs to the
space AP(R, Cn).

Seventh, we shall now prove another auxiliary result, related to equation
(5.126), which will allow us to obtain the validity of the second statement in
Theorem 5.9. Namely, the following assertion is true with respect to equa-
tion (5.126): If x is a bounded distribution in the space B′(R, Cn) satisfying
(5.126), with f ∈ UCB(R, Cn), then x ∈ UCB(R, Cn).

Indeed, due to the fact that ν ∈ L1, one has |ν̂(s)| −→ 0 as |s| −→ ∞.
This implies that one can find a number S > 0 large enough that I + ν̂(s) is
invertible for |s| ≥ S. By a well-known argument (Wiener; see, for instance,
our book [24]), there exists χ(s) ∈ L1 such that [I + χ̂(s)][I + ν̂(s)] = I for
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|s| ≥ S. Now choose η ∈ L1 a scalar function whose Fourier transform has
compact support such that η̂(s) ≡ 1 for |s| ≤ S + 1. If we return to equation
(5.126), which obviously can be rewritten as (δI + ν) ∗ x = h, and take the
convolution product of both sides by δ − η, we obtain

(δI + ν) ∗ (x − η ∗ x) = f − η ∗ f. (5.127)

The distributional Fourier transform of x − η ∗ x vanishes on (S − 1, S + 1),
and taking into account the relation [I + χ̂(s)][I + ν̂(s)] = I, s ∈ R, we can
write

(δI + χ) ∗ (δI + ν) ∗ (x − η ∗ x) = x − η ∗ x. (5.128)

Taking again the convolution product of equation (5.127) with δI + χ, we
obtain

x − η ∗ x = f − η ∗ f + χ ∗ f − χ ∗ η ∗ f. (5.129)

The right-hand side of equation (5.129) belongs to UCB(R, Cn) because
f∈UCB(R, Cn), which implies x−η ∗x ∈ UCB(R, Cn). But the Fourier trans-
form of η ∗ x has compact support, which means that η ∗ x ∈ UCB(R, Cn).
Therefore, x ∈ UCB(R, Cn), and the assertion is proven.

Eighth, equation (5.126) leads, according to equation (5.125), to the rela-
tionship

[(1 + is)−1D(s)]x̂(s) = ĥ(s), s ∈ R, (5.130)

and from the assumption A2 we obtain that x̂(s) may not be almost periodic
only for those values of s that verify equation (5.113); i.e., D(s) = 0. Conse-
quently, x̂(s) may not be almost periodic only for a set of at most countable
values of s.

Hence, x must be in AP(R, Cn) according to Proposition 5.18.
Ninth, there remains to show that if equation (5.113) has only a finite

number of roots and formula (5.115) holds true, then x ∈ AP1(R, Cn). We
already know that any x ∈ B′(R, Cn) will be in AP(R, Cn), as seen above.
Since a finite number of terms in the Fourier series of the solution x do not
influence the absolute convergence, the condition (5.115) is guaranteeing the
validity of the assertion x ∈ AP1(R, Cn).

This ends the proof of Theorem 5.9, but we still have to prove Proposition
5.18. In order to carry out the proof, we need a few more auxiliary concepts
and results.

Let f ∈ AUCB(R, C) with AUCB(R, C) as defined just before the state-
ment of Proposition 5.18.

The limit set of f , denoted by Γ(f), is defined as follows: g ∈ UCB(R, C)
belongs to Γ(f) if there exists a sequence {hm; m ≥ 1} ⊂ R with hm −→ ∞
as m −→ ∞ such that f(t + hm) −→ g(t) as m −→ ∞ uniformly on any
compact set in R.

It is a simple fact that f ∈ AP(R, C) implies f ∈ Γ(f). Indeed, for each
m ∈ N , the set of m−1-almost periods of f is relatively dense in R. Therefore,
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one can find hm ≥ m such that sup |f(t + hm) − f(t)| ≤ m−1, t ∈ R. Hence,
f(t + hm) −→ f(t) uniformly on R as m −→ ∞, which proves the property
f ∈ Γ(f).

This property shows that the set AP(R, C) is closed with respect to a kind
of convergence that “a priori” is weaker than that of uniform convergence.

We shall say that the sequence {fn; n ≥ 1} ⊂ AP(R, C) converges asymp-
totically to f if for each ε > 0 one can find N(ε) > 0 and T (ε) > 0 with the
property

|fn(t) − f(t)| < ε for t ≥ T (ε) and n ≥ N(ε). (5.131)

The definition of a Cauchy sequence with respect to asymptotic conver-
gences is obvious: The sequence {fn(t); n ≥ 1} ∈ AP(R, C) is Cauchy if for
each ε > 0 one can find N(ε) > 0 and T (ε) such that

|fn(t) − fm(t)| < ε for t ≥ T (ε) and n,m ≥ N(ε).

It is now easy to prove that a Cauchy sequence with respect to asymptotic
convergence is uniformly convergent on R. Indeed, since for fixed m,n one has
fn − fm ∈ AP(R, C), according to the above-mentioned property (f ∈ Γ(f)
for f ∈ AP), we derive fn − fm ∈ Γ(fn − fm), which implies

sup
t∈R

|fn(t) − fm(t)| = lim sup
t−→∞

|fn(t) − fm(t)|. (5.132)

Formula (5.132) shows that a Cauchy sequence with respect to the asymptotic
convergence is also a Cauchy sequence with respect to uniform convergence
(and vice versa!).

We can therefore conclude that, in the space AP(R, C), the concept of
asymptotic convergence (apparently weaker than that of uniform convergence
on R) is in fact equivalent to that of uniform convergence.

Let us now deal with a concept that plays an essential role in the proof
of Proposition 5.18. We have briefly considered this concept in Section 4.6,
but we prefer to repeat its definition here due to the fact that we are now
considering the Fourier transform in the distributional sense.

Consider f ∈ L∞(R, C) with f̂ its Fourier transform. The point t0 ∈ R is
called a point of almost periodicity for f̂ if there exists a neighborhood of t0
with the property that one can find g ∈ AP(R, C) such that f̂ = ĝ in that
neighborhood.

Since f̂ and ĝ are distributions, the definition above requires some expla-
nation. When we say that f̂ = ĝ in a neighborhood of t0 ∈ R, we mean that
these two distributions take the same value (in C) for every test function with
support in that neighborhood.

The following result is an auxiliary one for obtaining Proposition 5.18.

Proposition 5.19. A function f ∈ AUCB(R, C) is almost periodic (i.e., in
AP(R, C)) iff f̂ is almost periodic everywhere on R.
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Proof. It is obvious that f ∈ AP(R, C) implies that f̂ is almost periodic
everywhere.

Conversely, assuming that f̂ is almost periodic everywhere, we need to
show that f ∈ AP(R, C). We distinguish two distinct situations: first, when
the spectrum σ(f) is compact, and second, when σ(f) is not compact. In the
first case, we can find a finite number of real intervals Ik, k = 1, 2, . . . , N ,
and almost periodic functions fk such that

⋃N
k=1Ik ⊃ σ(f) and f̂ = f̂k in Ik,

k = 1, 2, . . . , N.
Let us now choose some test functions ηk ∈ S(R, C) with σ(ηk) ⊂ Ik,

k = 1, 2, . . . , N, and Ση̂k = 1 on σ(f).
Let us denote gk = ηk ∗ f , k = 1, 2, . . . , N. Then f = (Σηk) ∗ f = Σgk. But

σ(ηk) ⊂ Ik, and f̂ = f̂k in Ik, k = 1, 2, . . . , N , which implies gk = ηk ∗ f =
ηk ∗ fk ∈ AP, k = 1, 2, . . . , N , from which we obtain f = Σgk ∈ AP.

Assume now that f̂ is everywhere almost periodic but the spectrum σ(f)
is not compact. Consider as above a sequence ηk ∈ S, k = 1, 2, . . . , where ηk

form an approximate identity with respect to the convolution product (see, for
instance, Cora Sadosky [84] or C. Corduneanu [24]) such that σ(ηk), k ≥ 1,
belong to the same compact set.

If t0 ∈ R is fixed and I denotes a neighborhood of t0, there exists an almost
periodic function h such that f̂ = ĥ in I. Since ηk ∗h is almost periodic, while
(ηk ∗ h)̂ = η̂kĥ = η̂kf̂ in I, we obtain (ηk ∗ f )̂ ∈ APˆ everywhere. Hence,
taking into account that the spectra of ηk ∗ f are in a compact set, we ob-
tain the inclusion ηk ∗ f ∈ AP, k ≥ 1. For k −→ ∞, ηk ∗ f −→ f almost
everywhere (and asymptotically, too), which implies that {ηk ∗ f ; k ≥ 1}
converges uniformly on R to f (according to the property that in AP(R, C)
the uniform and asymptotic convergences (are equivalent) and f ∈ AP(R, C).

The discussion just carried out proves Proposition 5.19.

Proposition 5.20. Let f ∈ L∞(R, C). Then the set on R where f̂ is not
almost periodic is perfect.

Proof. Obviously, the set where f̂ is almost periodic is open. Hence, its com-
plement is closed. Assume now that f̂ is not almost periodic at some point
t0 ∈ R but that in some neighborhood of t0, say I, f̂ is almost periodic (i.e.,
in I \{t0}). We choose η ∈ S with σ(η) compact and σ(η) ⊂ I, η̂ = 1, in some
neighborhood of t0. Consider the product g = η ∗f . Then ĝ is almost periodic
everywhere, with the possible exception at t0. Moreover, σ(g) is compact. Ac-
cording to a result in Katznelson [54] (Theorem 5.20) applied to the function
eit0tg(t), g ∈ AP(R, C). Hence f̂ is almost periodic at t0, which constitutes a
contradiction with the fact that the set where f̂ is not almost periodic has no
isolated points. This ends the proof of Proposition 5.20.

From Propositions 5.19 and 5.20, we derive the validity of Proposition 5.18
due to the fact that any nonempty perfect set is not countable.

Corollary 5.2 (to Proposition 5.18). If f ∈ AUCB(R, C) has a countable
spectrum, then f ∈ AP(R, C).



178 5 Linear Oscillations

This is true because in the complement of σ(f), f̂ is locally zero and hence
almost periodic.

We conclude Section 5.6 here. Chapter 5 will conclude with the case of
time-varying linear systems.

5.7 Almost Periodic Oscillations in Linear Time-Varying
Systems

The simplest type of linear time-varying system is the ordinary differential
system

ẋ(t) = A(t)x(t) + f(t), t ∈ R, (5.133)

where the given elements are f ∈ AP(R, Cn) and A ∈ AP(R,L(Cn, Cn)). Of
course, we can substitute Rn for Cn if we want to deal with real-valued func-
tions only.

The special case where A is a constant matrix was discussed in Section 5.4,
and the basic result established there was the Bohr–Neugebauer theorem
(Proposition 5.12). Regardless of the nature of the characteristic roots of A,
any bounded (on R) solution of equation (5.53) is necessarily almost perio-
dic (Bohr). Since Bohr almost periodic functions are bounded, there results
that the problem of almost periodicity of solutions is basically the same as
the boundedness problem in this case. Of course, the result above does not
guarantee the existence of solutions to equation (5.133) bounded on R. Ac-
tually, there are examples of almost periodic systems without bounded so-
lutions, a fact that follows from the simple example of the scalar equation
ẋ(t) = ix(t) + exp(it), whose general solution is x(t) = (C + t) exp(it), C ∈ C
being arbitrary. Since |x(t)| = |C + t|, t ∈ R, one sees that this example
solves the problem (of nonexistence of bounded solutions) even in the case of
constant coefficients.

On the other hand, Proposition 5.13 provides a case where the existence
(and also the uniqueness) of a bounded solution is assured (in the absence of
characteristic roots with zero real part to the matrix A).

In order to extend such results to the case of systems of the form (5.133),
J. Favard [39] has built up a theory of almost periodicity of solutions, which
we shall briefly present here.

Before we can enunciate Favard’s basic results, we need to define the con-
cept of the hull for a function f ∈ AP(R, C), which shall be denoted by
H(f). By definition, g ∈ AP(R, C) is in H(f) if one can find a sequence
{hn; b ≥ 1} ⊂ R with the property limn→∞ f(t + hn) = g(t), t ∈ R, uni-
formly on R.

In the same way, we can define H(f) when f ∈ AP(R, Cn) or, for a matrix-
valued A ∈ AP(R,L(Rn, Rn)), the hull H(A).

Proposition 5.21. Consider the system (5.133), and assume that each
system
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ẏ(t) = B(t)y(t), B ∈ H(A), t ∈ R, (5.134)

possesses the property that for any bounded nonzero solution of equation
(5.134), say y(t), one has

inf
t∈R

|y(t)| > 0. (5.135)

If the system (5.133) has a bounded solution on R, then there exists an almost
periodic solution x(t) to this system, whose module is contained in mod(A, f) :
mod(x) ⊂ mod(A, f).

The proof of Proposition 5.21 will follow from that of the similar result
in Section 5.2 when we deal with the general (nonlinear) case. The module
containment part can be found in the quoted reference by J. Favard or in the
book [40] by A. M. Fink.

The definition of the module, mod(f), of a function f ∈ AP(R, C) is the
smallest additive group of reals containing the Fourier exponents of f . For
instance, for a periodic function of period ω > 0, the module is the group
consisting of all multiples of ω, {kω; k ∈ Z}.

Remark 5.22. In the case of systems with constant coefficients, A = const.,
from Re λj �= 0, j = 1, 2, . . . , n, where λj , 1 ≤ j ≤ n, are the characteris-
tic values of A, there results the absence of nonzero bounded (on R) solu-
tions to ẋ = Ax. Hence, condition (5.135) is verified and the existence of a
bounded (almost periodic) solution is assured. This fact is known to us from
Proposition 5.13.

Remark 5.23. A key condition for the validity of Proposition 5.21 is the se-
paration condition (5.135) for the solutions of the equations in the hull H(A).
If one drops this condition, replacing it by its opposite (i.e., there exists at
least one B̃ ∈ H(A) such that a bounded solution y exists for the equation
ẏ(t) = B̃(t)y(t) with the property inft∈R |y(t)| = 0), then recent investigations
by R. Ortega and M. Tarallo [77] prove that it is necessary to assume further
conditions in order to obtain the nonexistence of almost periodic solutions.
More precisely, the following statement holds true.

Proposition 5.22. Consider equation (5.133), and assume that there exists
B̃ ∈ H(A) such that the equation ẏ(t) = B̃(t)y(t) has nonzero bounded solu-
tions all tending to zero as |t| −→ ∞. Then, one can find f(t) ∈ AP(R, Cn)
such that mod(f) ⊂ mod(A) for which equation (5.133) has bounded solutions
but none is almost periodic.

The proof of Proposition 5.22 is given in the paper by R. Ortega and
M. Tarallo quoted above.

We shall now consider the noteworthy case where the matrix A in equation
(5.133) is periodic. In other words, we will assume that there exists T > 0
such that

A(t + T ) = A(t), t ∈ R. (5.136)
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The continuity of A(t) being assumed, there results that A(t) is Bohr almost
periodic. Consequently, we are in the framework adopted at the beginning of
this section if we preserve the hypothesis f ∈ AP(R, Cn).

The periodicity assumption (5.136) will allow us to reduce the problem of
almost periodicity of solutions to equation (5.133) to the case of systems with
constant coefficients.

Indeed, the so-called Floquet theory of linear systems with periodic coeffi-
cients will enable us to find a system equivalent to equation (5.133) but with
constant matrix A. This is a sketch of Floquet’s reducibility procedure.

Consider the homogeneous system ẋ = A(t)x with A(t) satisfying equation
(5.136). If X(t) is the fundamental matrix satisfying X(0) = I, then X(t+T )
is also a fundamental matrix and we can find a nonsingular matrix C of type
n by n such that

X(t + T ) = X(t)C, t ∈ R. (5.137)

But detC �= 0 implies the existence of a matrix B also of type n by n such
that

C = eBT . (5.138)

Sometimes the relation (5.138) is written as B = T−1 log C, the logarithm of
a nonsingular matrix being always defined.

Let us now denote

S(t) = X(t)e−Bt, t ∈ R, (5.139)

and note that

S(t + T ) = X(t + T )e−B(t+T ) = X(t)eBT e−Bte−BT = X(t)e−Bt = S(t).

From equation (5.139), we derive

X(t) = S(t)eBt, t ∈ R, (5.140)

which constitutes the Floquet representation of the fundamental matrix of
the periodic system ẋ = A(t)x.

If we now operate the change of variable

x(t) = S(t)y(t), t ∈ R, (5.141)

we obtain for y the system

ẏ(t) = By(t), t ∈ R, (5.142)

which is a system with constant coefficients. We have more information about
the nature of solutions of equation (5.142) than we have initially for the so-
lutions of the time-varying system (5.133). Formula (5.140) is the key to un-
derstanding this nature if we keep in mind that S(t) is a periodic (of period
T ) matrix.

Let us summarize the discussion above in the following.
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Proposition 5.23. Let us consider the system (5.133) with A(t) continuous
and satisfying equation (5.136). Then, the fundamental matrix (of solutions)
X(t) can be represented in the form (5.140), where S(t) is a periodic nonsin-
gular matrix and B is a constant matrix.

Remark 5.24. The connection between A(t), S(t), and B is given by

Ṡ(t) = A(t)S(t) − S(t)B.

We shall now introduce the concepts of the characteristic multiplier and
characteristic exponent of the system (5.133) with A(t) satisfying equation
(5.136).

Let us try to find solutions x(t) of ẋ(t) = A(t)x(t) such that

x(t + T ) = ρx(t), t ∈ R, (5.143)

for some real or complex ρ. Since any solution of ẋ = A(t)x can be represented
by x(t) = X(t)x0, where X(t) is the fundamental matrix and x0 ∈ Rn, there
results from equation (5.143) that ρ and x0 must satisfy the condition

[eBT − ρI]x0 = θ, (5.144)

which means that ρ must be an eigenvalue of the matrix eBT and x0 must
be an eigenvector corresponding to ρ. Of course, this represents necessary
and sufficient conditions for the validity of equation (5.143). Since eigenvalues
and eigenvectors do exist, equation (5.143) always has nonzero solutions. More
precisely, ρ must be an eigenvalue of the matrix eBT , and these eigenvalues are
called characteristic multipliers of the system. Each characteristic exponent is
determined (up to an additive term) from ρ = eτT , with ρ an eigenvalue of
the matrix eBT , and hence τ is an eigenvalue of the matrix B.

We return now to equation (5.133) and assume that A(t) satisfies equation
(5.136), while f(t) ∈ AP(R, Cn).

Let S(t) be the periodic matrix described above and operate the change
of variable x(t) = S(t)y(t). This will transform the system (5.133) into the
system

ẏ(t) = By(t) + S−1(t)f(t), t ∈ R, (5.145)

and since S−1(t) is periodic of period T , there results that the product
S−1(t)f(t) ∈ AP(R, Cn). In other words, in order to find almost periodic
solutions to equation (5.133), one must look for those solutions to the system
with constant coefficients

ẏ(t) = By(t) + g(t), t ∈ R, (5.146)

where g(t) = S−1(t)f(t). It is obvious that the map f −→ S−1(t)f of
AP(R, Cn) into itself is an isomorphism. Therefore, we can consider that
g ∈ AP(R, Cn) is arbitrary.



182 5 Linear Oscillations

Relying on the discussions carried out in Section 5.4, we can formulate
several results in regard to the system (5.133) with periodic A(t). We shall
restrict our discussion to two of the possible results to be transposed from the
case of constant coefficients to the general almost periodic case (5.133).

Proposition 5.24. Consider system (5.133), and assume that A(t) satisfies
equation (5.136), while f ∈ AP(R, Cn). Then any bounded (on R) solution of
equation (5.133) is in AP(R, Cn). Moreover, if the characteristic exponents of
the system ẋ = A(t)x (i.e., the eigenvalues of the matrix B) do not lie on the
imaginary axis, then the system (5.133) has a unique almost periodic solution.

The problem of almost periodicity of solutions to almost periodic systems
of the form (5.133) is far from being clarified. Special types of almost periodic
systems of the form (5.133) have been investigated, and criteria have been
obtained. We are going to examine two special classes of systems, both time-
varying, for which there are some conclusive results in the literature.

The first class is that of systems of the form (5.133) with a triangular
matrix. In other words,

A(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

a11(t) a12(t) · · · a1n(t)

0 a21(t) · · · a2n(t)
...........................................
...........................................

0 0 · · · ann(t)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (5.147)

We have chosen the upper-triangular form, but we could as well choose the
lower-triangular form. Obviously, the material aspect of the problem would
first require us to investigate the scalar equation

ẏ(t) = a(t)y(t) + b(t), t ∈ R, (5.148)

with a, b ∈ AP(R, C).
The following result, due to Cameron and Massera, can be found with a

full proof in the book by A. M. Fink [40].

Proposition 5.25. Consider equation (5.148), and assume that M{a} �= 0.
Then, there is an almost periodic solution x(t) of equation (5.148) for any
b∈AP(R, C).

Remark 5.25. In Section 5.4, we have dealt with equation (5.148) for a(t) =
const.

Remark 5.26. From Proposition 5.25, we can rather easily get an almost
periodicity criterion for the solutions of the triangular system of the form
(5.133) with A(t) given by equation (5.147).
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Proposition 5.26. Consider the almost periodic system (5.133) with A(t)
given by equation (5.147). If M{aii(t)} �= 0, i = 1, 2, . . . , n, then there exists
(at least) one almost periodic solution to equation (5.133).

The proof is obvious, starting with the last equation of the system (5.133)
and applying Proposition 5.25 n times to each preceding equation. First, sub-
stitute the almost periodic component xn(t) into the equation

ẋn−1(t) = an−1,n−1(t)xn−1(t) + an−1,nxn(t) + bn−1(t),

which takes the form (5.148), etc.
The second case we want to present here is related to the concept of

exponential dichotomy for the solutions of the homogeneous system

ẋ(t) = A(t)x(t), t ∈ R, (5.149)

with A(t) ∈ AP(R,L(Cn, Cn)). The existence of an exponential dichotomy will
allow us to the prove the existence of almost periodic solutions for equation
(5.133) with f ∈ AP(R, Cn).

We shall say that equation (5.149) admits an exponential dichotomy if
there exists a projector P of Cn and some positive constants K1,K2, α1, α2,
such that the fundamental matrix X(t) satisfies

|X(t)PX−1(s)| ≤ K1e
−α1(t−s), t ≥ s,

|X(t)(I − P )X−1(s)| ≤ K2e
−α2(t−s) , t ≤ s.

It is obvious that X(t) can be any fundamental matrix of equation (5.149).
A good example of an exponential dichotomy is the case of constant coef-

ficients A(t) = A = const., where all the eigenvalues of A have nonzero real
parts. We have seen this example in Section 5.4 in Remark 5.9 to Proposition
5.13. An extension of this result to the case of time-varying systems has been
given in A. M. Fink’s book [40].

The consequence of the existence of an exponential dichotomy for equation
(5.149) is the following property.

Proposition 5.27. Consider the system (5.133), and assume that A(t) and
f(t) are almost periodic (Bohr), while the system (5.149) possesses an expo-
nential dichotomy (with projector P ). Then

x(t) =
∫ t

−∞
X(t)PX−1(s)f(s)ds

−
∫ ∞

t

X(t)(I − P )X−1(s)f(s)ds

(5.150)

represents the unique almost periodic solution of the system (5.133).
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Proof. A direct verification of the fact that equation (5.150) is a solution of
equation (5.133) can be carried out easily.

Since equation (5.150) can be rewritten as

x(t) =
∫

R

K(t, s)f(s)ds, t ∈ R, (5.151)

with K(t, s) satisfying an estimate of the form

|K(t, s)| ≤ K0e
−α|t−s|,

one has to apply the result in Section 5.4.
Moreover, one can allow f ∈ S(R, Cn), still obtaining Bohr almost

periodicity for the solution.
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Almost Periodic Nonlinear Oscillations

6.1 Quasilinear Systems

By quasilinear systems we mean an ordinary differential system of the form

ẋ(t) = A(t)x(t) + f(t, x), t ∈ R, (6.1)

in which f(t, x) has some feature of “smallness” so that the linear term in
equation (6.1) is the dominant one.

Of course, we want to take advantage of what we already know about
linear systems and try to extend this knowledge to the quasilinear case (6.1).

We shall dwell particularly on the case A(t) = const., where the treatment
can be carried out in a satisfactory manner. Proposition 5.13 offers a good
example concerned with the linear case that can be used to obtain a similar
result for associated quasilinear systems of the form (6.1). More precisely, the
following result is obtained.

Proposition 6.1. Consider the system (6.1) under the following assumptions:

(1) The matrix A(t) = (aij), i, j = 1, 2, . . . , n, and aij ∈ C has eigenvalues
with nonzero real part.

(2) f(t, x) = col(f1(t, x1, . . . , xn), . . . , fn(t, x1, . . . , xn)) is a continuous map
in the set

t ∈ R, x ∈ Cn, |x| ≤ a, (Δ)

and it is almost periodic in t uniformly with respect to x satisfying (Δ).
(3) f(t, x) is globally Lipschitz in (Δ); namely, there exists L > 0 with the

property
|f(t, x) − f(t, y)| ≤ L|x − y| (6.2)

for any (t, x), (t, y) ∈ Δ.

Then, there exists a unique almost periodic solution x = x(t) of equation (6.1)
such that |x(t)| ≤ a, t ∈ R, provided |f(t, θ)| and L are sufficiently small.

C. Corduneanu, Almost Periodic Oscillations and Waves, 185
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Proof. We shall use the Banach contraction method (i.e., successive approxi-
mations in a function space framework), taking as the basic (metric) space
the ball of radius a centered at the origin in the space AP(R, Cn). The con-
tracting operator, say T , will be defined according to the following scheme:
To each u(t) ∈ AP(R, Cn), |u| ≤ a, we associate the function x(t) = (Tu)(t) ∈
AP(R, Cn), defined as the unique solution (according to Proposition 5.13) of
the system

ẋ(t) = Ax(t) + f(t, u(t)), t ∈ R. (6.3)

Equation (6.3), is a linear equation in x with constant matrix. As noted
in Remark 5.9 to Proposition 5.13, the unique almost periodic solution of
equation (6.3) can be represented by the formula

x(t) =
∫ t

−∞
X−(t − s)f(s, u(s))ds −

∫ ∞

t

X+(t − s)f(s, u(s))ds. (6.4)

The significance of X−(t) and X+(t) has been explained in Section 5.4.
Actually, formula (6.4) provides the representation of the almost periodic solu-
tion x(t) = (Tu)(t), and as seen in Section 5.4, one can write for a conveniently
chosen K > 0, K = K(A),

|x|AP ≤ K|f |AP (6.5)

for any u ∈ AP(R, Cn) satisfying |u|AP ≤ a. On the other hand, one has

|f |AP ≤ L|u|AP + |f(t, θ)|AP. (6.6)

Consequently, formulas (6.5) and (6.6) lead to

|x|AP = |Tu|AP ≤ KL|u|AP + K|f(t, θ)|AP, (6.7)

which holds true for any u ∈ AP(R, Cn) with |u|AP ≤ a.
Now, we shall note that for u, v ∈ AP(R, Cn), |u|, |v| ≤ a,

|Tu − Tv|AP ≤ KL|u − v|AP, (6.8)

taking into account assumption (3) of Proposition 6.1. Therefore, the condi-
tion

KL < 1 (6.9)

must be accepted (it shows how small L has to be because K = K(A) is a
fixed number). It assures that T will be a contraction.

Returning to inequality (6.7), we note that it implies for each u ∈
AP(R, Cn) with |u(t)| ≤ a on R

|Tu|AP ≤ KLa + K|f(t, θ)|AP, (6.10)

and the required inclusion by the contraction, |Tu|AP ≤ a for any u with
|u|AP ≤ a, takes place as soon as
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|f(t, θ)|AP ≤ (1 − KL)K−1a. (6.11)

Therefore, we find that |f(t, θ)|AP must satisfy the “smallness” condition
(6.11) in order to conclude, based on the Banach contraction principle, that
the operator T has a unique fixed point in the ball |x|AP ≤ a. This fixed point
is obviously a solution of the integral equation (derived from equation (6.4))

x(t) =
∫ t

−∞
X−(t − s)f(s, x(s))ds −

∫ ∞

t

X+(t − s)f(s, x(s))ds, (6.12)

which leads to equation (6.1) by differentiation. The uniqueness also follows
from the Banach principle.

Remark 6.1. The restriction expressed by the inequality (6.11) disappears if
we assume f(t, x) to be defined for t ∈ R, x ∈ Cn, but keeping the Lipschitz
condition.

Remark 6.2. The Banach principle implies the uniform convergence on R of
the following scheme of successive approximations.

Let x0 = θ, and define the iterations by means of the equation

ẋk+1(t) = Axk+1(t) + f(t, xk(t)), k ≥ 0,

where xk+1(t) is chosen from above as the unique solution in AP(R, Cn). Then

x(t) = lim
k→∞

xk(t), t ∈ R,

is the desired solution of equation (6.1).

Remark 6.3. Instead of assuming A(t) = const. in equation (6.1), we can
consider the periodic case; i.e., A(t + T ) = A(t), t ∈ R, for some T > 0 fixed.
The results in Section 5.7 will allow us to reduce the periodic case to the case
of systems with constant coefficients. Preserving the notation of that section,
we can reduce the system (6.1) by the substitution x = S(t)y to the system

ẏ(t) = By(t) + S−1(t)f(t, S(t)y(t)). (6.13)

Since S−1(t) is periodic of period T the nonlinear term on the right-hand side
of equation (6.13) satisfies the assumptions of Proposition 6.1.

Of course, it would be interesting to treat the case where the matrix A in
equation (6.1) has at least one eigenvalue with zero real part. Some results
are available in the classical treatise [66] of I. G. Malkin.

Remark 6.4. If one starts with a system not necessarily of the form (6.1),
then it may be possible to “linearize” it under some circumstances. For in-
stance, when the system has the form

ẋ(t) = g(t, x(t)), t ∈ R, (6.14)
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with g analytic in x–variables (i.e., developable in power series about the
origin θ ∈ Rn), then equation (6.14) can be rewritten in the form

ẋi(t) =
n∑

j=1

aij(t)xj(t) + [ · ](2)i , i = 1, 2, . . . , n, (6.15)

if one also assumes g(t, θ) = 0, t ∈ R. The terms [ · ](2)i , i = 1, 2, . . . , n, are
of the second order in x-variables, at least. Obviously, the scalar equations
(6.15) can be rewritten in concise vector form as

ẋ(t) = A(t)x(t) + [ · ](2), (6.16)

where the terms in the bracket [ · ](2) are at least of the second order. The
form (6.16) appears as a variant of equation (6.1).

One question arising from the discussion carried out in regard to the system
(6.1) is whether or not a result generalizing that of Proposition 6.1 holds
true, provided we can substitute an adequate condition to that concerning
the eigenvalues of the matrix A (see assumption (1) in Proposition 6.1). This
new assumption on A(t) in equation (6.1) can be formulated as follows.

H. The linear system associated to equation (6.1),

ẋ(t) = A(t)x(t) + f(t), t ∈ R, (6.17)

with both A and f almost periodic, has a unique almost periodic solution
for each f ∈ AP(R, Cn).

It is an elementary fact that condition (1) of Proposition 6.1 implies H,
and it is actually equivalent to it.

A result similar to Proposition 6.1, in slightly different formulation, can
be stated.

Proposition 6.2. Consider the system (6.1) under hypothesis H, and assume
A(t) ∈ AP(R,L(Cn, Cn)) with f(t, x) such that it is continuous on R×Cn and
almost periodic in t uniformly with respect to x ∈ M , where M is any compact
subset of Cn. Moreover, let f be Lipschitz continuous (i.e., satisfying

|f(t, x) − f(t, y)| ≤ L|x − y|

with L > 0 a constant, t ∈ R, and x, y ∈ Cn arbitrary).
Then equation (6.1) has a unique almost periodic solution, provided L is

sufficiently small.

Proof. We have to prove the continuity (or boundedness) of the map f → xf ,
where xf is the unique solution in AP(R, Cn) of the system (6.17). In other
words, this linear map from AP(R, Cn) into itself satisfies an estimate of the
form (6.5),
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|xf |AP ≤ K|f |AP, f ∈ AP(R, Cn). (6.18)

Such an estimate will enable us to proceed further along exactly the same
lines as in the proof of Proposition 6.1, except that we need not impose any
restriction on the norm of x (|x| < ∞).

The following scheme will lead us to the conclusion that an estimate of
the form (6.18) does exist.

First, let us note that the system (6.17) can be rewritten in the form

(Tx)(t) = ẋ(t) − A(t)x(t) = f(t), (6.19)

which tells us that the map f −→ xf is actually the inverse map of T, (T−1).
Since any solution in AP(R, Cn) of equation (6.1), or (Tx)(t) = f(t), t ∈

R, also has its derivative in AP(R, Cn), we shall consider the operatorT :
AP(1)(R, Cn) −→ AP(R, Cn), where AP(1)(R, Cn) stands for the Banach space
of almost periodic functions with almost periodic derivatives. The norm of this
space is

|x|(1)AP = |ẋ|AP + |x|AP. (6.20)

The elementary properties of Bohr almost periodic functions, given in Section
3.2, will lead easily to the conclusion that equation (6.20) defines a norm, and
the space is complete when endowed with it.

We can easily prove that the operator T defined by equation (6.19) is
a continuous operator from AP(1)(R, Cn) into AP(R, Cn). Indeed, for x ∈
AP(1)(R, Cn), we have

|Tx|AP = |ẋ − A(t)x|AP ≤ |ẋ|AP + |A(t)x|AP.

Since A(t) is bounded on R, we get from the equation above the inequality

|Tx|AP ≤ |ẋ|AP + N |x|AP, (6.21)

where N = |A(t)|AP. Therefore, formula (6.21) leads to

|Tx|AP ≤ M(|ẋ|AP + |x|AP) (6.22)

with M = max(1, N). But formula (6.22) means

|Tx|AP ≤ M |x|(1)AP, x ∈ AP(1), (6.23)

which proves the continuity of the operator T .
It remains to note that the hypothesis H assures that the operator T

is one-to-one and onto AP(R, Cn). According to a well-known result from
functional analysis (due to Banach), the inverse operator T−1 from AP(R, Cn)
into AP(1)(R, Cn) is also continuous.

Therefore, a formula like (6.18) is valid and from now on the proof follows
that of Proposition 6.1. One must take L < K−1.

Proposition 6.2 is thereby proven.
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Remark 6.5. If we carefully follow the proof of Proposition 6.2, we notice
the fact that it is not really material to deal with the system (6.1). We could
consider the more general system

ẋ(t) = (Lx)(t) + f(t;x), (6.24)

where L : AP(R, Cn) −→ AP(R, Cn) is a continuous linear mapping. Ob-
viously, in equation (6.1) we have (Lx)(t) = A(t)x(t), and the linearity and
continuity are assured.

Instead of hypothesis H as formulated above, we should use a similar one,
namely

H′. For each f ∈ AP(R, Cn), the linear system

ẋ(t) = (Lx)(t) + f(t), t ∈ R, (6.25)

has a unique solution x = xf ∈ AP(R, Cn).

The proof of Proposition 6.2 can be repeated line by line, relying on the
hypothesis H′ instead of H. We leave the details to the reader.

Finally, let us point out that we could also consider, instead of the
nonlinear term f(t, x(t)), a more general nonlinearity, say (fx)(t), with
f : AP(R, Cn) −→ AP(R, Cn) a nonlinear operator. For instance, one could
take

(fx)(t) =
∫

R

k(t − s)g(s, x(s))ds,

which corresponds to the Hammerstein type of nonlinearity (or perturbation).
Valuable references for the topic discussed in this section are the books

by I. G. Malkin [66] and J. L. Massera and J. J. Schäffer [68]. While the first
reference is mostly along the lines of classical analysis, the second takes am-
ple inspiration from the methods of functional analysis, treating the infinite-
dimensional case x ∈ B = a Banach space.

In concluding this section, we note the fact that only the case of a unique
almost periodic solution is discussed. This means that the linear homogeneous
system ẋ(t) = A(t)x(t), or ẋ(t) = (Lx)(t), has only the zero solution almost
periodic. If the homogeneous system has nonzero almost periodic solutions,
then discussion of the problem is considerably more difficult. The references
mentioned above contain some elements related to this situation.

6.2 Separated Solutions: Amerio’s Theory

We owe to L. Amerio [2] a theory generalizing to the nonlinear case Favard’s
theory (see Section 5.7) that will allow us to conclude that bounded separated
solutions of the nonlinear system

ẋ(t) = f(t, x(t)), t ∈ R, (6.26)

are almost periodic (Bohr).
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The following conditions will be assumed for the map f : R×Rm → Rm,
m ≥ 1, throughout this section:

(1) f is continuous on the open set B ⊂ Rm+1, where B = R×A, A ⊂ Rm

standing for an open set.
(2) f is almost periodic as a function of t uniformly with respect to x ∈ C,

with C ⊂ A any compact set.

Let C ⊂ A be a compact set and {hn, ; n ≥ 1} ⊂ R a sequence. According
to Section 3.6, one can find a subsequence {hnk

; k ≥ 1} ⊂ {hn; n ≥ 1} such
that {f(t + hnk

); x} is uniformly convergent on R×C to a function g(t, x)
that is almost periodic in t uniformly with respect to x ∈ C.

We now consider a sequence of compact sets {Cn; n ≥ 1}, Cn ∈ A,
such that Cn ⊂ Cn+1,

⋃∞
n=1Cn = A. If {hn; n ≥ 1} ⊂ R, then there exists a

subsequence {h1n; n ≥ 1} ⊂ {hn; n ≥ 1} such that {f(t+h1n, x)} is uniformly
convergent on R×C1. From {h1n; n ≥ 1}, we extract a subsequence with the
property that {f(t + h2n, x)} converges uniformly on R×C2, and so on. From
the sequences {h1n; n ≥ 1}, {h2n; n ≥ 1},. . . ,{hkn; n ≥ 1}. . . , we extract the
diagonal sequence {hnn; n ≥ 1}. This is a subsequence of each {hkn, n ≥ 1},
k ≥ 1, excepting a finite number of terms. Hence, {f(t + hnn, x), n ≥ 1} is
uniformly convergent on each R×Cn, n ≥ 1, say f(t + hnn, x) −→ g(t, x)
as n −→ ∞, which implies the almost periodicity of the function g(t, x) in
t uniformly with respect to x ∈ C, C ⊂ A being compact. If we choose
Cn={(t, x); (t, x) ∈ R×A, t2+|x|2 ≤ n, dist[(t, x); ∂(R×A)] ≥ n−1}, then C ⊂
Cn for sufficiently large n.

Let us denote by H(f), as we did in Section 5.7, the set of those g(t, x)
that can be obtained as

lim
n→∞

f(t + hn, x) = g(t, x) (6.27)

uniformly on any set R×C, C ⊂ A being any compact set, for some {hn;n ≥
1} ⊂ R. In other words, g ∈ H(f) means that g is in the closure of the set
{f(t + h, x), h ∈ R} with respect to the kind of convergence just described. It
turns out that each g ∈ H(f) generates H(f) as described above.

We shall consider in what follows the systems

ẋ(t) = g(t, x(t)), g ∈ H(f), (6.28)

and formulate conditions for the almost periodicity of solutions for equations
(6.26) and (6.28). The relationship existing with this kind of solution is ma-
terial in investigating the problem of existence of almost periodic solutions.

Let us now define the concept of a separated solution of the system (6.26)
in a set D = R×C, with C ⊂ A a compact set. We have in mind only solutions
defined on the real line R.

Consider a solution x(t), t ∈ R, of the system (6.26) such that x(t) ∈
C, t ∈ R, which means that the graph of this solution belongs to the set
D ⊂ Rm+1. We shall say that x(t) is separated in D if it is either the only
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solution of equation (6.26) with its graph in D or if there is another solution
y(t), t ∈ R, with the graph in D, for which one can find a number δ > 0 such
that |x(t) − y(t)| ≥ δ, t ∈ R.

Proposition 6.3. Consider the system (6.26) under assumptions (1) and (2)
formulated above. Then, the following properties hold true for equation (6.26)
and its associated systems (6.28):

(a) The number of separated solutions of the system (6.26) with the graph in
D is finite.

(b) If the system (6.26) has a solution x(t) with its graph in D, then each
system in H(f) has a solution with its graph in D.

(c) If x(t), t ≥ t0, is a solution of equation (6.26) such that x(t) ∈ C for
t ≥ t0, then each system (6.28) has a solution defined on R whose graph
is in D.

Proof. (a) The set of all solutions of equation (6.26), with a graph in D is
uniformly bounded and equicontinuous. The equicontinuity is a consequence
of the fact that the set of their derivatives {ẋ(t) = f(t, x(t)), t ∈ R} is also
uniformly bounded on D and noting that |x(t) − x(τ)| ≤ |t − τ | sup |f | ≤
K|t − τ |. Hence, if the set of separated solutions in D were infinite, then
one could select from this set a sequence that is uniformly convergent on any
compact interval of R to a function x̄(t). This solution should belong to D,
and it cannot be separated. This contradiction proves the assertion (a).

(b) Let us fix one equation with g ∈ H(f) and consider a sequence for
which equation (6.27) is satisfied. The functions xn(t) = x(t +hn), n ≥ 1, are
solutions of ẋn(t) = f(t + hn, xn(t)) with their graph in D. As in (a), one can
see that the set of functions {xn(t); n ≥ 1} is uniformly bounded and equicon-
tinuous on R. Hence, one can determine a subsequence of {hn; n ≥ 1}, say
{h1n; n ≥ 1}, such that the sequence {x1n(t); n ≥ 1} is uniformly convergent
on any compact interval of R. The limit of this sequence is obviously a solution
of equation (6.27), whose graph belongs to D.

(c) With the solution x(t), t ≥ t0, we can construct a sequence of func-
tions, namely xn(t) = x(t + n), n ≥ 1. We note that xn(t) satisfies ẋn(t) =
f(t + n, xn(t)) on (t0 − n,∞). It is obvious that the sequence {xn(t); n ≥ 1}
is uniformly bounded and equicontinuous on each half-axis (τ,∞), neglecting
(depending on τ) perhaps a finite number of terms not influencing the conver-
gence. Therefore, we can select a subsequence {x1n(t); n ≥ 1} that converges
uniformly on each interval (τ, T ), −∞ < τ < T < ∞. Then x̄(t) = lim x1n(t)
as n → ∞ satisfies ˙̄x(t) = f̄(t, x̄(t)), has its graph in D and f̄ ∈ H(f). Now
we have to rely on the proof of (b) above in order to conclude that (c) holds
true.

This ends the proof of Proposition 6.3.

We can now state and prove the main result of this section concerning the
existence of almost periodic solutions.
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Theorem 6.1. Consider the system (6.28) with g ∈ H(f) under conditions
(1) and (2), and assume that each system has its solutions in D separated.
Then all these solutions are almost periodic.

Proof. We shall prove first an auxiliary result, namely that there exists a
number σ > 0 independent of g ∈ H(f) such that for any pair of separated
(in D) solutions of (6.28) one has |x1(t) − x2(t)| ≥ σ, t ∈ R.

Let us now fix g ∈ H(f). There exists a largest number σ > 0 such that
two arbitrary solutions of equation (6.26), separated in D, are at a distance
≥ σ of each other. It is now enough to show that any couple of separated
solutions to equation (6.28) are also situated at a distance ≥ σ from each
other.

We have seen in Proposition 6.3, part (a), that when y(t) is a solution
of equation (6.26) with its graph in D, then we can select a subsequence of
{hn; n ≥ 1}, say {h1n; n ≥ 1}, such that y(t + h1n) −→ z(t), with z(t) being
a solution of equation (6.28), also with its graph in D. If z1(t) and z2(t) are
two distinct solutions of equation (6.26), because they are separated we must
have for t ∈ R

inf |z1(t + hn) − z2(t + hn)| = inf |z1(t) − z2(t)| ≥ σ.

But we can select a subsequence of {hn; n ≥ 1}, say {h1n; n ≥ 1}, with the
property z1(t + h1n) −→ y1(t), z2(t + h1n) −→ y2(t), both y1(t) and y2(t)
being solutions of equation (6.28). This implies

inf |y1(t) − y2(t)| ≥ σ, t ∈ R.

Hence, y1(t) and y2(t) are distinct solutions. It means that to distinct solu-
tions of equation (6.26) there correspond distinct solutions of equation (6.28).
Therefore, the number of distinct solutions of equation (6.28) is greater than
or equal to the number of solutions of equation (6.26). But each element of
H(f) generates the whole class, which allows us to conclude that each e-
quation (6.28) has the same number of solutions with graph in D. One can
state that the procedure described above leads to the determination of all
the separate (in D) solutions of any equation (6.28), starting from equation
(6.26). The last inequality above proves the assertion that a number σ > 0,
with |y1(t) − y2(t)| ≥ σ, t ∈ R, for any couple of separated solutions of any
equation (6.28), does exist.

We now prove that all separated (in D) solutions of any equation (6.28)
are almost periodic (Bohr). Let x(t), t ∈ R, be a solution of equation (6.26)
separated in D. It would be sufficient to prove that from any sequence {x(t +
hn); n ≥ 1} one can extract a subsequence that converges uniformly on R.
According to the Bochner characterization of Bohr almost periodic functions,
this will imply the almost periodicity of the separated solution x(t) of equation
(6.26).

According to Proposition 6.3, part (c), one can assume that x(t + hn) −→
y(t) as n → ∞ uniformly on any compact interval and also
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lim
n→∞

f(t + hn, x) = h(t, x) (6.29)

uniformly on D. Moreover,

ẏ(t) = h(t, y(t)), t ∈ R. (6.30)

We shall prove that in fact

lim
n→∞

x(t + hn) = y(t) (6.31)

uniformly on R.
We have seen above that there exists a number σ > 0 with the property

that if x1(t) and x2(t) are solutions of a system (6.28) whose graphs are in
D, then |x1(t) − x2(t)| ≥ 2σ, t ∈ R. If {x(t + hn); n ≥ 1} does not converge
uniformly on R to y(t), we shall denote

ϕn,p(t) = |x(t + hn) − x(t + hp)|, n < p, (6.32)

In,p = {t; t ∈ R, ϕn,p(t) ≤ σ}. (6.33)

One sees that ϕn,p(t) is continuous on R, while In,p is a closed set on R
(possibly empty). We have

ϕn,p(0) = |x(hn) − x(hp)| ≤ σ, N ≤ n < p,

for some N=N(σ) > 0, due to the convergence of the sequence {x(hn);n ≥ 1}.
Therefore, 0 ∈ In,p, provided N ≤ n < p, and neglecting some terms if
necessary, we can assume without loss of generality that In,p �= ∅. Now denote

δn,p = supϕn,p(t), t ∈ In,p, (6.34)

which implies δn,p ≤ σ from equation (6.33).
We shall now prove that

lim δn,p = 0 as (n, p) −→ ∞ (6.35)

cannot take place.
Indeed, if equation (6.35) were true, then for ε > 0, ε < σ, we should find

Nε = N(ε) with the property that Nε ≤ n < p implies δn,p < ε. According to
equation (6.34), we should have ϕn,p(t) < ε for t ∈ In,p, and in the comple-
mentary set of In,p, the inequality ϕn,p(t) > σ should be true. Since ϕn,p(t)
is continuous on R, from the above we should get In,p = R, which means
{x(t + hn)} is uniformly convergent on R or this contradicts our hypothesis
(nonuniform convergence!). The only alternative is

lim δn,p = 2α > 0, (n, p) → ∞. (6.36)

From equation (6.36), there follows the existence of two sequences of integers
{nr; r ≥ 1} and {pr; r ≥ 1} such that δnr,pr

≥ 3α/2. From equations (6.32),
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(6.33), and (6.36), there results the existence of a sequence {tr; r ≥ 1} ⊂ R
such that ϕnr,pr

(tr) ≥ α, which means

α ≤ |x(tr + hnr
) − x(tr + hpr

)| ≤ σ. (6.37)

From the sequences {hnr
; r ≥ 1} and {hpr

; r ≥ 1}, we shall extract the
subsequences {λs; s ≥ 1} and {μs; s ≥ 1} such that, by letting t′s = trs

, one
has for s → ∞

x(t′s + λs) −→ U, x(t′s + μs) −→ V, where U, V ∈ Rn. (6.38)

Consider now the sequences {x(t+t′s +λs); s ≥ 1} and {x(t+t′s +μs); s ≥ 1}.
We can extract from each of these sequences some subsequences, which we
will denote by {x(t + t′1s + λ1s); s ≥ 1} and {x(t + t′1s + μ1s); s ≥ 1}, that
converge uniformly on each compact interval to two solutions y1(t) and y2(t)
of the equations (6.28)

ẏ1(t) = h1(t, y1(t)), ẏ2(t) = h2(t, y2(t)), (6.39)

with h1, h2 in the hull generated by f(t, x); see formula (6.29) above.
We shall prove that h1 = h2. Indeed, from

lim
s→∞

f(t + t′1s + λ1s, y) = h1(t, y),

lim
s→∞

f(t + t′1s + μ1s, y) = h2(t, y),

and (6.37) and (6.38), which imply α ≤ |U − V | ≤ σ, one gets

α ≤ |y1(0) − y2(0)| ≤ σ. (6.40)

But equation (6.31) allows us to write

lim
s→∞

f(t + λs, y) = lim
s→∞

f(t + μs, y) = h(t, y) (6.41)

because {λs; s ≥ 1} and {μs; s ≥ 1} are both subsequences of {hn; n ≥ 1}.
The convergence in equation (6.41) is the uniform convergence on D. For
s ≥ S1(ε), we can write

|f(t + λ1s, y) − f(t + μ1s, y)| < ε, (t, y) ∈ D. (6.42)

Further, for s ≥ S(ε) ≥ S1(ε), we shall have

|h1(t, y) − h2(t, y)| ≤ |h1(t, y) − f(t + t′1s + λ1s, y)|
+ |f(t + t′1s + λ1s, y) − f(t + t′1s

+ μ1s, y)| + |f(t + t′1s + μ1s, y) − h2(t, y)|
< ε + ε + ε = 3ε
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for any (t, y) ∈ D, taking into account the definition of h1(t, y) and h2(t, y)
as limits as well as formula (6.42).

Therefore, we have shown that h1 = h2 in D, which means that y1(t) and
y2(t) are solutions in D of the same equation from the class (6.28). This allows
us to write

|y1(t) − y2(t)| ≥ 2σ, t ∈ R, (6.43)

from what we have proven above at the beginning of the proof of Theorem 6.1.
Since formulas (6.40) and (6.43) are incompatible, we must conclude that

the convergence in equation (6.31) is uniform on R. Hence, y(t) is almost
periodic.

This ends the proof of Theorem 6.1.

Corollary 6.1. The existence part in the case of linear time-varying systems
(5.134), Proposition 5.21, follows from Theorem 6.1.

Indeed, it suffices to note that Favard’s condition inf |y(t)| > 0, t ∈ R, is
nothing but the separability condition of solutions.

Moreover, the assumption of existence of a bounded solution on R can
be weakened to the assumption that such a solution does exist on a half-axis
t ≥ t0.

There are various applications of Theorem 6.1, and in the next section we
shall dwell on the so-called second-order equation of nonlinear oscillations,
admitting perturbing terms that are almost periodic.

In concluding this section, we note the fact that another proof of Theorem
6.1 can be found in A. M. Fink’s book [40], based on another characteri-
zation of almost periodic functions (Bochner; pointwise convergence is used
instead of uniform convergence). In the quoted book by A. M. Fink, further
developments are indicated.

6.3 The Second-Order Equation of Nonlinear
Oscillations (Liénard’s Type)

In this section, we shall investigate the almost periodicity of solutions to the
second-order nonlinear differential equation

d2x

dt2
+ f(x)

dx

dt
+ g(x) = ke(t), (6.44)

where e(t) is an almost periodic real-valued function such that

|e(t)| ≤ 1, t ∈ R, (6.45)

while k > 0 is a real parameter.
Throughout this section, we assume that f(x) and g(x) are continuous,

real-valued functions on R.
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Denote
F (x) =

∫ x

0

f(v)dv, x ∈ R,

and note that equation (6.44) leads to the system

dx

dt
= y − F (x),

dy

dt
= −g(x) + kp(t), (6.46)

with p(t) any almost periodic function that belongs to the closure of the set
{e(t + h); h ∈ R} ⊂ AP(R,R). According to the terminology introduced in
Section 5.7, the closure is the hull of e(t) in AP(R,R).

If p(t) = e(t), t ∈ R, the system (6.46) is equivalent to equation (6.44).
To verify this assertion, one differentiates the first equation (6.46), and then
the second equation is taken into consideration.

Throughout this section, we will assume the following conditions:

1. There exist positive numbers a, b, c, d such that a > b, c < d, g(c) = k,
g(−b) = −k.

2. k < min{[F (d) − F (c)]f(x) + g(−a), [F (−b) − F (−a)]f(x) − g(d)} when
−a ≤ x ≤ d.

3. g(x) is continuously differentiable, g(0) = 0, 0 < g′(x) ≤ β for x �= 0.
4. f(x) ≥ α > 0 for x ∈ R.
5. β < α2.

In the plane (x, y), we consider a domain Ω whose boundary consists of
the following arches of curves:

Γ1 : y = F (x) + β1, −a ≤ x ≤ c;

Γ2 : y = F (d), c ≤ x ≤ d;

Γ3 : x = d, F (d) − β2 ≤ y ≤ F (d);

Γ4 : y = F (x) − β2, −b ≤ x ≤ d;

Γ5 : y = F (−a), −a ≤ x ≤ −b;

Γ6 : y = −a, F (−a) ≤ y ≤ F (−a) + β1.

In the formulas above, β1 = F (d) − F (c), β2 = F (−b) − F (−a). This allows
us to assert that the six arches form a simple Jordan curve that coincides
with ∂Ω.

We need a simple result before we can proceed with the proof of existence
and uniqueness of an almost periodic solution to equation (6.44) with graph
in Ω.

Proposition 6.4. Let m(t) be a continuous real-valued function on R such
that 0 < α ≤ m(t) ≤ M. Then the equation

dz

dt
= z[m(t) − z], t ∈ R, (6.47)

has a solution that is defined on R and α ≤ z(t) ≤ M, t ∈ R.
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Proof. Let {tn; n ≥ 1} ⊂ R with tn → −∞ as n → ∞ and {τn; n ≥ 1} ⊂ R
such that α ≤ τn ≤ M. Equation (6.47) is of Bernoulli type, and

zn(t) = τn exp
{∫ t

tn

m(u)du

}{
1 + τn

∫ t

tn

exp
(∫ u

0

m(θ)dθ

)
du

}−1

(6.48)

represents solutions of equation (6.47) satisfying

α ≤ zn(t) ≤ M, t ≥ tn, n ≥ 1. (6.49)

The solutions zn(t), n ≥ 1, are uniformly bounded and equicontinuous
on any half-line [t0,∞) ⊂ R. Hence, one can extract from the sequence
{zn(t); n ≥ 1} a subsequence that converges uniformly on any compact inter-
val of R toward a solution z(t) of equation (6.47) that satisfies the inequality
α ≤ z(t) ≤ M.

This ends the proof of Proposition 6.4, and we can now establish the main
existence result for equation (6.44).

Theorem 6.2. Consider equation (6.44), and assume conditions (1)–(5)
stated above. Then there exists a unique almost periodic solution x(t) of e-
quation (6.44) such that x, dx/dt ∈ AP(R,R), and (x(t), dx(t)/dt) ∈ Ω for
t ∈ R.

Proof. As we shall see in the proof, each of the systems (6.46) possesses a
unique solution with graph in Ω.

The first assertion we shall prove is the property that any solution of the
system (6.46) starting at t0 ∈ R at some point of Ω remains in Ω for all t > t0.
This amounts to the fact that an arbitrary solution of equation (6.46) that
passes through a point of Ω cannot leave Ω (i.e., it cannot meet the boundary
∂Ω for t > t0). This property will be checked by estimating the slope of the
tangent to the trajectory (solution) at boundary points of Ω.

On Γ1, at an arbitrary point, the trajectory of the system (6.46) has the
slope

dy

dx
=

−g(x) + kp(t)
β1

≤ −g(−a) + k

β1
·

On behalf of condition (2), there follows

dy

dx
< f(x) = F ′(x).

Hence, the slope of the trajectory is less than the slope of the tangent at Γ1 at
the same point. But dx/dt = β1 > 0 on Γ1, which means that the trajectory
enters Ω when t increases.

Moving to Γ2, where c < x < d, we obtain dx/dt = −g(x) + kp(t) <
−g(c) + k = 0. Therefore, the trajectories of equation (6.46) that cross this
segment enter Ω if t is increasing.
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A similar argument can be applied in the case of Γ3, for which F (d)−β2 ≤
y < F (d), because dx/dt = y − F (x) < 0 on Γ3 and x must decrease.

At the point (d, F (d)) on ∂Ω, we have dx/dt = 0 and dy/dt < 0. Conse-
quently, the trajectory passing through this point is tangent to the line x = d.
Since y < F (x) under the curve y = F (x), at points of Ω under y = F (x) we
have dy/dt = y − F (x) < 0. Hence, the trajectory will enter Ω as t increases.

At the point (c, F (d)), we’ll have dy/dt = −g(c) + kp(t)≤0, while
dx/dt > 0. Consequently, the trajectory passing through this point enters
Ω or is tangent to the line y = F (d). We notice that about the point (c, F (d))
in Ω, and at the right of x = c (since dx/dt > 0 shows that x increases with t),
dy/dt < 0. Therefore, the trajectory will enter Ω.

The remaining parts of the boundary of Ω can be discussed in the same
manner, and we shall omit the details.

At this point in the proof, we can apply Proposition 6.3, more precisely
the existence part, concluding that each system (6.46) has a solution defined
on R with its graph in Ω.

We shall now prove that each system (6.46) has a unique solution whose
graph is in Ω.

Assume, on the contrary, that equation (6.46) for a given p(t) in the hull
of e(t) has at least two solutions, (x(t), y(t)) and (x̄(t), ȳ(t)), defined for t ∈ R
and with their graphs in Ω. The uniqueness theorem for ordinary differential
equations tells us that (x(t), y(t)) �= (x̄(t), ȳ(t)) for any t ∈ R.

Let us denote u(t) = x(t) − x̄(t), v(t) = y(t) − ȳ(t), and note that they
verify, from equation (6.46),

du

dt
= v − m(x̄, u)u,

dv

dt
= −h(x̄, u)u, (6.50)

where

m(x̄, u) =

⎧
⎨
⎩

F (x̄ + u) − F (x̄)
u

, u �= 0,

f(x̄), u = 0,

(6.51)

h(x̄, u) =

⎧
⎨
⎩

g(x̄ + u) − g(x̄)
u

, u �= 0,

g′(x̄), u = 0.

(6.52)

From equation (6.51) and condition (4) in Theorem 6.2, we obtain the ine-
quality α ≤ m(x̄, u) ≤ M, t ∈ R, where M ≥ sup f(x̄(t)), t ∈ R.

Now applying Proposition 6.4 with m(t) = m(x̄, u), there results a solution
z(t) defined on R such that α ≤ z(t) ≤ M , t ∈ R.

Let us now consider the auxiliary function

D(t) = {v2 + (v − zu)2}1/2, (6.53)

where z(t) is the solution mentioned above. Since (u(t), v(t)) �= (0, 0), t ∈ R,
we have D > 0 on R. Due to the fact that z(t) satisfies equation (6.47) with
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m(t) = m(x̄, u), while u and v are defined above in terms of (x(t), y(t)) and
(x̄(t), ȳ(t)), we obtain by differentiation

DD′ = −pu2 + 2quv − zv2, (6.54)

where p = z(z2 − h), q = z2 − h, q2 − pz = −h(z2 − h).
Then equation (6.54) can be rewritten as

DD′ = −z

[(
v − q

z
u
)2

+
(

pz − q2

z2

)
u2

]
. (6.55)

From equation (6.55), we see that DD′ < 0 for (u, v) �= (0, 0) and can vanish
only when (u, v) = (0, 0). It is worth noting that pz − q2 = h(z2 − h) ≥ 0,
which helps to prove that the right-hand side in equation (6.55) is vanishing
only for h = 0 (i.e., u = v = 0). Therefore, DD′ < 0 for (u, v) �= (0, 0) and
will vanish and only if (u, v) = (0, 0).

A first consequence of the considerations above is that D′ < 0 for
(u, v) �= 0. Hence, D2 is a strictly decreasing function of t, which implies
D2 −→ D2

0, 0 ≤ D0 < ∞, as t → −∞. We note that D2 is bounded on
R since u, v, and x are bounded there.

But D2 −→ D2
0 �= 0 as t → −∞ implies the existence of a sequence

{tn; n ≥ 1}, tn → −∞ as n → ∞ such that DD′ −→ 0 on this sequence.
Otherwise, we would have DD′ ≤ −λ < 0 for t ≤ μ with μ ∈ R. The last
inequality for D implies D2 −→ +∞ as t → −∞, which contradicts the
boundedness of D. Therefore, on the sequence {tn; n ≥ 1}, we must have
v − (q/z) −→ 0 and pz − q2 −→ 0 as n → ∞ because z ≥ α > 0. This
situation can occur only if u −→ 0 and v −→ 0 as n → ∞.

From (u, v) −→ (0, 0) on the sequence {tn; n ≥ 1}, one derives D −→ 0
as n → ∞, which is incompatible with D2 −→ D2

0 �= 0.

From v−(q/z)u −→ 0 and pz−q2 = h(z2−h) −→ 0 on the sequence above,
there results h −→ 0 on the same sequence because z2 − h ≥ α2 − β > 0 (see
equation (6.52) and condition (3), which imply h ≤ β). If we now admit that
u does not tend to zero on that sequence, then we should find a subsequence
on which u −→ u0 �= 0. Without loss of generality, we can assume that on this
subsequence x̄ −→ x̄0. Because h(x̄, u) is continuous, one has h −→ h(x̄0, u0)
on the subsequence. But h �= 0 for u0 �= 0, which leads to a contradiction
with the property above, namely h −→ 0 on the sequence initially considered.
This implies that u −→ 0 on the sequence, and since DD′ −→ 0 on the same
sequence, we must have v −→ 0 according to equation (6.54).

Consequently, each system (6.46) has a unique solution in Ω. In particular,
equation (6.44) has a unique almost periodic solution x(t) together with its
first derivative such that (x(t), x′(t)) ∈ Ω for t ∈ R. The almost periodicity
is the consequence of Amerio’s result, formulated in Theorem 6.1, concerning
separated solutions in almost periodic systems.

This ends the proof of Theorem 6.2.
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Remark 6.6. It is obvious from equation (6.44) that the second derivative of
the (unique) almost periodic solution is also almost periodic.

Remark 6.7. It is easy to prove, following the pattern above, that the almost
periodic solution of equation (6.44) under conditions (1)–(5) is asymptotically
stable. This means that any other solution of equation (6.44), with its graph
in Ω for t ≥ t0, t0 ∈ R, tends as t → ∞ to the unique almost periodic solution.

Indeed, if x(t) is the almost periodic solution and x̄(t) is any solution
of equation (6.44) with (t, x̄(t)) ∈ Ω for t ≥ t0, then the distance function
d(t) = |x(t) − x̄(t)|, t ≥ t0, can be treated the same way we have proceeded
with D(t) from equation (6.53). One finds that d2 must be a decreasing func-
tion with t, t ≥ t0, because dd′ < 0. The hypothesis d2 −→ d2

0 > 0 is not
acceptable.

Remark 6.8. Conditions (1) and (2) of Theorem 6.2 are implied by the con-
dition

lim inf
|x|→∞

|g(x)| > k. (6.56)

Hence, formula (6.56) and conditions (3)–(5) from the statement of Theorem
6.2 suffice for the existence of a unique almost periodic solution to equation
(6.44).

Equation (6.44) constitutes a forced perturbation of a classical nonlinear
oscillation equation known as Liénard’s equation.

6.4 Equations with Monotone Operators

The main feature of differential equations we shall consider in this section
consists in the monotonicity of the operators on the right-hand side. More
precisely, the equations to be dealt with in this section have one of the fol-
lowing forms:

ẋ(t) = (fx)(t), t ∈ R, (6.57)

or
ẍ(t) = (fx)(t), t ∈ R. (6.58)

The reduction of equation (6.58) to the form (6.57) can be easily accomplished,
but the monotonicity is generally lost.

The main assumption we shall make on the operator f on the right-hand
side of either equation (6.57) or (6.58), besides the monotonicity, is that it
acts on the space AP(R,Rn) or AP(R, Cn). Of course, other spaces of almost
periodic functions are acceptable, and we shall illustrate the case of Stepanov’s
almost periodic functions; i.e., the elements of the space S(R,Rn).

This section will be dedicated to the results of Bohr–Neugebauer type,
which means that the conditions imposed on systems like (6.57) and (6.58)
are of such a nature that the property of almost periodicity of solutions is
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equivalent to that of boundedness on the real line R. In Section 5.4, we dealt
with such a case when the differential system was linear. In the present case,
we shall cover nonlinear situations.

In dealing with the system (6.57), the following result is helpful.

Proposition 6.5. Consider the differential inequality

u̇(t) ≤ ω(u(t)), t ∈ R, (6.59)

under the following assumptions:

(1) ω : R+ −→ R is continuous.
(2) ω(u) < 0 for u > α > 0.
(3) u : R −→ R+ is differentiable, satisfies formula (6.59), and is bounded on

R.

Then
u(t) ≤ α, t ∈ R. (6.60)

Proof. Since u(t) is bounded on R, we can distinguish only two exclusive
cases to be examined: first, when u(t) attains its maximum value at some
point t0 ∈ R, and then u′(t0) = 0 and ω(u(t0)) ≥ 0, which means that
u(t) ≤ u(t0)= sup{u(t); t ∈ R}, and because of condition (2) above, u(t) ≤
u(t0) ≤ α, t ∈ R. If u(t) does not attain its maximum value at any t0 ∈ R,
then there exist sequences {tn; n ≥ 1} ⊂ R, tn −→ ∞ as n → ∞, with
u(tn) −→ sup{u(t); t ∈ R} as n → ∞. Or a similar situation occurs with
tn −→ −∞ as n → ∞.

Let us concentrate on the first case, where tn −→ ∞ as n → ∞. If u(t) −→
sup{u(t); t ∈ R} as t → ∞, then one can assume, without loss of generality,
that u′(tn) ≥ 0 for sufficiently large n. Indeed, in the contrary case it would
mean u′(t) < 0 for t ≥ T , which contradicts the fact that u(t) ↑ sup{u(t); t ∈
R} at least on some intervals (a, b) with sufficiently large a. Hence, on such a
sequence {tn; n ≥ 1} we will have ω(u(tn)) ≥ 0, and these inequalities imply
(at the limit) ω(sup{u(t); t ∈ R}) ≥ 0. Again, we see that formula (6.60) must
be true. If u(t) has no unique limit as t → ∞, we can construct two sequences,
{tn; n ≥ 1} and {t̄n; n ≥ 1}, such that u(tn) −→ sup{u(t); t ∈ R}, while
u(t̄n) −→ U, U < sup{u(t); t ∈ R}. It turns out that in this case one can
choose a sequence {tn; n ≥ 1}, tn → ∞ as n → ∞, such that u̇(tn) = 0, n ≥ 1.
In other words, {tn; n ≥ 1} is a sequence of local maxima. For sufficiently
large n, the interval (t̄n, t̄n+1) ⊂ R must contain a local maximum point,
which can be taken as tn. Again, we obtain 0 ≤ ω(u(tn)) for large n, which
implies sup{u(t); t ∈ R} ≤ α.

Remark 6.9. There is a kind of dual result to Proposition 6.5; namely, by
the change of variables t = −τ , u(−τ) = v(τ), one obtains from formula (6.59)
the inequality

dv

dτ
≥ −ω(v(τ)), τ ∈ R. (6.61)
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The inequality (6.61) can be discussed in the same way as formula (6.59), the
conclusion regarding v being the same: v(τ) ≤ α, τ ∈ R. Only condition (2)
has to be changed into ω(u) > 0 for u > α > 0.

In order to state and prove the result on almost periodicity of bounded
solutions to equation (6.59), we will note that equation (6.59) can be rewritten
in the form

ẋ(t) = (gx)(t) + h(t), t ∈ R, (6.62)

with
(gx)(t) = (fx)(t) − (fθ)(t), h(t) = (fθ)(t), (6.63)

where θ is the zero element in AP(R,Rn). Of course, one can choose, instead
of θ = θ(t), any given element of AP(R,Rn).

Similarly, equation (6.58) can be rewritten in the form

ẍ(t) = (gx)(t) + h(t), t ∈ R, (6.64)

with the same meaning for g and h.
Let us note that the monotonicity condition on f and g, to be used in what

follows, is simultaneously true for the operators f and g. It can be written in
the form

〈(gx)(t) − (gy)(t), x(t) − y(t)〉 ≤ −m|x(t) − y(t)|2, (6.65)

with m > 0 a constant, and for arbitrary x, y ∈ AP(R,Rn). On the left-hand
side of formula (6.65), we use the scalar product in Rn, denoted by 〈·, ·〉 .

We can now formulate the following result related to equation (6.62).

Theorem 6.3. Consider equation (6.62) under the following assumptions:

(1) g is a continuous operator on the space BC(R,Rn) satisfying the monoto-
nicity condition (6.65).

(2) h(t) ∈ AP(R,Rn).

If x : R −→ Rn is a map verifying equation (6.62) such that x ∈ BC(R,Rn),
then necessarily x ∈ AP(R,Rn) together with its derivative.

Proof. Let x ∈ BC(R,Rn) be a solution to equation (6.62) and τ ∈ R an
arbitrary number. Then xτ (t) = x(t+ τ) ∈ BC(R,Rn). From equation (6.62),
one easily derives

ẋ(t + τ) − ẋ(t) = (gx)(t + τ) − (gx)(t) + h(t + τ) − h(t), τ ∈ R. (6.66)

Multiplying both sides of equation (6.66) scalarly by x(t+τ)−x(t) and taking
formula (6.65) into account, we obtain for t ∈ R

1
2

d

dt
|x(t + τ) − x(t)|2

≤ −m|x(t + τ) − x(t)|2 + |h(t + τ) − h(t)| |x(t + τ) − x(t)|.
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If we denote v(t) = |x(t + τ) − x(t)|2, then the inequality above becomes

1
2

dv

dt
≤ −mv +

√
v |h(t + τ) − h(t)|, t ∈ R.

Applying Proposition 6.5, and based on the inclusion h ∈ AP(R,Rn), we can
write for each ε-almost period of h

1
2

dv

dt
≤ −mv + ε

√
v, t ∈ R. (6.67)

Proposition 6.5 allows us to write, for each τ that is an ε-almost period of h,
the following inequality:

|x(t + τ) − x(t)|2 = v ≤
( ε

m

)2

, t ∈ R. (6.68)

The inequality (6.68) shows that, for each ε-almost period of h, one has

|x(t + τ) − x(t)| ≤ ε

m
, t ∈ R, (6.69)

which means that each τ that is an ε-almost period of h is an (ε/m)-almost
period of x(t).

We shall now consider the case of second-order equations of the form (6.58)
or equivalently of the form (6.64) when a result similar to Theorem 6.3 can
be obtained.

Unlike the case of first-order equations, where the monotonicity type was
expressed by condition (6.65), in the second-order case we need the monoto-
nicity property

〈(gx)(t) − (gy)(t), x(t) − y(t)〉 ≥ m|x(t) − y(t)|2 (6.70)

with m > 0. Let us note that in the first-order case it is immaterial if we use
formula (6.65) or (6.70) due to the fact that by changing t into −t in equation
(6.62), g has to be changed in −g.

The following result holds true in regard to the equation of comparison
(6.71):

ü(t) ≥ ω(u(t)), t ∈ R. (6.71)

Proposition 6.6. Let us consider the differential inequality (6.71) under the
following assumptions:

(1) ω : R+ −→ R is a continuous map.
(2) ω(u) > 0 for u > α > 0.
(3) u : R −→ R+ is twice continuously differentiable, bounded on R, and

satisfies formula (6.71).

Then
u(t) ≤ α, t ∈ R. (6.72)
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Proof. Again, as in the proof of Proposition 6.5, we distinguish two different
situations. First, there is a point t0 ∈ R such that u(t0) = sup{u(t); t ∈ R}.
In such a case, we obviously have ü(t0) ≤ 0. Otherwise, t0 could not be a
point of maximum. Hence, ω(u(t0)) ≤ 0, which implies u(t0) ≤ α. Second,
there is no point t0 ∈ R such that the maximum of u(t) is attained at t0.
In this second situation, there must be a sequence {tn; n ≥ 1} ⊂ R with
tn −→ ∞ as n → ∞ such that u(tn) −→ sup{u(t); t ∈ R} as n → ∞ or a
sequence {t̄n; n ≥ 1} ⊂ R with u(t̄n) −→ sup{u(t); t ∈ R} as n → ∞, while
t̄n −→ −∞. The second case can be treated in the same way as the first, and
we shall deal only with the first situation.

If lim u(t) = sup{u(t); t ∈ R} as t → ∞, then one can find a sequence
{tn; n ≥ 1}, tn → ∞ as n → ∞, such that ü(tn) ≤ 0, n ≥ 1. In the
contrary case, we would have ü(t) > 0 for t ≥ T , which means that u̇(t) is
an increasing map on [T,∞). We can write the inequality u̇(t) ≥ u̇(T ) for
t ≥ T , and since u̇(t) is increasing, there must be some T1 ≥ T such that
u̇(T1) > 0. Without loss of generality we can consider the case T1 = T. Hence,
u̇(T ) > 0 and u(t) ≥ u̇(T )(t−T )+const. for t ≥ T. This is impossible because
u(t) is bounded on [T,∞). Therefore, on the sequence {tn; n ≥ 1}, we have
0 ≥ ü(tn) ≥ ω(u(tn)), and as n → ∞ we obtain 0 ≥ ω(sup{u(t); t ∈ R}).
This inequality leads again to u(t) ≤ α, t ∈ R.

If u(t) has more than one limit at ∞, reasoning similar to that in the last
part of the proof of Proposition 6.5 leads to the desired conclusion: u(t) ≤
α, t ∈ R.

We shall now return to equation (6.68), which is equivalent to equation
(6.64), and prove a result similar to that given in Theorem 6.3 but for second-
order differential equations.

Theorem 6.4. Let us consider equation (6.64) under the following assump-
tions:

(1) g is a continuous operator on the space BC(R,Rn) satisfying the monoto-
nicity condition (6.70).

(2) h(t) ∈ AP(R,Rn).

If x : R −→ Rn is a solution of equation (6.64) such that x ∈ BC(R,Rn),
then necessarily x ∈ AP(R,Rn) together with the derivatives ẋ and ẍ.

Proof. Let x ∈ BC(R,Rn) be a solution of equation (6.64) and τ ∈ R a fixed
number. It is known that xτ (t) = x(t + τ), t ∈ R, belongs to BC(R,Rn). We
obtain from equation (6.64) with t ∈ R

ẍ(t + τ) − ẍ(t) = (gx)(t + τ) − (gx)(t) + h(t + τ) − h(t).

If we multiply both sides by x(t + τ) − x(t) scalarly and take formula (6.70)
into account, we obtain
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〈ẍ(t + τ) − ẍ(t), x(t + τ) − x(t)〉
≥ m|x(t + τ) − x(t)|2 − |h(t + τ) − h(t)| |x(t + τ) − x(t)|, t ∈ R.

But

〈ü, u〉 =
d

dt
〈u̇, u〉 − |u̇|2 =

1
2

d2

dt2
|u|2 − |u̇|2,

which allows us to write the inequality

1
2

d2

dt2
|x(t + τ) − x(t)|2

≥ m|x(t + τ) − x(t)|2 − |h(t + τ) − h(t)| |x(t + τ) − x(t)|.
(6.73)

Denote v(t) = |x(t+ τ)−x(t)|2, t ∈ R, and note that formula (6.73) becomes

1
2

v̈(t) ≥ mv −
√

v |h(t + τ) − h(t)|, t ∈ R. (6.74)

Now choose τ ∈ R to be an almost period of h corresponding to
√

ε/m.
Then, applying Proposition 6.6 to the inequality

1
2

d2v

dt2
≥ mv −

√
v
√

ε/m, (6.75)

one obtains
v(t) = |x(t + τ) − x(t)|2 ≤ ε, t ∈ R, (6.76)

which proves that x ∈ AP(R,Rn). The proof of Theorem 6.4 is complete.

Remark 6.10. Both Theorems 6.3 and 6.4 do not state the existence of so-
lutions to equations (6.57) or (6.58) belonging to the space BC(R,Rn). This
existence has to be postulated in order to get that solutions in BC(R,Rn)
also belong to AP(R,Rn). Within the framework of monotone systems, as
seen above, the problems of boundedness and almost periodicity of solutions
are equivalent.

In general, this fact is not true even in the case of ordinary differential
systems with an almost periodic right-hand side. Already in this chapter,
examples of almost periodic systems with bounded solutions but not almost
periodic solutions have been provided.

We will now consider the case of ordinary differential equations of the first
order, namely

ẋ(t) = f(t, x(t)), t ∈ R, (6.77)

and briefly indicate an existence result that does not require anything but
adequate use of the classical methods of successive approximations.
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The following hypotheses will be admitted:

(1) f : R×R −→ R is a continuous map.
(2) f(t, x) is Bohr almost periodic in t uniformly with respect to x in any

bounded set of R.
(3) The derivative ∂f/]∂x does exist and satisfies an inequality of the form

0 < m ≤ ∂f

∂x
≤ M, (t, x) ∈ R×R, (6.78)

for some m,M ∈ R, with 0 < m ≤ M.

The following existence and uniqueness result is valid.

Proposition 6.7. Consider equation (6.77) under the preceding conditions
(1), (2), and (3). Moreover, we assume that f(t, 0), t ∈ R, is an almost periodic
function (i.e., in AP(R,R)). Then there exists a unique solution (6.77), say
x(t), such that x ∈ AP(R,R). It can be obtained by the iteration procedure
described by

ẋn(t) − Mxn(t) = f(t, xn−1(t)) − Mxn−1(t), (6.79)

starting, for instance, with x0(t) = θ ∈ AP(R,R).

Proof. It is useful to note that the linear equation

ẏ(t) − My(t) = f(t), t ∈ R, (6.80)

has a unique bounded solution on R, for each f ∈ BC(R,R) that is given by

y(t) = −
∫ ∞

t

eM(t−s)f(s)ds, (6.81)

for which the following estimate holds true:

|y|BC ≤ M−1|f |BC. (6.82)

If one writes the formula as in equation (6.79), changing n into n + 1, and
then subtracts equations side by side, one obtains

d

dt
[xn+1(t) − xn(t)] − M [xn+1(t) − xn(t)]

= f(t, xn(t)) − f(t, xn−1(t)) − M [xn(t) − xn−1(t)].

Now applying the estimate (6.82) after elementary operations, one obtains the
recurrent inequality

|xn+1(t) − xn(t)|BC ≤ M − m

M
|xn(t) − xn−1(t)|BC, n ≥ 1. (6.83)
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From formula (6.83), we easily obtain the convergence in BC(R,R) of the
sequence {xn(t); n ≥ 1}, and its limit

lim
n→∞

xn(t) = x(t)

represents the unique solution in BC(R,R) to equation (6.80).
Let us note that in each step of the recurrence one chooses xn(t) as the

unique solution in BC(R,R) of the equation (6.79), n ≥ 1. x0(t) can be an
arbitrary element of AP(R,R).

Remark 6.11. Proposition 6.7 provides a simple example of the existence of
a bounded solution that will be almost periodic in AP(R,R) as soon as f(t, x)
is almost periodic in t uniformly with respect to x in compacts of R.

For another type of existence result, that involving a generalized monoto-
nicity condition, see the book of Iu. A. Trubnikov and A. I. Perov [96]. The
condition (6.65) is substituted by 〈g(t, x) − g(t, y), x − y〉 ≥ γ|x − y|α, γ > 0,
α ≥ 2.

The problem of finding necessary and sufficient conditions for the existence
and uniqueness of almost periodic solutions to equation (6.77) has recently
been investigated in depth in the paper by M. Bostan [15].

Remark 6.12. As seen above, there exists some parallelism between first-
and second-order equations with operators acting on AP(R,R).

6.5 Gradient Type Systems

This section will be dedicated to the investigation of almost periodicity of the
solutions to systems of the form

ẍ(t) = gradF (t, x(t)), t ∈ R, (6.84)

where the grad operator is acting on the x-variables of the (potential) function
F (t, x).

It will be assumed in what follows that x : R −→ Rn is a continuously
differentiable map of the second order, while F (t, x), defined on R×Rn, takes
the values in R. So, the system (6.84) consists of n differential equations, each
of the second order.

In the case n = 3, equation (6.84) represents the equations of the motion
of a material point (mass = 1) in a field of forces that is a gradient (depending
on t). In the case F (t, x) ≡ F (x), we obtain the equations of Newton when
the field of forces is conservative.

We will pursue the investigation of equation (6.84) in regard to the exis-
tence of almost periodic solutions or motions under the hypothesis of almost
periodicity for the potential function with respect to the variable t.
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As we did at the end of Section 6.4, we shall establish the existence of solu-
tions to equation (6.84) in the space BC(R,Rn). The passage from BC(R,Rn)
to AP(R,Rn) is immediate.

We will now consider a rather special case of equation (6.84) that will help
us to construct the process of iteration leading to its solution. Namely, we
first deal with the linear equation

ẍ(t) − Mx(t) = f(t), t ∈ R, (6.85)

with M > 0 a constant. On the right-hand side, f ∈ BC(R,Rn). It is easily
seen that equation (6.85) has a unique solution in BC(R,Rn) given by the
formula (see formula (6.81))

x(t)= − 1
2
√

M

{
e−

√
M t

∫ t

−∞
e
√

M sf(s)ds + e
√

M t

∫ ∞

t

e−
√

M sf(s)ds

}
. (6.86)

There follows from equation (6.86), using elementary estimates, that

|x|BC ≤ M−1|f |BC. (6.87)

The iteration process that will ultimately lead to the existence of a
bounded solution to equation (6.84) can be constructed as (see also Section
6.4, in which we dealt with the case n = 1)

ẍk(t) − Mxk(t) = gradF (t, xk−1(t)) − Mxk−1(t), (6.88)

with k ≥ 1, M > 0 a fixed number, and taking for instance x0(t) = θ ∈ Rn. At
each step in equation (6.88), xk(t), k ≥ 1, is the unique solution in BC(R,Rn)
of that equation. Of course, we will need some restriction on grad F (t, x) in
order to assure the existence (and uniqueness) of a bounded solution.

Instead of pursuing the proof as sketched above, we prefer to present a
fixed-point principle and apply it to prove the existence of a solution to equa-
tion (6.84) under suitable hypotheses. In order to also obtain uniqueness, we
shall use the Banach contraction mapping principle.

Let (S, d) be a complete metric space and A : S → S a contraction map
such that for some α, 0 ≤ α < 1, d(Ax,Ay) ≤ αd(x, y) for any x, y ∈ S. Then
there exists a unique fixed point for A, x∗ = Ax∗.

Proof of the principle can be found in most books on functional analysis
or its applications; see, for instance, our book [24].

We choose as the underlying space BC(R,Rn) with the usual supremum
norm and define an operator on this space according to the following scheme:
For each u ∈ BC(R,Rn), one defines v = Au by means of the equation

v̈(t) − Mv(t) = grad F (t, u(t)) − Mu(t), (6.89)

with v ∈ BC(R,Rn), while M > 0 is a fixed number.
More precisely, we shall rely on the following hypotheses in order to assure

the contraction of the operator A defined above.
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H1. The map F : R×Rn −→ R is continuously differentiable of the second
order in the second argument.

The hypothesis H1 allows us to define grad F (t, x) by means of the formula

grad F (t, x) =
(

∂F

∂x1

, ∂F

∂x2

, · · · , ∂F

∂xn

)
(6.90)

and the Hessian matrix of F by

H(t, x) =
(

∂2F

∂xi∂xj

)

n×n

. (6.91)

H2. Let Br = {u; u ∈ Rn, |u| ≤ r}. Assume there exists K(r) > 0 such that

|grad F (t, x)| ≤ K(r), (t, x) ∈ R×Br. (6.92)

H3. The Hessian matrix (6.91) satisfies the condition

mI ≤ H(t, x) ≤ M(r)I, (t, x) ∈ R×Br, (6.93)

where m > 0 and M(r) > 0 for r > 0. By I we mean the unit matrix of
order n.

Let us remind ourselves that for a symmetric matrix C, the inequality
C ≥ 0 stands for the property 〈Cx, x〉 ≥ 0 for x ∈ Rn. Hence, C ≥ B, with B
another symmetric matrix, means 〈Cx, x〉 ≥ 〈Bx, x〉 for x ∈ Rn.

We can now state the following result concerning the solutions, in
BC(R,Rn) or AP(R,Rn), of equation (6.84).

Theorem 6.5. Let us consider equation (6.84) under hypotheses H1, H2, and
H3. Then there exists a unique solution x ∈ BC(R,Rn) of equation (6.84). If
grad F (t, x) is almost periodic in t uniformly with respect to x in any compact
set of Rn, then the unique solution belongs to AP(R,Rn).

Proof. We shall consider the operator A defined by equation (6.89), the num-
ber M in that formula being in fact one M(r) for sufficiently large r from H3.
We will prove that A is a contraction on a ball Σr ⊂ BC(R,Rn) if r is taken
such that mr ≥ K(0), with K as in formula (6.92).

From equation (6.84), we obtain, for a couple of functions u, ū ∈
BC(R,Rn), the following equation for v = Au, v̄ = Aū:

d2

dt2
[v(t) − v̄(t)] − M [v(t) − v̄(t)]

= grad F (t, u(t)) − grad F (t, ū(t)) − M [u(t) − ū(t)].

The equation above has the form (6.85), and v(t) − v̄(t) is the only solution
in BC(R,Rn). If we apply the estimate (6.87), we obtain
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|v(t) − v̄(t)|BC

≤ M−1|grad F (t, u(t)) − grad F (t, v̄(t)) − M [u(t) − ū(t)]|BC.
(6.94)

We shall now estimate the difference grad F (t, u(t))− grad F (t, ū(t)), ma-
king use of an integral formula that involves the Hessian matrix H(t, x) asso-
ciated with F (t, x):

grad F (t, u(t)) − grad F (t, ū(t))

=
{∫ 1

0

H[t, ū(t) + τ(u(t) − ū(t))]dτ

}
[u(t) − ū(t)].

(6.95)

Formula (6.95) is a variant of the classical Lagrange formula

F (x) − F (x0) =
∫ 1

0

F ′(x0 + θ(x − x0))dθ(x − x0),

which holds true for any differentiable operator F with continuous derivative
F ′ on any Banach space (see, for instance, V. Trénoguine [95]).

Let us denote

H̃(t, u, ū) =
∫ 1

0

H(t, ū(t) + τ(u(t) − ū(t))dτ,

and based on inequalities (6.93), note that H̃(t, u, ū) satisfies also the inequa-
lity

mI ≤ H̃(t, u, ū) ≤ M(r)I (6.96)

as soon as (t, u, ū) ∈ R×Br×Br. We can therefore derive from formulas (6.94)–
(6.96) the estimate

|v(t) − v̄(t)|BC ≤ M−1[MI − H̃][u(t) − ū(t)]BC.

But MI − H̃ is a symmetric matrix, and

|MI − H̃| = sup
|ξ|=1

〈
[MI − H̃]ξ, ξ

〉
(6.97)

with the operator matrix norm on the left-hand side. Formula (6.97), together
with formula (6.96), leads to the conclusion that

|MI − H̃| ≤ M − m

with M as chosen above. This leads to

|v(t) − v̄(t)|BC ≤ M − m

M
|u(t) − ū(t)|BC, (6.98)

which proves that the operator u −→ v = Au is a contraction.
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It only remains to show that, for some r > 0, one obtains the inclusion

AΣr ⊂ Σr. (6.99)

We shall again use the estimate (6.87) for the solution in BC(R,Rn) of equa-
tion (6.89), taking into account that gradF (t, u(t))−Mu(t) can be represen-
ted as

[MI − H̃(t, u(t), θ)]u(t) + grad F (t, θ),

which leads to the inequality

|v(t)|BC ≤ M(r) − m

M(r)
r +

K(0)
M(r)

,

from which we derive expression (6.99), provided K(0) ≤ mr.
This ends the proof of Theorem 6.5 concerning existence in BC(R,Rn),

but we need to complete the proof of Theorem 6.5 in regard to the almost
periodicity of the solution in BC(R,Rn).

We shall take into account the obvious fact that the sequence {xk(t);
k ≥ 1}, defined by equation (6.88), consists of functions in AP(R,Rn). Since
it is convergent in BC(R,Rn), whose type of convergence is the same as in
AP(R,Rn) (i.e., uniform on R), there results that x(t) = lim xk(t) as k −→ ∞
is in AP(R,Rn).

The proof of Theorem 6.5 is now complete.

Remark 6.13. If M(r) from formula (6.93) is bounded (above), say M(r) =
M < ∞ for r ≥ 0, then the operator A is acting as a contraction on the
whole space AP(R,Rn). Then condition mr ≥ K(0) is certainly verified for
sufficiently large r.

Remark 6.14. A result similar to Theorem 6.5 can be obtained for the first-
order system ẋ(t) = gradF (t, x(t)).

Remark 6.15. As shown in a paper by A. R. Aftabizadeh [1], the space
AP(R,Rn) can be replaced by the richer space S(R,Rn) of almost periodic
functions in the sense of Stepanov. The solution will be in the Bohr space
AP(R,Rn).

We shall consider in the second part of this section an equation similar to
equation (6.84). Formally, the equation

ẍ(t) − grad V (x(t)) = h(t), t ∈ R, (6.100)

is a special case of equation (6.84), but the hypotheses we shall use are some-
what different from those stipulated in equation (6.84), as are the method
of proof for existence in BC(R,Rn) or almost periodicity of the solutions.
Namely, we shall rely on the calculus of variations technique as opposed to
the fixed-point principle in the first part of this section.
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In order to enunciate the results and provide the adequate hypotheses,
we shall write equation (6.100) in a slightly different form. Namely, we shall
consider the equation

ẍ(t) − Ax(t) − grad U(x(t)) = h(t), (6.101)

which means that we have chosen

V (x) = Ax + grad U(x), x ∈ Rn. (6.102)

When A = A�, 2Ax = grad 〈Ax, x〉 , so equation (6.101) is of the form
(6.100).

From the calculus of variations (see, for instance, the book by H. Butazzo,
M. Giaquinta, and S. Hildebrand [19]), we know that equation (6.101) is the
Euler equation associated with the functional

JT (x) =
∫

|t|≤T

{
1
2
|ẋ|2 + 〈Ax, x〉 + U(x) + 〈h, x〉

}
dt, (6.103)

where T > 0 is a fixed number.
The following conditions will be imposed on the functions involved in e-

quations (6.101) and (6.103):

(1) A ∈ L(Rn, Rn), n ≥ 1, is symmetric and positive definite

〈Ax, x〉 ≥ σ|x|2, σ > 0, x ∈ Rn.

(2) U : Rn −→ R is continuously differentiable, bounded below, and for some
K > 0 satisfies the condition

〈grad U(x), x〉 ≥ 0 for |x| ≥ K.

(3) h ∈ BC(R,Rn).

We note first that condition (2) allows us to assume that U(x) ≥ 0, x ∈ Rn.
Indeed, only gradU(x) appears in equation (6.101), and this does not change
if U(x) is substituted by U(x) + C, C = const.

We can now state and prove a basic result regarding the solutions in
BC(R,Rn) of equation (6.101).

Theorem 6.6. Consider equation (6.101), and assume the preceding condi-
tions (1), (2), and (3) are satisfied. Then, there exists a solution x = x(t),
t ∈ R, of equation (6.101) such that x ∈ BC(R,Rn) as are ẋ and ẍ.

Proof. We choose as the underlying space for investigating the variational
problem related to equation (6.103) the space H1([−T, T ];Rn) for some fixed
T > 0. This space is known as a Sobolev space and consists of all maps from
[−T, T ] into Rn such that x(t) = lim x0k(t) as k → ∞ with x0k(t), k ≥ 1,
continuously differentiable on [−T, T ] with respect to the norm
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‖u‖2 =
∫ T

−T

[
|u(t)|2 + |u̇(t)|2

]
dt. (6.104)

In other words, H1([−T, T ];Rn) is the completion of the space C(1)([−T, T ];
Rn) with respect to the norm (6.104).

The functional JT (x) defined by equation (6.103), considered on the space
H1([−T, T ];Rn), has some basic properties required in the calculus of varia-
tions for the existence of the extremum (minimum in our case): (a) JT (x)
is differentiable; (b) JT (x) is bounded below (on the whole space!) and its
integrand is convex with respect to ẋ; (c) JT (x) has superlinear growth in ẋ.

Let us note that condition (c) is easily checked if one takes into account
the term (Ax, x) ≥ σ|x|2 and U(x) ≥ 0. Conditions (a) and (b) are obviously
verified by JT (x).

Therefore (see, for instance, the book by G. Butazzo, M. Giaguinta, and S.
Hildebrudt [19] quoted above.), there exists an element v ∈ H1([−T, T ];Rn)
such that JT (v) = min JT (x), x ∈ H1([−T, T ];Rn). It satisfies also some
boundary value condition, say v̇(−T ) = v̇(T ) = θ ∈ Rn.

Let us denote

|v|T = sup{v(t); |t| ≤ T}, M = |h|BC, C1 = max{K,Mσ}.

We shall prove now that

|v|T ≤ C1 for any T > 0. (6.105)

Let us denote ϕ(t) = |v(t)|2, t ∈ [−T, T ], and note that ϕ̇(t) = 2 〈v(t), v̇(t)〉 ,
t ∈ [−T, T ]. This implies, based on the properties of v(t),

ϕ̇(−T ) = ϕ̇(T ) = 0, (6.106)

while
ϕ̈(t) = 2|v̇(t)|2 + 2 〈v(t), v̈(t)〉

= 2|v̇(t)|2 + 2 〈Av(t), v(t)〉
+ 2 〈grad U(v(t)), v(t)〉 + 2 〈h(t), v(t)〉 .

(6.107)

If one assumes, contrary to formula (6.105), that

I = {t; |t| ≤ T, ϕ(t) > C2
1} �= ∅, (6.108)

then based on conditions (1) and (2) above, we will have from equation (6.107),
for every t ∈ I,

ϕ̈(t) ≥ 2σϕ(t) + 2 〈h(t), v(t)〉 ≥ 2σϕ(t) − 2M |v(t)|,
or

ϕ̈(t) ≥ 2
√

ϕ(t)
[
σ
√

ϕ(t) − M
]
.

(6.109)
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At this point, we can exploit the inequality (6.109) to find the estimate
equation (6.105). From our assumption (6.108), we have σ

√
ϕ(t)−M > 0 on

|t| ≤ T . This means ϕ̈(t) > 0 for |t| ≤ T , and this implies that ϕ̇(t) is strictly
increasing. If ϕ̇(t0) ≥ 0 at some t0, |t0| ≤ T , then [t0, T ] ⊂ I because ϕ̇(t)
increases strictly, which means ϕ̇(T ) > 0, a contradiction with ϕ(T ) = 0. In a
similar way, the assumption ϕ̇(t0) < 0 leads to a contradiction. Therefore, I
is the empty set, and this shows that formula (6.105) must be true.

Since v(t) is a solution of the Euler equation (6.101), there results for v̈(t)
the estimate

|v̈|T ≤ sup
|t|≤T

(|Av + grad U(v)| + M) = C2, (6.110)

where C2 is independent of T (i.e., is an absolute constant).
So far, we have found upper bounds for |v(t)|, |v̈(t)|, t ∈ [−T, T ], that do

not depend on T > 0.
We shall prove that a similar but somewhat different estimate is valid

for v̇(t). Indeed, since we have v(t), v̈(t) ∈ C([−T, T ], Rn), it means that the
equation

v̈(t) − v(t) = f(t), t ∈ [−T, T ], (6.111)

satisfies f ∈ C([−T, T ], Rn). The boundary values for v(t) are, as seen above,
v̇(−T ) = v̇(T ) = θ ∈ Rn.

From equation (6.111), one obtains the equality

〈v̇, v̈〉 = 〈v̇, v〉 + 〈v̇, f〉 , (6.112)

which can be rewritten in the form

d

dt
|v̇(t)|2 =

d

dt
|v(t)|2 + 2 〈v̇(t), f(t)〉 . (6.113)

By integrating from −T to T , one gets from equation (6.113)

|v̇(t)|2 = |v(t)|2 − |v(−T )|2 + 2
∫ t

−T

|v̇(t)| |f(t)|dt

or

|v̇(t)|2 ≤ |v(t)|2 + 2 sup |v̇(t)|
∫ T

−T

|f(t)|dt, t ∈ [−T, T ].

Further, based on formula (6.105) and taking the supremum on the left-hand
side, one obtains the second-degree inequality

|v̇|2T ≤ C2
1 + 2|v̇|T

∫ T

−T

|f(t)|dt, (6.114)

which implies

|v̇|2T ≤
∫ T

−T

|f(t)|dt +

⎧
⎨
⎩

(∫ T

−T

|f(t)|dt

)2

+ C2
1

⎫
⎬
⎭

1/2

. (6.115)
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As seen from formula (6.115), |v̇| remains bounded on each interval [−T, T ],
T > 0. Actually, one can obtain an estimate independent of T . But formula
(6.115) will suffice to prove an existence result to equation (6.101) using a
diagonal procedure.

Before we proceed to the proof of existence, we note that the variational
problem of minimizing the functional (6.103) under restrictions v̇(−T ) =
v̇(T ) = θ ∈ Rn has a solution for which |v(t)| and |v̈(t)| are bounded by
constants independent of T , while |v̇(t)| has an upper bound depending on T ,
on each interval [−T, T ].

Let us now extend v(t) to the whole real line by putting

vT (t) =

⎧
⎪⎨
⎪⎩

v(−T ) when t ≤ −T,

v(t) when t ∈ [−T, T ],

v(T ) when t ≥ T.

We shall now choose a sequence {Tk k ≥ 1} of positive numbers such
that Tk → ∞ as k → ∞. Then we consider the sequence {vTk

(t); k ≥ 1}
of functions defined on R, all terms being continuously differentiable of the
first order and with second derivatives also continuous, except perhaps ±Tk.
Now using the diagonal procedure after applying the Ascoli–Arzelà criterion
of compactness on each finite interval [−T, T ], on which all terms of the se-
quence 〈vTk

(t); k ≥ 1〉 are defined starting with a certain rank (depending
on T ), we obtain a function u(t), defined on R, such that a subsequence of
{vTk

(t); k ≥ 1} converges uniformly on [−T, T ] to u(t), together with the sub-
sequence of the derivatives of the first order. We have to keep in mind the
fact that uniform boundedness of the derivatives implies uniform convergence
on any compact subset of R. As is known from the calculus of variations, u(t)
satisfies equation (6.101) on R (because T > 0 is arbitrarily large). So, it also
has derivatives of first and second order, and these are continuous on R.

Since v(t), from which we started to construct the sequence {vTk
; k ≥ 1},

is in BC(R,Rn), as well as {v̈Tk
(t); k ≥ 1}, one obtains that u(t) and ü(t)

belong to BC(R,Rn). The same is true for u̇(t), as one can see if we consider
an equation similar to equation (6.111) but on R,

ü(t) − u(t) = f(t), t ∈ R, (6.116)

with f ∈ BC(R,Rn).
We have seen that equation (6.85), which is the same as equation (6.116),

has only one solution in BC(R,Rn). It is given by formula (6.86) with M = 1,
namely

u(t) = −1
2

{
e−t

∫ t

−∞
esf(s)ds + et

∫ ∞

t

e−sf(s)ds

}
.

One can easily see that u̇(t) ∈ BC(R,Rn).
To summarize this lengthy proof, we can state that we constructed a so-

lution u(t) to equation (6.101) by means of a variational procedure, and this
solution belongs to BC(R,Rn) together with its first and second derivatives.
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Theorem 6.6 is now proven.

In connection with the almost periodicity of solutions to equation (6.101),
a result similar to Theorem 6.6 is valid, but some changes are necessary in
the hypotheses. More precisely, the following result can be obtained.

Proposition 6.8. Let us consider equation (6.101), preserving condition (1)
from Theorem 6.6 but modifying somewhat conditions (2) and (3). Namely, it
will be assumed that:

(2′) U : Rn → R is continuously differentiable and convex; i.e.,

〈grad U(x) − grad U(y), x − y〉 ≥ 0, x, y ∈ Rn.

(3′) h ∈ AP(R,Rn).

Then, the solution whose existence is guaranteed by Theorem 6.6 is the unique
almost periodic solution to equation (6.101).

Proof. Since conditions (2′) and (3′) are stronger than conditions (2) and (3)
of Theorem 6.6, there results the existence of solution in BC(R,Rn). We need
to prove its almost periodicity and uniqueness.

Assume x(t) and y(t) are two solutions of equation (6.101) in BC(R,Rn)
of

ÿ(t) − Ay(t) − grad U(y(t)) = g(t), t ∈ R,

and consider w(t) = x(t) − y(t), t ∈ R. Denote ψ(t) = |w(t)|2, and observe
that

ψ̈(t) = 2|ẇ(t)|2 + 2 〈Aw(t), w(t)〉
+ 2 〈grad U(x) − grad U(y), x − y〉
+ 〈w(t), h(t) − g(t)〉 , t ∈ R,

which obviously implies

ψ̈(t) ≥ 2σψ(t) − |h(t) − g(t)|
√

ψ(t), t ∈ R. (6.117)

Since ψ(t) is bounded on R, one can apply Proposition 6.6 and derive the
estimate

|x(t) − y(t)|BC ≤ 1
2σ

|h(t) − g(t)|BC. (6.118)

From the inequality (6.118), one derives the uniqueness of the solution
in BC(R,Rn) as well as the Lipschitz continuity of the (unique) solutions to
equation (6.101) with respect to the free forcing term h.

Now we consider together with equation (6.101) the equation whose forcing
term is hτ (t) = h(t + τ) with τ ∈ R a fixed number. Applying the inequality
(6.118) for g(t) = hτ (t), we obtain

|x(t + τ) − x(t)|BC ≤ 1
2σ

|h(t + τ) − h(t)|, t ∈ R,

and this shows the almost periodicity of the solution in BC(R,Rn) of equation
(6.101).
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Further results related to the use of the variational approach to prove the
existence of an almost periodic solution in AP(R,Rn) can be found in the
paper [20] by C. Carminati. This paper also contains adequate references to
the existing literature on this topic.

6.6 Qualitative Differential Inequalities

This section is entirely dedicated to the discussion of some nonlinear differen-
tial inequalities having applications not only in regard to almost periodicity
of solutions to differential equations but also other qualitative properties of
solutions. See the author’s paper [27].

We encountered in Section 6.4 two examples of qualitative inequalities
and then applied them to establish the almost periodicity of solutions to
differential equations with monotone operators. The kind of almost periodicity
we had in mind is Bohr’s type; i.e., the space AP(R,Rn).

In this section, we shall investigate qualitative inequalities that will al-
low us to use the spaces M(R,Rn) and S(R,Rn) instead of BC(R,Rn) and
AP(R,Rn).

The inequalities we shall consider have the form

ẋ(t) ≥ λ(x(t)) − f(t)μ(x(t)), t ∈ R, (6.119)

or
ẍ(t) ≥ λ(x(t)) − f(t)μ(x(t)), t ∈ R, (6.120)

where λ and μ are maps whose properties will be specified below. We shall
look for estimates on the whole real line but not necessarily for solutions that
are in BC(R,Rn). The hypothesis x ∈ M(R,Rn) will also be dealt with.

Before we can investigate the inequalities (6.119) and (6.120) in full
generality, we will consider a special case where λ(r) = λr, λ > 0. The fol-
lowing result has an auxiliary role.

Proposition 6.9. Consider the inequalities

ẋ(t) ≥ λx(t) − f(t), t ∈ R, (6.121)

and
ẍ(t) ≥ λx(t) − f(t), t ∈ R, (6.122)

with λ > 0 and f : R −→ R+ such that

|f |M = sup
t∈R

∫ t+1

t

f(s)ds < ∞. (6.123)

Let x : R −→ R be locally absolutely continuous, satisfying the inequality
(6.121) a.e. on R. If x ∈ M(R,R), then there exists a constant K > 0 such
that

x(t) ≤ K|f |M , t ∈ R, (6.124)

with K = K(λ).
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Let x : R → R be such that ẋ is locally absolutely continuous and formula
(6.122) is satisfied a.e. on R. If x ∈ M(R,R), then there exists a positive
constant K1 = K1(λ) > 0 such that

x(t) ≤ K1|f |M , t ∈ R. (6.125)

Proof. Let us multiply both sides of formula (6.121) by exp(−λt) and integrate
from t to T , T > t. There results

x(t) ≤ x(T ) exp {λ(t − T )} +
∫ T

t

f(s) exp {λ(t − s)} ds.

Since x ∈ M , the integral of x(t) exp{−λt} makes sense on any positive semi-
axis. Hence, there exists a sequence of values of T , say {Tn; n ≥ 1}, with
Tn → ∞ as n → ∞, and letting T = Tn in the inequality above, one obtains
for n → ∞

x(t) ≤
∫ ∞

t

f(s) exp{λ(t − s)}ds, ∀ t ∈ R. (6.126)

Based on the equivalence of the norms in the space M (see, for instance,
the proof of Proposition 5.14), we obtain from formula (6.126) the estimate
(6.124).

In regard to the second-order inequality (6.122), we first note that it can
be rewritten in the form

(ẋ +
√

λ x)· ≥
√

λ(ẋ +
√

λ x) − f(t), (6.127)

which is an inequality of the form (6.121) for u = ẋ +
√

λx. Consequently,
applying the auxiliary inequality from above, one obtains

ẋ(t)+
√

λx(t) ≤ [ẋ(T )+
√

λx(T )] exp{
√

λ(t−T )}+
∫ T

t

f(s) exp{
√

λ(t−s)}ds

or
ẋ(t) +

√
λ x(t) ≤ K(λ)|f |M , t ∈ R, (6.128)

if we can get a sequence {Tn; n ≥ 1}, Tn → ∞ as n → ∞, for which [ẋ(Tn) +√
λx(Tn)] exp{−λTn} → 0 as n → ∞.

If one changes t into −t in formula (6.128), one again obtains an inequality
of the form (6.121) for x(t), which can be processed as above.

In order for the proof to be complete, we will show that there is a sequence
{Tn; n ≥ 1}, Tn → ∞ as n → ∞, with the property

[ẋ(Tn) +
√

λ x(Tn)] exp{−λ Tn} −→ 0 as n → ∞.

Indeed, otherwise we should have either

lim inf
t−→∞

[ẋ(t) +
√

λ x(t)] exp{−
√

λ t} = 2ε0 > 0
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or
lim sup
t−→∞

[ẋ(t) +
√

λ x(t)] exp{−
√

λ t} = −2ε0 < 0.

These two distinct possibilities can be justified as follows. The set of limit
points of [ẋ(t) +

√
λ x(t)] exp{−

√
λ t}, as t → ∞, is a connected set on

R (i.e., an interval, a semiaxis, or the whole R). One can easily see that
this statement is true by using an argument we have given in the proof of
Proposition 6.5.

Let us now focus on the first possibility considered above. There results in
this case that

ẋ(t) +
√

λx(t) ≥ ε0 exp{λt}, t ≥ T0 > 0.

This implies

x(t) ≥ ε0(2
√

λ)−1 exp{
√

λ t} − η, t ≥ T0,

for some η > 0. The inequality above is obviously in contradiction with the
assumption x ∈ M(R,R).

A similar argument is valid in the second case.

We now move to the general inequalities (6.119) and (6.120), where the
constant λ is replaced by a function λ(r), r ≥ 0, and f(t) in formula (6.121)
or (6.122) is multiplied by a nonlinear term μ(x(t)). The following result is
valid.

Theorem 6.7. Consider the inequalities (6.119) and (6.120) under the fol-
lowing assumptions on the functions λ(r), μ(r), and f(t) occurring in both
inequalities:

(1) The map λ : R+ −→ R+ is continuous and strictly increasing, λ(0) = 0,
λ(r) −→ ∞ as r → ∞, and

∫

0+

[λ(r)]−1dr = +∞. (6.129)

(2) The function
d

dr
exp

{∫ r

r0

[λ(u)]−1du

}
, r0 > 0, (6.130)

is nondecreasing on R+.
(3) The map μ : R+ −→ R+ is continuous and nondecreasing such that

μ(r) > 0 for r > 0.
(4) The map ν : R+ −→ R+, defined by

ν(r) = λ(r)/μ(r), r > 0, ν(0) = 0, (6.131)

is strictly increasing, and ν(r) → ∞ as r → ∞.
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(5) f : R −→ R+ is such that f ∈ M(R,R).

Then, if x : R −→ R+ is bounded on R, locally absolutely continuous, and
satisfies inequality (6.119) a.e. on R, one can find a positive number K such
that

x(t) ≤ ν−1(K|f |M ), t ∈ R. (6.132)

If x : R −→ R+ is a bounded solution of formula (6.120) with ẋ(t) locally
absolutely continuous and the function in formula (6.130) is differentiable on
R+, then there exists K1 > 0 such that

x(t) ≤ ν−1(K1|f |M ), t ∈ R. (6.133)

Proof. The proof will be based on a linearization of the inequalities by means
of certain adequate transformations of the data.

Let x(t), t ∈ R, be a solution on R of the inequality (6.119) bounded
there. We shall make a change of variable, y = ρ(x), with ρ : R+ −→ R+

to be determined as a continuously differentiable and increasing function. We
will find a “linearized” inequality for y similar to inequality (6.121). Indeed,
multiplying both sides of formula (6.119) by ρ′(x(t)), which is nonnegative
because ρ(x) is increasing, one obtains the inequality

ρ′(x(t))ẋ(t) ≥ λ(x(t))ρ′(x(t)) − f(t)μ(x(t))ρ′(x(t)). (6.134)

We will choose ρ such that the first-order differential equation

λ(r)ρ′(r) = ρ(r), r > 0, (6.135)

is valid, which actually means

ρ(r) = exp
{∫ r

r0

[λ(u)]−1du

}
, r0 > 0, (6.136)

with r0 > 0 arbitrarily chosen. Our assumption (1) allows us to define
ρ(0) = 0. The derivative ρ′(r) does exist for any r > 0, and it is obviously
continuous and positive for r > 0. From assumption (2), we see that ρ′(r) is a
nondecreasing function. We can also show that ρ′(r) is bounded in any right
neighborhood of the origin r = 0, while the right upper Dini derivative is finite
at the origin. Indeed, for a continuously differentiable λ(r) with λ′(0) = 0,
one has 0 ≤ λ′(r) ≤ 1 for 0 ≤ r ≤ r0, r0 > 0. That’s how we choose r0 in
formula (6.130). From equation (6.135), we then derive, for 0 < r ≤ r0,

ρ′(r) = [λ(r)]−1ρ(r) ≤ [λ(r)]−1 exp
{∫ r

r0

λ′(u)[λ(u)]−1du

}
= [λ(r0)]−1.

The inequality above shows the boundedness of ρ′(r) at the right of the origin.
In a similar manner, we obtain λ(r) ≤ r on [0, r0]l, which leads to

ρ(r)/r ≤ ρ(r)[λ(r)]−1 ≤ [λ(r0)]−1. (6.137)
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From formula (6.137), we obtain that Dini’s number is finite.
Returning to inequality (6.134), we can rewrite it in the form

ẏ(t) ≥ y(t) − f(t)μ(x(t))ρ′(x(t)), t ∈ R, (6.138)

which implies
ẏ(t) ≥ y(t) − f(t)μ(m)ρ′(m), t ∈ R, (6.139)

where
m = supx(t), t ∈ R. (6.140)

But the inequality (6.139) has been dealt with in Proposition 6.9, which means
that

sup y(t) = ρ(m) ≤ Kρ′(m)μ(m)|f |M , t ∈ R. (6.141)

From equation (6.135), we derive from equation (6.141) that

λ(m) ≤ Kμ(m)|f |M , (6.142)

and dividing both sides by μ(m), we obtain the inequality (6.132) after taking
the inverse of ν(r).

Concerning the second-order inequality (6.122), we can proceed exactly as
in formula (6.121). After multiplying both sides of formula (6.122) by ρ′(x(t)),
we obtain by means of simple transformations the inequality

d

dt
[ρ′(x(t))ẋ(t)] − ρ′′(x(t))[ẋ(t)]2

≥ ρ′(x(t))λ(x(t)) − f(t)ρ′(x(t))μ(x(t)), t ∈ R.
(6.143)

Due to condition (2), that ρ′(r) has been assumed to be nondecreasing on R+,
there results that ρ′′(r) ≥ 0. Therefore, the inequality (6.143) implies

d2

dt2
ρ(x(t)) ≥ ρ(x(t)) − f(t)ρ′(x(t))μ(x(t)), (6.144)

which has as a consequence the inequality

ÿ(t) ≥ y(t) − f(t)ρ′(m)μ(m), t ∈ R. (6.145)

Again, the inequality (6.145) has been discussed in Proposition 6.9, which
means that

sup y(t) = ρ(m) ≤ K1ρ
′(m)μ(m)|f |M , t ∈ R. (6.146)

As in the case of equation (6.141), from equation (6.146) one obtains

supx(t) ≤ ν−1(K1|f |M ), t ∈ R, (6.147)

which is exactly the inequality (6.133) in Theorem 6.7.
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Remark 6.16. If we have a function λ(r) satisfying condition (1) in Theorem
6.7, except equation (6.129), we can use with the same result the function

λ(r) =

⎧
⎪⎨
⎪⎩

∫ r

0

λ(u) exp{−u}du, r ∈ [0, ε0],

[λ(ε0)/λ(ε0)]λ(r), r > ε0,

with ε0 > 0 chosen arbitrarily. One has λ(r) < λ(r) for r > 0, λ
′
(0) = 0, and

this implies equation (6.129).

Remark 6.17. One can deal with inequalities of a more general form than
formulas (6.119) or (6.120). For instance, we can consider inequalities of the
form

ẋ(t) ≥ λ(x(t)) − f(t)(μx)(t), t ∈ R, (6.148)

where μ : BC(R,R)−→BC(R,R) is an operator with the properties
μ(x(t)) ≥ 0, and

sup(μx)(t) ≤ μ̃(supx(t)), t ∈ R,

where μ̃(r) is a function with the properties of μ(r) in Theorem 6.8. Then one
gets an estimate of the form (6.146), with ν(r) = λ(r)/μ̃(r), for r > 0.

A special case of the inequality (6.148) is the integro-differential inequality

ẋ(t) ≥ λ(x(t)) − f(t)
∫ t

−∞
k(t − s)μ(x(s))ds, t ∈ R,

with λ(r), μ(r), and f(t) as above, while k ∈ L1(R,R). We leave to the
reader the task of finding an estimate for the solution of the form (6.147).
The second-order inequality can also be discussed.

In concluding this section, we shall consider again, under some modified
conditions, the inequality (6.119), but restricting ourselves to the positive
half-axis R+. If we choose the very special case μ(r) ≡ 1 and change t into
−t, then formula (6.119) becomes

ẋ(t) + λ(x(t)) ≤ f(t), t ∈ R+. (6.149)

The inequality (6.149) has been used to find estimates for solutions of
various equations, including the differential equation in Banach spaces (see,
for instance, A. Haraux [48]).

It is interesting to point out a certain relation with stability theory (of
solutions of differential equations).

We shall consider the scalar differential equation attached to formula
(6.149), namely

ẏ(t) + λ(y(t)) = f(t), t ∈ R+. (6.150)
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Using the standard terminology from stability theory (see, for instance, N.
N. Krasovskii [56]), we note that the solution y = 0 of the equation ẏ(t) +
λ(y(t)) = 0 is uniformly asymptotically stable. This implies the stability under
constantly acting disturbances from the space M(R+, R). In particular, there
results that any solution of equation (6.150) with f ∈ M(R+, R) is bounded
on R+.

Proceeding along the same lines as in the proof of Theorem 6.7, we can ob-
tain an upper estimate for the solution of formula (6.149) satisfying an initial
condition of the form x(0) = x0 ∈ R,

supx(t) ≤ λ−1(λ(x0) + K|f |M ), (6.151)

where K is a positive constant.
Indeed, if we multiply both sides in formula (6.149) by ρ′(x(t)), with ρ(x)

chosen as in equation (6.135), then one obtains the inequality

d

dt
ρ(x(t)) + ρ(x(t)) ≤ f(t)ρ′(x(t)), t ∈ R+, (6.152)

which leads by integration to

ρ(x(t)) ≤ ρ(x(0))e−t +
∫ t

0

e−(t−s)f(s)ρ′(x(s))ds.

But ρ′(x(s)) ≤ ρ′(m), m = supx(t), t ∈ R+.
Hence

ρ(m) ≤ ρ(x0) + ρ′(m)K|f |M . (6.153)

The inequality (6.151) follows directly from formula (6.153), keeping in
mind that ρ(m) = ρ′(m)λ(m) and ρ′(x0) ≤ ρ′(m), and formula (6.153)
becomes

λ(m) ≤ λ(x0) + K|f |M . (6.154)

Since λ is invertible on R+, formula (6.154) is equivalent to formula (6.151).

Remark 6.18. Second-order inequalities of the form

ẍ(t) ≥ λ(x(t)) − f(t), t ∈ R+,

can be discussed in the manner presented above, and similar estimates can be
found for solutions.

Remark 6.19. Comparing Proposition 6.9 and Theorem 6.7, we see that in
the latter we have required the boundedness of the solution (its quality!).
This is stronger than the requirement in Proposition 6.9 because BC(R,R)
⊂ M(R,R).

There is an “a priori” explanation for the difference in the requirement:
Since the solutions are continuously differentiable (of the same order as the
inequality considered), if they are bounded or at least uniformly continuous
on R, then they must be in AP(R,R), not only in M(R,R). This is the
consequence of Bochner’s result on Bohr’s almost periodicity of the Stepanov
almost periodic functions.
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6.7 Further Results on Nonlinear Almost Periodic
Oscillations; Perturbed Systems

The amount of results concerning the almost periodicity of solutions to var-
ious classes of functional equations is considerable. We mention here only a
few sources in book form that contain this type of result.

To reach beyond the framework of this section, the interested reader should
consult such references as J. K. Hale [47], A. Halanay [46], I. G. Malkin [66],
A. M. Fink [40], M. A. Krasnoselskii, V. S. Burd, and Yu. S. Kolesov [55],
and T. Yoshizawa [102]. These references display a wide array of results con-
cerning nonlinear almost periodic oscillations as well as various methods of
investigation (analytic methods, use of Fourier series, fixed-point methods,
differential inequalities, Lyapunov functions, and others).

We will consider now an application of the results in Section 6.6 to the
case of a perturbed monotone system of the form

ẋ(t) = f(x(t)) + g(t, x(t)), t ∈ R, (6.155)

or
ẍ(t) = f(x(t)) + g(t, x(t)), t ∈ R. (6.156)

In these systems, f stands for a monotone function from Rn into itself, while
g must be regarded as a perturbing term. It is possible to consider the case
where f stands for an operator acting on BC(Rn, Rn) as we did in Section 6.5.

Let us deal first with the system (6.155) under the following assumptions.

(1) The map f : Rn−→Rn is continuous and monotone; i.e., for any x, y ∈ Rn,

〈f(x) − f(y), x − y〉 ≥ λ(|x − y|2), (6.157)

where λ(r), r ∈ R+, is continuous from R+ into itself and λ(0) = 0
and increasing for r > 0. Moreover, λ(r) must be such that the condition
(6.129) is satisfied, while λ(r)/

√
r = ν(r) also verifies that ν(0) = 0 (by

definition) and is increasing for r > 0 (and hence invertible).
(2) g : R×Rn → Rn is continuous and S–almost periodic in the first argument

uniformly with respect to x ∈ Rn. Moreover, g is monotone; i.e., for any
t ∈ R, x, y ∈ Rn,

〈g(t, x) − g(t, y), x − y〉 ≥ 0. (6.158)

We can now state and prove the following result.

Proposition 6.10. Consider the system (6.155) under assumptions (1) and
(2) above. Then any solution in BC(R,Rn) is also in AP(R,Rn).

Proof. Let x∈BC(R,Rn) be a solution of the system (6.155). Then x(t+τ) =
xτ (t), t ∈ R, is a solution of the system

ẋ(t + τ) = f(x(t + τ)) + g(t + τ, x(t + τ)), t ∈ R. (6.159)
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Subtracting side by side equation (6.155) from equation (6.159) and multiply-
ing both sides scalarly by x(t + τ) − x(t), one obtains

1
2

d

dt
|x(t + τ) − x(t)|2 = 〈f(x(t + τ)) − f(x(t)), x(t + τ) − x(t)〉

+ 〈g(t+τ, x(t+τ)) − g(t, x(t+τ)), x(t+τ) − x(t)〉

+ 〈g(t, x(t + τ)) − g(t, x(t)), x(t + τ) − x(t)〉 .

Taking our assumptions into account, we derive from above the inequality

1
2

d

dt
|x(t + τ) − x(t)|2 ≥ λ(|x(t + τ) − x(t)|2)

−|g(t + τ, ξ) − g(t, ξ)| |x(t + τ) − x(t)|,
(6.160)

where ξ = x(t+τ) ∈ Rn. We note that the third term on the right-hand side of
the inequality above can be neglected due to the assumption of monotonicity
of g(t, x) in respect to x ∈ Rn, which leads to formula (6.160).

The inequality (6.160) above is of the type (6.119), which we investigated
in Section 6.6. If one denotes |x(t + τ) − x(t)|2 = u(t), the inequality (6.160)
becomes

1
2

u̇(t) ≥ λ(u(t)) − |g(t + τ, ξ) − g(t, ξ)|
√

u(t), (6.161)

which must be verified only for ξ = x(t + τ) ∈ Rn, t ∈ R. Applying the
estimate found for the inequality (6.119), we obtain

sup
t∈R

|u(t)| ≤ ν−1

(
K sup

ξ∈Rn

|g(t + τ, ξ) − g(t, ξ)|S

)
, (6.162)

keeping in mind that the norm in S(R,Rn) is the same as in M(R,Rn). Of
course, K is a fixed positive constant.

The inequality (6.162), taking into account that u(t) = |x(t + τ) − x(t)|2,
t ∈ R, proves that x ∈ AP(R,Rn).

Similar considerations and applications of the estimate found in the ine-
quality (6.120) of Section 6.6 lead to the following result concerning equation
(6.156).

Proposition 6.11. Consider the system (6.156) under assumptions (1) and
(2) of Proposition 6.10. Then any solution of this system belonging to
BC(R,Rn) is also in AP(R,Rn).

The proof is omitted, being the same as the proof of Proposition 6.10 and
relying on the inequality (6.120) instead of formula (6.119).

Remark 6.20. Under the assumptions of Propositions 6.10 and 6.11, the ope-
rator appearing on the right-hand side of equations (6.155) or (6.156) is still
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a “monotone” operator. The case λ(r) = μr2 is the classical one, also valid in
the case of Hilbert spaces (instead of Rn). The major difference between the
results of Section 6.4 and those of this section consists in the fact that we deal
in the latter with S–almost-periodic functions. The perturbing term g can in-
volve the so-called impulsive terms due to the fact that functions in S, which
is a subspace of M , could be unbounded. Hence, renouncing the continuity of
the perturbing term, we can deal with much larger classes of perturbations.

Remark 6.21. The results of Propositions 6.10 and 6.11 are of the Bohr–
Neugebauer type. In other words, they assume the existence of solutions in
BC(R,Rn) and then prove that they are actually in AP(R,Rn). We note that
existence has been proven in the case of gradient type systems in Section 6.5.
For more general systems, the problem of existence in nonlinear systems is still
open. Results for particular types of systems are available, and the references
mentioned at the beginning of this section provide useful information.

We will now consider the problem of almost periodicity for some perturbed
system of nonlinear equations similar to the systems (6.155) and (6.156). The
hypotheses made on the systems will differ to some extent from those already
encountered above.

Without any complications with respect to the case of the space Rn, we
shall establish the result in the case of functions taking values in a Hilbert
space H. The particular case H = Rn is immediate.

Proposition 6.12. Let H be a real Hilbert space and A : D(A) −→ H, F :
R×H −→ H two maps verifying the following conditions:

(1) A has a type of monotonicity property expressed by the inequality

〈Ax − Ay, x − y〉 ≥ φ(|x − y|), x, y ∈ D(A), (6.163)

where φ : R+ −→ R+ is continuous and such that φ(0) = 0, φ(r) > 0, for
r > 0.

(2) F is continuous and such that

〈F (t, x) − F (t, y), x − y〉 ≥ −ψ(|x − y|) (6.164)

for t ∈ R and x, y ∈ H. The function ψ : R+ −→ R+ is supposed
continuous, and ψ(r) ≥ 0, r ∈ R+.

(3) The map t −→ F (t, x) from R into H is almost periodic in the sense of
Bohr and Bochner for fixed x ∈ H uniformly on each bounded set in H.

(4) The functions φ(r) and ψ(r) are such that φ(r) = O(r) as r −→ 0+ and

lim
φ(r) − ψ(r)

r
> 0, (6.165)

while the largest root r(ε) of the equation

φ(r) = ψ(r) + εr, ε > 0, (6.166)
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verifies the condition

lim r(ε) = 0 as ε → 0 + .

Then any solution x(t) ∈ BC(R,H) of the system

ẋ(t) = Ax(t) + F (t, x(t)), t ∈ R, (6.167)

or
ẍ(t) = Ax(t) + F (t, x(t)), t ∈ R, (6.168)

also belongs to AP(R,H).

Proof. The proof relies on the use of qualitative inequalities involving the so-
lution under discussion and follows the same lines as the proofs of Propositions
6.10 and 6.11.

Consider first the case of equation (6.167), and let x(t) ∈ BC(R,H), t ∈ R,
be a strong solution (i.e., the limit when calculating the derivative ẋ(t) is taken
in the norm of H). Denote u(t) = |x(t+h)−x(t)|, t ∈ R, where h ∈ R is a fixed
number. From equation (6.167) and the similar equation when t is replaced
by t + h one obtains by subtraction an equation from which by multiplying
both sides by u(t) (scalarly) one obtains the equation

1
2

d

dt
u2(t) = 〈Ax(t + h) − Ax(t), x(t + h) − x(t)〉

+ 〈F (t + h, x(t + h)) − F (t, x(t)), x(t + h) − x(t)〉 .

Simple transformations allow us to write

1
2

d

dt
u2(t) = 〈Ax(t + h) − Ax(t), x(t + h) − x(t)〉

+ 〈F (t + h, x(t + h)) − F (t, x(t)), x(t + h) − x(t)〉

+ 〈F (t, x(t + h)) − F (t, x(t)), x(t + h) − x(t)〉 ,

which, from our assumptions, leads to the inequality

1
2

d

dt
u2(t) ≥ φ(u) − ψ(u) − εu, (6.169)

where ε = sup{|F (t + h, x(t + h)) − F (t, x(t + h))| : t ∈ R} > 0. The right-
hand side is always finite due to our assumption (3) on the almost periodicity.
Moreover, ε can be arbitrarily small, provided we choose h among the almost
periods of F (t, ·).

The inequality (6.169) can be dealt with based on Proposition 6.5 in
Section 6.4. One obtains

|u(t)| = |x(t + h) − x(t)| < r2(ε), t ∈ R, (6.170)



6.7 Nonlinear Almost Periodic Oscillations; Perturbed Systems 229

which shows the almost periodicity of x(t), provided we can show that equa-
tion (6.166) has a largest positive root (satisfying r(ε) → 0 as ε → 0+, being
postulated).

Indeed, in view of the application of Proposition 6.5, we consider, in ac-
cordance with the notation used in that proposition, the function

ω(r) = φ(
√

r) − ψ(
√

r) − ε
√

r (6.171)

on the semiaxis r ≥ 0. Let us denote

lim inf
φ(r) − ψ(r)

r
= � > 0 (6.172)

according to our assumption (4). This means

inf
r≥K

φ(r) − ψ(r)
r

>
�

2
, (6.173)

where K > 0 is sufficiently large. Hence, for r > K we have φ(r) − ψ(r) >
(�/2)r and

φ(r) − ψ(r) − εr >

(
�

2
− ε

)
r > 0

if ε is chosen small enough. This shows that the set of zeros of φ(r)−ψ(r)−εr
with ε sufficiently small is bounded above. On the other hand, under our
assumptions, the set of zeros is not empty on R+. This fact follows from the
inequalities

φ(0) − ψ(0) − ε · 0 = −ψ(0) ≤ 0

and

φ(r) − ψ(r) − εr >

(
�

2
− ε

)
r r ≥ 0 for r > K

for sufficiently small ε.
Therefore, r(ε) > 0 does exist, and Proposition 6.5 leads to the inequality

(6.170) due to the fact that ω(r) > 0 for
√

r > r(ε) or r > r2(ε).

A similar result can be proven in the case of the second-order equation
(6.168). It states the following.

Proposition 6.13. Under the same hypotheses as in Proposition 6.12, any
solution x(t) ∈ BC(R,H) of equation (6.168) also belongs to AP(R,H).

Remark 6.22. In both Propositions 6.12 and 6.13, the uniqueness of the
almost periodic solution (if any!) is assured by the hypotheses (1)–(4). Indeed,
if x1(t) and x2(t) are solutions to equation (6.168), then u(t) = |x1(t)|−x2|(t)|
verifies the inequality

1
2

d2u2

dt2
≥ φ(u) − ψ(u), t ∈ R,
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and, of course, the inequality

1
2

d2u2

dt2
≥ φ(u) − ψ(u) − εu (6.174)

for ε > 0 sufficiently small. This fact implies u(t) = |x1(t) − x2(t)| < r2(ε),
t ∈ R, which means u(t) ≡ 0 on R.

Remark 6.23. The problem that can be formulated here is whether or not
the assumption on the almost periodicity of F can be weakened; for instance,
to assume only the fact that F (t, ·), t ∈ R, is Stepanov almost periodic. Such
a hypothesis has been accepted in Propositions 6.10 and 6.11 in this section,
where the monotonicity of F has also been assumed (in respect to x). But the
basis of the proof was Theorem 6.7 of Section 6.6.

Remark 6.24. Another problem arising in the context of this section is
whether or not the assumption x(t) ∈ BC(R,H) can be relaxed; for instance,
to assume instead x(t) ∈ M(R,H). As we saw in Section 6.6 when we inves-
tigated the inequalities (6.121) and (6.122), such a hypothesis is acceptable,
but the inequalities under consideration were linear. For instance, if we admit
the linearity of the maps A and F in Proposition 6.12, we may assume that
the solution we want to investigate in regard to almost periodicity belongs to
the space M(R,H). The conclusion would be that actually the solution is in
AP(R,H).

Remark 6.25. Propositions 6.12 and 6.13 can in fact be applied to infinite-
dimensional spaces and instead of ordinary differential equations to deal with
partial differential equations. There is no need to assume that the operator
A, for instance, is a bounded operator on H. We will meet such applications
later.

6.8 Oscillations in Discrete Processes

During the last few decades, particularly since the emergence of computers
with high performance, the discrete processes have received a lot of attention
from researchers. Basic problems such as stability and other asymptotic be-
havior, the presence of oscillations in such systems, and many other features
related to the solutions of difference equations have been investigated suc-
cessfully by many scientists. The applications of such topics to various fields
have been a concern of researchers, and a rich body of literature has appeared
relatively recently. See, for instance, the book by G. Ladas and I. Gyori [58]
and the references therein.

This section will emphasize just a few facts from the theory of oscillations
in discrete processes and does not present a systematic treatment of this topic
even in regard to the almost periodic aspect.
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The basic spaces we shall deal with in this section are the spaces AP(Z,R),
AP(Z, C), or their associates, such as AP(Z,Rn), AP(Z, Cn). A brief presen-
tation of these spaces has been provided at the end of Section 3.1.

It is interesting to point out the fact that a certain parallelism takes place
between the theory of almost periodic oscillations in the case of continuous
time and that in the case of discrete time (as occurs in discrete models).

We shall first illustrate this parallelism in the case of a Bohr–Neugebauer
result for linear systems (see Section 5.4, Proposition 5.12).

Proposition 6.14. Let us consider the linear discrete system

xn+1 = Axn + bn, n ∈ Z, (6.175)

in which xn, bn ∈ Rm, n ∈ Z, and A ∈ L(Rm, Rm) with m ≥ 1 a fixed integer.
Assume {bn; n ∈ Z} is almost periodic. Then a solution {xn; n ∈ Z}

of equation (6.175) is almost periodic iff it is bounded (i.e., it belongs to the
sequence space b(Z,Rm)).

Proof. The proof of Proposition 6.14 is the same as that of Proposition 5.12.
First, we operate a linear transform on the space Rm, say x = Ty, with
det T �= 0 and such that T−1AT = B has the upper-diagonal form

B =

⎡
⎢⎢⎣

λ1 b12 b13 · · · b1m

0 λ2 b23 · · · b2m

..................................
0 0 0 · · · λm

⎤
⎥⎥⎦ .

The diagonal entries λ1, λ2, . . . , λm are the eigenvalues of B (and of A!), while
bik ∈ R (or C).

The equation for yn = T−1xn, n ∈ Z, is, according to equation (6.175),

yn+1 = Byn + T−1bn, n ∈ Z. (6.176)

The sequence (of m-vectors) cn = T−1bn, n ∈ Z, is itself in AP(Z,Rm). The
last equation in equation (6.176) has the form

zn+1 = λzn + cn, n ∈ Z, (6.177)

which constitutes a scalar equation. As in Proposition 5.14, it suffices to pro-
vide the proof of Proposition 6.14, restricting our consideration to the scalar
case (6.177). We distinguish the following three (mutually exclusive) situa-
tions:

(1) |λ| < 1; (2) |λ| > 1; (3) |λ| = 1.

Case 1. In equation (6.177), we substitute n by n + p, p ∈ Z being a fixed
integer, and then subtract equation (6.177) term by term from the equation
obtained with n + p instead of n. One obtains for n ∈ Z and fixed p ∈ Z,
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zn+p+1 − zn+1 = λ(zn+p − zn) + (cn+p − cn), (6.178)

from which we derive

sup
n∈Z

|zn+p+1 − zn+1| ≤ |λ| sup
n∈Z

|zn+p − zn| + sup
n∈Z

|cn+p − cn|.

Since
sup
n∈Z

|zn+p+1 − zn+1| = sup
n∈Z

|zn+p − zn|,

for any p ≥ 1, there results

sup
n∈Z

|zn+p − zn| ≤ (1 − |λ|)−1 sup
n∈Z

|cn+p − cn|. (6.179)

But taking into account the fact that {cn; n ∈ Z} ∈ AP(Z,R), one sees
from formula (6.179) that the sequence {zn; n ∈ Z} ∈ AP(Z,R) or AP(Z, C).
Of course, taking the supremum was possible due to the assumption that
{zn; n ∈ Z} ∈ b(Z,R) or b(Z, C).

Case 2. This case can be treated in the same way as Case 1, and one obtains
instead of formula (6.179) the inequality

sup
n∈Z

|zn+p − zn| ≤ (|λ| − 1)−1 sup
n∈Z

|cn+p − cn|, (6.180)

which leads to the same conclusion as the inequality (6.179).

Case 3. In this case, one has λ = exp(−iα) for some α ∈ R. Multiplying
both sides of equation (6.177) by exp(i(n+1)α), one obtains for the sequence
ζn = exp(inα)zn, n ∈ Z, the equation

ζn+1 − ζn = c̃n, n ∈ Z, (6.181)

where c̃n = exp{iα}cn exp{inα}, n ∈ Z. We note that {ζn, n ∈ Z} is in
B(Z, C) iff {zn; n ∈ Z} is in that space.

The detailed proof of almost periodicity of {ζn; n ∈ Z} under the boun-
dedness assumption can be found in our book [23] (Theorem I.30).

Remark 6.26. In Cases 1 and 2 discussed above, one obtains the inequality

sup
n∈Z

|zn| ≤ M sup
n∈Z

|c̃n|

with M = (1 − |λ|)−1 when |λ| < 1 and M = (|λ| − 1)−1 when |λ| > 1. This
inequality implies

sup
n∈Z

|xn| ≤ M sup
n∈Z

|bn|, (6.182)

with the data of the system (6.175), if the eigenvalues of A with zero real part
are missing.
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The estimate (6.182) is useful in dealing with quasi-linear systems, namely

xn+1 = Axn + f(n, xn), (6.183)

or more general systems in which f(n, xn) is substituted, for instance, by
f(n, xn, xn−1), or even terms such as f(n;x) with x = {xn; n ∈ Z}. Results
similar to Proposition 6.1 in Section 6.1 can be obtained for the system (6.183)
or its generalizations.

Before moving to other cases of almost periodicity in discrete systems,
such as systems with monotonicity, it appears useful to establish some results
concerning discrete inequalities. More precisely, we have in mind the inequa-
lities

Δyn ≥ ω(yn), n ∈ Z, (6.184)

and
Δ2yn ≥ ω(yn), n ∈ Z, (6.185)

where Δyn = yn+1 − yn and Δ2yn = Δ(Δyn) = yn+1 − 2yn + yn−1, limiting
our consideration to the scalar case yn ∈ R, n ∈ Z, and

ω : R → R is continuous with ω(y) > 0 for y > M > 0 (6.186)

for a fixed M .
The following result is a statement analogous to Propositions 6.5 and 6.6

(in the continuous case) but concerned with the discrete time (t = n ∈ Z).

Proposition 6.15. Consider the inequality (6.184) [(6.185)], with ω : R → R
satisfying formula (6.186). If {yn; n ∈ Z} is a bounded sequence on R such
that formula (6.184) [(6.185)] takes place, then necessarily

yn ≤ M, n ∈ Z. (6.187)

Proof. The proof must be divided into two parts according to whether we deal
with inequality (6.184) or (6.185).

In the case of the inequality (6.184), we distinguish several subcases. First,
there exists a number n0 ∈ Z such that

sup{yn; n ∈ Z} = yn0 . (6.188)

In this situation, the inequality (6.184) yields yn0+1 − yn0 ≥ ω(yn0). If we
assume yn0>M , then ω(yn0) > 0. However, the left-hand side in the inequality
above, yn0+1−yn0 ≥ ω(yn0), is negative or zero, which contradicts ω(yn0) > 0.
Hence, yn0 ≤ M , which proves formula (6.187). If the situation just discussed
does not occur, then it may be possible that yn −→ sup{yn; n ∈ Z} = ymax as
n → ∞ and, of course, a symmetric situation when yn −→ ymax as n → −∞.
If in formula (6.184) we let n → ±∞, then we obtain 0 ≥ ω(ymax). This fact
again implies ymax ≤ M ; i.e., formula (6.187) is verified.
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Finally, there remains the case where none of the situations above occurs
but we can find a subsequence {ynk

; k ≥ 1} ⊂ R such that ynk
−→ ymax as

k → ∞. Since ynk+1 − ynk
≥ ω(ynk

), one obtains as k → ∞

lim sup
k−→∞

ynk+1 − ymax ≥ ω(ymax). (6.189)

But
lim sup
k−→∞

ynk+1 ≤ ymax, (6.190)

which means that the left-hand side of formula (6.189) is ≤ 0, a fact implying
ω(ymax) ≤ 0, and also ymax ≤ M. Therefore, formula (6.187) is proven in all
possible cases and also the part of Proposition 6.15 concerning the inequa-
lity (6.184).

The inequality (6.185) can be treated in a similar manner. The guidelines
are as in the proof of Proposition 6.6. We leave to the reader the task of
carrying out the details.

An immediate application of Proposition 6.15 is concerned with the first-
order discrete systems of the form

Δxn = f(n, xn), n ∈ Z, (6.191)

which is obviously equivalent to the system of the form xn+1 = f̃(n, xn),
f̃ = xn + f.

The following result corresponding to Theorem 6.3, which relates to the
continuous argument, can be stated.

Proposition 6.16. Consider equation (6.191) under the following assump-
tions:

(1) n −→ f(n, y) is for any y ∈ Rm a map from Z into Rm such that f(n, y) ∈
AP(Z,Rm), its almost periodicity being uniform with respect to y in any
bounded set of Rm.

(2) The following monotonicity condition is verified:

〈f(n, x) − f(n, y), x − y〉 ≥ k|x − y|2, k > 0, (6.192)

for n ∈ Z and x, y ∈ Rm.
(3) {xn; n ∈ Z} ∈ b(Z,Rm) satisfies equation (6.191).

Then {xn; n ∈ Z} ∈ AP(Z,Rm).

Proof. We write equation (6.191) for n + p instead of n,

Δxn+p = f(n + p, xn+p), (6.193)

and subtract side by side equation (6.191) from formula (6.192),
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Δ(xn+p − xn) = f(n + p, xn+p) − f(n, xn),

which can also be written as

Δ(xn+p − xn) = f(n + p, xn+p) − f(n, xn+p)

+f(n, xn+p) − f(n, xn).

We scalarly multiply both sides by xn+p − xn, which leads to

〈xn+p − xn,Δ(xn+p − xn)〉 = 〈xn+p − xn, f(n, xn+p) − f(n, xn)〉
+ 〈xn+p − xn, f(n + p, xn+p) − f(n, xn+p)〉 .

If one takes into account Cauchy’s inequality 2 〈u, v〉 ≤ 2|u| |v| ≤ |u|2 + |v|2,
and Δ(xn+p − xn) = (xn+p+1 − xn+1) − (xn+p − xn), then we can write the
inequality

|xn+p+1 − xn+1|2 − |xn+p − xn|2 ≥ 2k|xn+p − xn|2

−2|xn+p − xn| supn∈Z |f(n + p, xn+p) − f(n, xn+p)|.

The last term of the inequality above contains the sup operation, which in
this context refers to both n and xn+p ∈ the ball with center at the origin
θ ∈ Rm containing all values of {xn; n ∈ Z}. This supremum is finite due to
our assumption (1) in the statement of Proposition 6.16.

Let us denote zn = |xn+p − xn|2, n ∈ Z, for the fixed p ∈ Z. Then, from
the last inequality above, we derive

Δzn ≥ 2kzn − 2
√

zn sup
n∈Z

|f(n + p, xn+p) − f(n, xn+p)|,

which has the form (6.184). Applying the estimate (6.187), one obtains

zn ≤ k−2

(
sup
n∈Z

|f(n + p, xn+p) − f(n, xn+p)|
)2

or
|xn+p − xn| ≤ k−1 sup

n∈Z
|f(n + p, xn+p) − f(n, xn+p)|. (6.194)

The inequality (6.194) shows that any ε-almost period p of f(n, y) is in fact
a k−1ε-almost period for {xn; n ∈ Z}.

Remark 6.27. A result analogous to Proposition 6.16 can be obtained for
the second-order system

Δ2xn = f(n, xn), n ∈ Z.

In the remaining part of this section, we shall be concerned with the non-
linear system

xn+1 = f(n, xn), n ∈ Z, (6.195)
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which is, as noted above, equivalent to the system (6.191). Our purpose is to
present a result about the almost periodicity of separated solutions to equa-
tion (6.195). Some facts similar to those in Section 6.2 for the continuous case
of the argument will be discussed below in a rather succinct fashion.

A general assumption that will be made on the system (6.195) is

f(n, x) ∈ AP(Z,Rm), n ∈ Z, (6.196)

for each x ∈ Rm, the almost periodicity of f(n, x) being uniform with respect
to x belonging on any compact subset of Rm.

The concept of a hull attached to the map f , say Hf , is defined as follows:
g ∈ Hf iff there exists {hk k ≥ 1} ⊂ Z such that f(n + hk, x) −→ g(n, x)
in Rm uniformly with respect to (n, x) ∈ D = Z×K for any compact subset
K ⊂ Rm.

Besides equation (6.195), we will consider the related equations

xn+1 = g(n, xn), n ∈ Z, (6.197)

for each g ∈ Hf .
Of course, equation (6.195) is just one of the equations in the class (6.197).

We also need the concept of separated solutions for equation (6.195) or (6.197).
We shall call two solutions x and y separated in D iff their graphs belong
to D and if there exists a number ρ > 0 with the property |x − y| ≥ ρ; i.e.,
|xn−yn| ≥ ρ, n ∈ Z. The number ρ > 0 can depend on the solutions involved.
If there is only one solution with its graph in D, then we agree to include it
in the category of separated solutions.

Before getting the results we are aiming at, one more notation has to be
introduced. Namely, for any x ∈ AP(Z,Rm), we denote by fx ∈ AP(R,Rm)
the function defined by fx(n + u) = xn + (xn+1 − xn)u, n ∈ Z, u ∈ (0, 1]. We
have dealt with this construction in Section 3.7.

The following result provides the support necessary to establish that Ame-
rio’s theory on separated solutions (Section 6.2) in the continuous argument
case holds true in a discrete setting.

Proposition 6.17. Consider the system (6.195) with f satisfying (6.196).
Then the following statements hold true:

(1) If M is a set of solutions of equation (6.195) with their graphs in
D=Z×K, K⊂Rm being compact, then the set Ma,b = {fx, x ∈ M}a,b

consisting of the restrictions of the functions in M to the finite interval
[a, b] ⊂ R is relatively compact in C([a, b], Rm).

(2) The number of separated solutions of equation (6.195) with their graphs in
D is finite.

(3) If equation (6.195) has a solution x = {xn; n ∈ Z} with its graph in D,
then each equation (6.197) has a solution y whose graph also belongs to Δ.
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(4) If there exists a solution x of equation (6.195) such that xn ∈ K is compact
for n ≥ n0, then equation (6.197) has a solution y such that yn ∈ K for
n ∈ Z.

(5) If any system (6.197) has separated solutions, then we can find σ > 0 such
that for each g ∈ Hf and for each couple of solutions of equation (6.197),
say y and z, we have |yn − zn| ≥ σ, n ∈ Z.

Proof. (1) Define M= sup{|x|; x ∈ K}. Then we have |xn| ≤ M and
|xn+1−xn| ≤ 2M, n ∈ Z. Also, |fx| ≤ M for t ∈ R, and |fx(u) − fx(v)| ≤
2M |u − v|. Therefore, for x ∈ M, the set {fx} ⊂ AP (Z,Rm) is uniformly
bounded and equicontinuous on each [a, b] ⊂ R. We now apply the Ascoli–
Arzelà criterion of compactness to end the proof of assertion (1) in Proposi-
tion 6.17.

(2) If the family of all separated solutions to equation (6.195) were infinite,
then according to (1) we could extract a sequence that converges on any com-
pact interval (uniformly!). The limit will also be a solution of equation (6.195),
and it could not be separated. The contradiction proves that statement (2) in
Proposition 6.17 is true.

(3) Let g ∈ Hf be given. There exists a sequence {hk; k ≥ 1} ⊂ Z such
that f(n + hk, y) −→ g(n, y) in the sense made precise in the definition of
the hull. We consider now the sequence of functions in AP(R,Rm) generated
by the terms of the sequence {f(n + hk, ·), n ∈ Z, k ≥ 1} as described in
(1) above. This sequence contains a subsequence that converges uniformly on
any compact set of Z×K, and the limit of this subsequence is a solution of
equation (6.197).

(4) The proof of this assertion is the same as the proof of assertion (b)
in Proposition 6.3, which deals with the continuous argument case (t ∈ R
instead of n ∈ Z). If {xn; n ≥ n0} is a solution of equation (6.195), then one
considers the solutions {xj

k = xk+j+n0 , k + j ≥ −n0}, j ≥ 1, and applies the
compactness property on each positive semiaxis of Z. The limit of a convergent
subsequence will be a solution of an equation (6.197) on Z. Then one relies
on assertion (3).

(5) Let σ > 0 be the number corresponding to the separation property
in equation (6.195). For two solutions z1 and z2 of equation (6.195), one can
find a common sequence {hk : k ≥ 1} ⊂ Z such that z1(n + hk) −→ y1(n) as
k → ∞ and similarly z2(n + hk) −→ y2(n) as k → ∞. One has

σ ≤ inf
t∈R

|fz1(t) − fz2(t)| ≤ |y1 − y2|,

which implies y1 �= y2. This means that, for any g ∈ Hf , equations (6.195)
and (6.197) have the same number of solutions, while the number σ is the
same for equation (6.195) and any equation in (6.197).

We can now state and prove the almost periodicity result, which is similar
to the result in Theorem 6.1.
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Theorem 6.8. If all systems (6.197) possess separated solutions in D=Z×K
(i.e., for each g ∈ Hf , the system (6.197) has separated solutions in D),
then all these solutions are in AP(Z,Rm). In particular, the separated (in D)
solutions of (6.195) are almost periodic.

Proof. The proof of Theorem 6.8 goes along the same lines as that of Theorem
6.1, which treats the continuous-time situation. Actually, the proof relies on
that of Theorem 6.1. The tool is the association to each solution x of equa-
tion (6.195) or (6.196), the continuous almost periodic function fx (see the
construction of fx in terms of x above).

Let x be a solution of equation (6.195) with its graph in D and
{hn; n ≥ 1} ⊂ R an arbitrary sequence. It will suffice to show that, from
the sequence {fx(t + hn); n ≥ 1}, we can extract a subsequence that is con-
vergent on BC(R,Rm) (i.e., uniformly on R) with respect to the norm of Rm.
From Proposition 6.17, we can assume that {fx(t + hn); n ≥ 1} converges
uniformly on each compact interval of R.

If the convergence is not uniform on the whole axis R, which we now
take as a working hypothesis, then it can be shown that we reach a con-
tradiction. Indeed, since according to Proposition 6.17 we can assume that
{fx(t+hn); n ≥ 1} converges uniformly (as n → ∞) on any compact interval
of R, we will have a limit fz(t) such that for some g ∈ Hf , zn+1 = g(n, zn),
n ∈ Z. Of course, zn = fz(n), n ∈ Z. Again based on Proposition 6.17,
we can find ρ > 0 such that for any couple of solutions of (6.195), say z
and z̄, one has inf |zn − z̄n| ≥ 2ρ, n ∈ Z. Consider for n < p the functions
φn,p(t) = |fx(t + hn) − fx(t + hp)| and In,p = φ−1

n,p(Bρ), where Bρ stands for
the closed ball of radius ρ centered at the origin θ ∈ Rm. It is obvious that
φn,p(t) is continuous on t ∈ R, while In,p is a closed (on R) set nonempty for
large enough n and p (because θ ∈ In,p). If δn,p = sup{φn,p(t); t ∈ In,p}, then
we have δn,p ≤ ρ, with lim sup δn,p �= 0 as (n, p) −→ (∞,∞). Otherwise, we
would have uniform convergence on R for the sequence {fx(t + hn), n ≥ 1}.
Hence, lim sup δn,p = 2α > 0, and therefore one can find sequences of in-
tegers {nk; k ≥ 1}, nk → ∞, and {pk; k ≥ 1}, with pk → ∞, for which
φnk,pk

(tk) ≥ α and consequently α ≤ |fx(tk + hnk
) − fx(tk + hp+k)| ≤ ρ. If

necessary, we can go to a subsequence such that, in Rm, fx(tk + hnk
) −→ U,

fx(tk + hpk
) −→ V (without changing notation), from which we derive for

U and V the inequalities α ≤ |U − V | ≤ ρ. Proceeding further as in the
proof of Theorem 6.1 and passing to subsequences, we can assume that
fx(t + tk + hnk

) −→ z1(t) and fx(t + tk + hpk
) −→ z2(t) as k → ∞, where

zi
n+1 = gi(n, zi

n), i = 1, 2. Since α ≤ |z2(0) − z1(0)| ≤ ρ from above, we can
easily derive g1 = g2. And taking into account that z1 and z2 are distinct,
one must have |z2(n)− z1(n)| ≥ 2ρ, n ∈ Z, which constitutes a contradiction
with α ≤ |z2(0) − z1(0)| ≤ ρ.

This ends the proof of Theorem 6.8.
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Corollary 6.2. The linear system

xn+1 = A(n)xn + bn, (6.198)

with A(n) and bn, n ∈ Z, almost periodic fits into the frame of Theorem 6.8.

In order to achieve the separation property, it suffices to assume that each
system xn+1 = B(n)xn, n ∈ Z, with B(t) ∈ HA(t), has only the zero solution
to be bounded on Z. Then equation (6.198) has a unique bounded solution
(i.e., separated by definition), which implies its almost periodicity.

Many other features encountered in the continuous case can be adapted
to the discrete case, as illustrated in this section. More recent results can be
found in D. Pennequin [79].

6.9 Oscillations in Systems Governed
by Integral Equations

Most of the results in Chapter 6 have been obtained under the main hypothesis
that the system is governed by ordinary differential equations (or functional
differential equations involving operators acting on the space AP(R,Rm)).

In this last section of Chapter 6, dedicated to nonlinear oscillations, we
will focus our attention on systems that are governed by integral equations
or related functional equations. Let us point out the fact that the existing
mathematical/engineering literature, while containing significant results, is
by far not as rich as in the case of systems governed by differential equations.

We shall start with a relatively simple approach aimed at oscillating sys-
tems governed by integral equations of the form

x(t) = h(t) +
∫

R

k(t − u)(fx)(u)du (6.199)

or
x(t) = (hx)(t) +

∫

R

k(t − u)x(u)du. (6.200)

We shall explain below the meaning of different functions or operators
involved in equations (6.199) and (6.200). In order to simplify the discus-
sion somewhat, we shall restrict ourselves to the scalar case. In other words,
each function will be in a space E(R, C) or E(R,R), the operators f and h
appearing in the equations acting between such function spaces.

We shall take as the underlying space for our discussions the space
M(R, C), defined in Section 6.2. This space will be the richest considered
in this section.

The subspace of M(R, C) consisting of Stepanov’s almost periodic func-
tions, denoted by S(R, C), was introduced in Section 3.3.

The space AP(R, C) consisting of Bohr’s almost periodic functions is part
of S(R, C).
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Finally, any space of integrable periodic functions of arbitrary period
ω > 0, say Pω(R, C), is also part of S(R, C), the induced norm being
|x|ω =

∫ ω

0
|x(s)|ds. Of course, it makes sense to deal with continuous periodic

functions, the meaning of the notation PωC(R, C) being obvious. The norm
induced by AP(R, C) is the supremum norm. We are not going to deal with the
continuous case, but we note the fact that the inclusion PωC(R, C) ⊂ P (R, C)
allows us to obtain results similar to the case Pω(R, C) ⊂ S(R, C), which will
be discussed below.

A basic assumption we shall accept in what follows is

(a) k ∈ L1(R, C).

The assumption (a), together with its consequences

|k ∗ x|M ≤ |k|L1 |x|M , x ∈ M(R, C), (6.201)

|k ∗ x|ω ≤ |k|L1 |x|ω, x ∈ Pω(R, C), (6.202)

leads to the conclusion that S(R, C) and Pω(R, C) are invariant subspaces of
the convolution linear operator

(Kx)(t) = (k ∗ x)(t) =
∫

R

k(t − s)x(s)ds, (6.203)

which is defined and continuous on M (see formula (6.201)).
Moreover, it is easy to prove that the operator K is compact on Pω(R, C).

One has to apply the inequality (6.202) to the difference (k∗x)(t)−(k∗x)(t′),
t, t′ ∈ R, to then use the compactness criteria.

Let us consider briefly the linear equation associated to equation (6.199)
or (6.200), namely

x(t) = h(t) +
∫

R

k(t − u)x(u)du, t ∈ R, (6.204)

under assumption (a) for the kernel k. The Fourier transform of k(t) is

k̃(iλ) =
∫

R

k(t) exp(−iλt)dt, λ ∈ R. (6.205)

If condition (b),

(b) k̃(iλ) �= 1, λ ∈ R, (6.206)

is satisfied, then k(t) admits a resolvent kernel k1(t), which is uniquely deter-
mined by each of the equations

k1(t) = k(t) +
∫

R

k(u)k1(t − u)du (6.207)
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or
k̃1(iλ) = k̃(iλ)[1 − k̃(iλ)]−1, λ ∈ R. (6.208)

Under assumptions (a) and (b), equation (6.204) has the unique solution
x ∈ M (or S), for each h ∈ M(R, C) (or h ∈ S(R, C)), given by

x(t) = h(t) +
∫

R

k1(t − s)h(s)ds, t ∈ R. (6.209)

Obviously, if h ∈ S(R, C), then x ∈ S(R, C). Similarly, when h ∈ Pω(R, C),
one has x ∈ Pω(R, C).

For some details about the considerations above, see, for instance,
C. Corduneanu [25].

We shall consider next the nonlinear equation (6.199) under the following
assumptions guaranteeing the existence and uniqueness of an almost periodic
solution.

Theorem 6.9. Assume that hypothesis (a) holds for equation (6.199). More-
over, let f : S(R, C) −→ S(R, C) be Lipschitz continuous; i.e., there exists
γ > 0 such that

|fx − fy|S ≤ γ|x − y|S , x, y ∈ S. (6.210)

Then, for each h ∈ S(R, C), equation (6.199) has a unique solutionx ∈
S(R, C), provided

γ|x|L1 < 1. (6.211)

The proof is rather standard and consists in the application of the Banach
contraction mapping theorem to the operator

(Tx)(t) = h(t) +
∫

R

k(u)(fx)(t − u)du,

which acts on the space S(R, C). We omit the details.

Remark 6.28. If we modify somewhat the hypothesis on the operator f ,
asking only f : Σρ −→ Σρ, where Σρ = {x; |x|s ≤ ρ} ⊂ S(R, C) and formula
(6.210), then the unique solution of equation (6.199) in Σρ is assured by the
(extra) condition

|h|S + |k|L1 |fθ|S ≤ ρ(1 − γ|k|L1).

The contraction mapping principle can be applied in Σρ.

Remark 6.29. A result similar to that in Theorem 6.9 can be obtained substi-
tuting to S(R, C) the space Pω(R, C), and again using the contraction mapping
principle.
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Since the operator K, defined by equation (6.203), is compact in Pω(R, C),
the Schauder fixed-point theorem can also be applied. In this case, only ex-
istence is obtained. One easily obtains, again using the operator T defined
above, the following result in Pω(R, C):

Equation (6.199) has at least one solution in Pω(R, C) if the operator
x → fx satisfies the growth condition defined as follows: Denoting α(r) =
sup{|f |ω; |x|ω ≤ r} for r > 0, then lim supr→∞(α(r)/r) < (|k|L1)−1.

The Schauder theorem is applied in Pω(R, C), choosing as the convex closed
set a ball Σρ with ρ satisfying

|h|ω + |k|L1α(ρ) ≤ ρ.

We now consider equation (6.200) in view of obtaining an existence result
in S(R, C) or Pω(R, C). Assumptions (a) and (b) will be made as formulated
above in this section; moreover, let x → hx be Lipschitz continuous on S(R, C)
(or on Pω(R, C)),

|hx − hy|S ≤ γ|x − y|S , x, y ∈ S(R, C), (6.212)

or
|hx − hy|ω ≤ γ|x − y|ω, x, y ∈ Pω(R, C). (6.213)

Finally, assume that

γ < (1 + |k1|L1)−1, |hθ|S ≤ [(1 + |k1|)−1
L1 − γ]ρ, (6.214)

where k1 is the resolvent kernel associated to k. Of course, the second ine-
quality in formula (6.214) must be valid with |hθ|ω instead of |hθ|S if we are
looking for periodic solutions.

Theorem 6.10. Consider equation (6.200) under assumptions (a) and (b)
and formulas (6.212) [(6.213)] and (6.214) (its analogue with Pω instead of S).
Then there exists a unique solution of equation (6.200) in Σρ ⊂ S [Σρ ⊂ Pω].

Proof. Using the resolvent operator associated to k, denoted by k1, one finds
out easily that equation (6.200) is equivalent to

x(t) = (hx)(t) +
∫

R

k1(u)(hx)(t − u)du. (6.215)

We shall now prove that the operator

(Tx)(t) = (hx)(t) +
∫

R

k1(u)(hx)(t − u)du, t ∈ R,

is a contraction mapping on S(R, C). Indeed, we obtain, taking also Ty, y ∈
S(R, C),

Tx − Ty = hx − hy +
∫

R

k1(u)[hx − hy](t − u)du,
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which leads to

|Tx − Ty|S ≤ (1 + |k1|L1)|hx − hy|S ≤ γ(1 + |k1|L1)|x − y|S ,

showing from (6.214) that T is a contraction mapping on S. The second con-
dition (6.214) is used only if we want the solutions to be in Σρ ⊂ S.

Similar considerations are necessary when the solution to equation (6.200)
is sought in Pω(r, C).

Remark 6.30. Since T in equation (6.215) is completely continuous on
Pω(R, C), one can also obtain an existence result using Schauder’s theorem.

It is worth making a connection between the proven results above for
integral equations and some similar results for functional differential equa-
tions of the form

ẋ(t) = Ax(t) + (fx)(t), t ∈ R, (6.216)

where A ∈ L(Rm, Rm) is a constant matrix and f : S(R,Rm) −→ S(R,Rm)
is an operator satisfying conditions to be made precise below. Systems more
general than equation (6.216) could be dealt with, but their involvement re-
quires lengthy preparation. For this reason, we confine our discussion to the
systems of the form (6.216).

Let us recall the fact that under the main hypothesis we shall accept,
namely

det(λI − A) = 0 =⇒ Re λ �= 0, (6.217)

the fundamental matrix X(t) = exp(At), t ∈ R, of the system ẋ = Ax
has a decomposition X(t) = X−(t) + X+(t), as described in Remark 5.8 to
Proposition 5.13 (see also Proposition 5.27 covering the case of time-varying
systems in the case of a dichotomy of solutions).

For the linear system associated with equation (6.216), when (fx)(t) =
f(t) ∈ S(R,Rm), the unique almost periodic solution in AP(R,Rm) is given by

x(t) =
∫ t

−∞
X−(t − s)f(s)ds −

∫ ∞

t

X+(t − s)f(s)ds, (6.218)

which can also be written as

x(t) =
∫

R

K(t − s)f(s)ds, t ∈ R, (6.219)

where
|K(t)| ≤ K0 exp{−α|t|}, t ∈ R, (6.220)

for some K0, α > 0.
From the representation of the almost periodic solution above given by e-

quation (6.218) or (6.219), one easily sees that equation (6.216) is equivalent,
as far as bounded solutions are concerned, with the nonlinear integral equation
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x(t) =
∫

R

K(t − s)(fx)(s)ds, t ∈ R. (6.221)

This equation obviously has the form (6.199). If we take into account fx =
[fx − fθ] + fθ, θ ∈ Rm being the null element, and we substitute fx in
equation (6.221), then what we obtain has exactly the form (6.199).

It is very important to observe that the estimate (6.220) implies hypothesis
(a) on the kernel; i.e., the kernel belongs to L1(R,L(Rm, Rm)). Hence, any re-
sult concerning the existence of almost periodic solutions to equation (6.199),
even if they are in S(R,Rm), according to estimate (6.220) will automatically
belong to AP(R,Rm).

We shall consider now the scalar integral equation

y(t) +
∫ t

0

k(t − s)ϕ(y(s))ds = u(t), t ∈ R+, (6.222)

as well as its “limit equation”

x(t) +
∫ t

−∞
k(t − s)ϕ(x(s))ds = g(t), t ∈ R, (6.223)

with the scope of providing conditions assuring the existence of an almost
periodic solution (Bohr) to equation (6.223) and an asymptotically almost
periodic solution to equation (6.222).

Generally speaking, an equation of the form (6.222) is deprived of almost
periodic solutions, even though u(t) ∈ AP(R,R). Fortunately, this is not the
case with the so-called “limit equation” (6.223), which admits solutions in
AP(R,R).

The result we shall provide below is due to I. W. Sandberg and Gideon
J. J. van Zyl [85], and due to the fact that we did not dwell in detail on
frequency-domain methods, the (relatively lengthy) proof will be omitted.

The following assumptions will be made on the data occurring in equations
(6.222) and (6.223):

(1) u(t) = u1(t) + u2(t), with u1(t) being the restriction to R+ of a function
in AP(R,R), while

u2(t) ∈ L∞(R+, R) with lim
t→∞

u2(t) = 0.

(2) k(t) ∈ L1
loc(R+, R) and

(1 + t2)k(t) ∈ L1(R+, R) ∩ L2(R+, R).

(3) ϕ : R −→ R is such that ϕ(0) = 0 and

α ≤ ϕ(b) − ϕ(a)
b − a

≤ β, 0 < α < β,

for a, b ∈ R, a �= b.
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(4) The Fourier transform of the kernel k(t), k̃(iλ), λ ∈ R, given by equa-
tion (6.205), satisfies the “circle criterion,” which means that its locus
{k̃(iλ); λ ∈ R} in the complex plane is avoiding the disk centered at the
point

(
−1

2 (α−1 + β−1), 0
)

with radius 1
2 (α−1 − β−1).

Remark 6.31. Under the preceding conditions (1), (2), and (3), the integral
equation (6.222) has a unique solution on R+ belonging to L∞

loc(R+, R).

This result is easily obtainable if we notice that condition (3) implies a
Lipschitz condition. The successive approximations converge in L∞

loc(R+, R).
The following result relates the solutions of equations (6.222) and (6.223)

under the extra assumption g(t) ∈ AP(R,R).

Theorem 6.11. Consider equations (6.223) under conditions (1)–(4) and
also

g(t) ∈ AP(R,R). (6.224)

Then there is a unique solution x(t) ∈ AP(R,R) of equation (6.223). More-
over, with u1(t) being the restriction of g(t) to R+ and y(t) the solution of
equation (6.222) on R+, one has

lim
t→∞

|y(t) − x(t)| = 0. (6.225)

Since we are not providing the proof of Theorem 6.11, we limit ourselves
to noting that the property (6.225) expresses the fact that the solution y(t)
of equation (6.222) is asymptotically almost periodic on R+.

Our last result in this section is due to G. Lellouche [61] and is concerned
again with equation (6.222). A sort of oscillation is emphasized for the solution
but not almost periodicity. The almost periodicity is certainly an oscillatory
property, but it also has a certain regularity property. The meaning of this
statement should be understood as follows: The zeros of the solution are “reg-
ularly” distributed on the real axis due to the fact that for each ε > 0 there
exist infinitely many ε-almost periods of the solution.

We shall rewrite equation (6.222) in the form

σ(t) = h(t) +
∫ t

0

k(t − s)ϕ(σ(s))ds, t ∈ R+. (6.226)

Theorem 6.12. The following assumptions are accepted for the data involved
in equation (6.226):

(1) ḣ(t), ḧ(t) ∈ L1(R+, R), while
∫ t

0
h(s)ds ∈ BC(R+, R)

(2) k(t) = k0(t) − ρ, ρ > 0, k0(t), k̇0(t) ∈ L1(R+, R), and

k1(t) = −
∫ ∞

t

k0(s)ds ∈ L1(R+, R).
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(3) ϕ : R −→ R is continuous, and

σϕ(σ) > 0 for σ �= 0.

(4) There two numbers q1, q2 ∈ R+ such that

Re
{

[1 + isq1 + (is)−1q2]k̃0(s) − q1ρ
}
≤ 0, s ∈ R − {0},

with q2 verifying the inequality

ρ − q2k̃0(0) > 0.

Then all solutions (if any) of equation (6.226) are defined on R+ and possess
the following property: Either

lim
t→∞

σ(t) = 0 (6.227)

or σ(t) ± η, with η > 0 arbitrarily small, has infinitely many zeros on any
half-axis [T,∞).

The proof is completely provided in the quoted paper by Lellouche as well
as in the book [24] by C. Corduneanu.

Of course, it is interesting to know when one or another case of the
alternative is present. For instance, if one takes q2 = 0 in condition (4)
above, then equation (6.227) takes place and we have asymptotic stability.
See C. Corduneanu [24] for the proof, which is basically due to V. M. Popov.
The second case of the alternative can therefore occur only when assumption
(4) is verified for q2 �= 0.

Apparently, it is still an open problem to produce examples in which the
oscillatory property is taking place.

It is also worth mentioning, according to Lellouche, that the boundedness
of σ(t) does not follow from the assumptions of Theorem 6.12, even in the case
of linear ϕ. Hence, oscillations with arbitrarily large amplitudes may occur.
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Almost Periodic Waves

7.1 Some General Remarks

In the introduction, we presented some elementary considerations related to
the classical wave equation

utt = a2uxx + f(t, x), (E)

where u = u(t, x) stands for the state of the dynamical system whose motion
it governs at the moment t and spatial position (one-dimensional) x. For
instance, equation (E) can be viewed as describing the motion of a vibrating
string, in which case u(t, x) represents the elongation of the point of abscissa
x at time t. By f(t, x) one designates the external forces acting on the string
during the motion. This example pertains to the category “waves in solids.”

A more general equation than equation (E), with several space variables,
is the equation

utt = a2Δu + f(t, x), (E1)

where x = col(x1, x2, . . . , xm), u = u(t, x) = u(t, x1, x2, . . . , xm), and

Δu = div(gradu) = ux1x1 + ux2x2 + · · · + uxmxm

(i.e., the Laplacian of u with respect to the variables x1, x2, . . . , xm). The
case m = 3 is particularly interesting in the physical sciences. It is well known
that equations of the form (E1) appear in continuum mechanics (fluids, elastic
solids), electromagnetism, and quantum mechanics, in which fields the notion
of a wave has significance.

While the concept of a wave is in most circumstances related to a wave
equation like equation (E1), and rather often to the homogeneous equation
corresponding to equation (E1),

utt = a2Δu, (E0)

one must notice that other types of partial differential equations admit so-
lutions whose physical interpretation is clearly conducive to the concept of

C. Corduneanu, Almost Periodic Oscillations and Waves, 247
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wave motion. We can mention in the first place the so-called diffusion equation
encountered in problems concerning heat propagation or diffusion processes
in chemistry. This equation has the form

ut = a2Δu + f(t, x), (E2)

in which the notations have the same significance as above. The unknown
u = u(t, x) may be interpreted, for instance, as the temperature in the domain
under investigation at the point x = col(x1, x2, x3) and the moment t. Various
interpretations are possible depending on the physical process described by
equation (E2).

Finally, let us mention the fact that nonlinear partial differential equations
have appeared in the investigations of various phenomena. One such equation
has the form

ut = k(u)Δu + f(t, x, u) (E3)

and is encountered in heat conduction processes under special circumstances.
It is a well-known feature of the theory of partial differential equations that

a unique solution is determined by prescribing additional conditions, usually
initial conditions or boundary value conditions. Such conditions will appear
in the subsequent discussion.

Let us now return to the simplest wave equation of the form (E0) in one
space dimension,

utt = a2uxx, t ≥ 0, 0 ≤ x ≤ �, (7.1)

with the initial conditions

u(0, x) = u0(x), ut(0, x) = u1(x), (7.2)

on the interval 0 ≤ x ≤ �. These are nothing but equation (1.12) and condi-
tions (1.13) from the introduction of this book. The boundary value conditions
to be considered are conditions (1.39) from the introduction, namely

u(t, 0) = 0, ux(t, �) + hu(t, �) = 0, (7.3)

where h > 0 and t > 0.
As seen in the introduction, the solution of equation (7.1) under conditions

(7.2) and (7.3) can be represented as a series of the form

u(t, x) ∼
∞∑

m=1

(Am cos μmat + Bm sinμmat) sin μmx, (7.4)

where Am, Bm, m ≥ 1, can be determined in terms of the initial conditions
(7.2). The numbers μm, m ≥ 1, are the solutions of the numerical equation
μh−1 = tan h(μ�). There are infinitely many such μm, and their asymptotics
are given by
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μm 

(

m +
1
2

)
π.�, m → ∞.

The numbers m ≥ 1 serve to determine the frequencies of harmonic oscilla-
tions occurring in formula (7.4), namely 2π/aμm, m ≥ 1, which allows us to
conclude that the series (7.4) representing the solution of our problem (7.1),
(7.2), (7.3), is defining an almost periodic function in t with values in a func-
tion space on [0, �], and this function is describing a wave-like process with
infinitely many frequencies involved. Depending on the kind of convergence
we demand for the series in (7.4), we can obtain classical solutions (i.e., u(t, x)
has the derivatives appearing in equation (7.1), and the series can be differ-
entiated term by term) or generalized solutions (as limits in various senses)
of classical solutions

um(t, x) = (Am cos μmat + Bm sin μmat) sin μmx, m ≥ 1.

In any case, one obtains an almost periodic solution that should be regarded as
an application from R into the function space L2([0, �], R) or another function
space on [0, �].

This simple example shows that the almost periodic waves do occur preva-
lently when considering phenomena described by the wave equation. The pe-
riodic case may also occur, for instance when instead of conditions (7.3) we
deal with the fixed ends of the string, u(0, t) = u(�, t) = 0, t > 0. In this
case, one obtains, instead of the numbers μm as defined above, the numbers
mπa/�, m ≥ 1 (see the introduction).

The corresponding frequencies have rational ratios, which characterizes
periodic phenomena.

The considerations above regarding the solutions of the wave equation
likely led S. Sobolev to publish a series of papers in the Comptes Rendus
de l’Académie des Sciences de l’URSS (1945) under the title “Sur la presque
périodicité des solutions de l’équation des ondes.” These contributions, based
on the refined use of methods of functional analysis, inaugurated the research
work on this topic using modern tools. Embedding theorems for function
spaces emphasized the role of compactness in dealing with almost periodi-
city of solutions to a wave equation. These developments require “hard core”
analysis, and we shall only sketch them in what follows.

One more elementary observation we shall make is concerned with the
one-dimensional wave equation (E0)

utt = a2uxx (7.5)

under initial conditions

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ R. (7.6)

In terms of the theory of vibrating strings, conditions (7.6) suggest that
we are dealing with an “infinite” string.
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By means of the change of variables

ξ = x + at, η = x − at, (7.7)

equation (7.5) becomes uξη = 0, which has the general solution

u(ξ, η) = u0(ξ) + u1(η), (7.8)

where u0 and u1 are arbitrary functions of class C(2) on R.
Imposing on

u(t, x) = u0(x + at) + u1(x − at) (7.9)

the initial conditions (7.6), one obtains the well-known formula

u(t, x) =
ϕ(x + at) + ϕ(x − at)

2
+

1
2a

∫ x+at

x−at

ψ(τ)dτ. (7.10)

Formula (7.10) allows us to state an elementary result concerning the
almost periodicity of solutions to equation (7.5). Namely, one can infer based
on formula (7.10) that if the initial data (7.6) are almost periodic functions
(Bohr) with ψ such that its primitive is also almost periodic, then the solution
of the problem (7.5), (7.6) is also almost periodic (in t and x separately).

Indeed, based on the elementary properties that multiplication or trans-
lation of the argument by a constant preserves almost periodicity, there
follows from equation (7.10) that both its terms are almost periodic in t
(as well as in x). For the second term it is worth observing that, by as-
sumption, Ψ(τ) =

∫ τ

0
ψ(s) is almost periodic, and it can be represented as

(2a)−1[Ψ(x+at)+Ψ(x−at)]. One may say that all solutions of equation (7.5)
are almost periodic if this property holds for the initial functions (determining
the position of the string as well as the velocity of each point of the string at
the initial moment). Of course, one must choose the physical interpretation
of equation (7.5) as describing the vibrations of an elastic string — of large
length! — under the action of initial disturbances only.

Equation (7.5) describes the “plane” waves, which means that the front
of the wave is a plane surface. In the case of a two-dimensional wave equa-
tion, which means we have Δu = ux1x1 +ux2x2 , the wave front has cylindrical
shape. The three-dimensional case leads to the wave fronts of the most general
nature (i.e., arbitrary surfaces in space).

We have discussed so far the cases of hyperbolic and parabolic equations for
which it is well known that they possess solutions having wave-like behavior.
These types of partial differential equations are usually investigated in regard
to the existence of solutions possessing physical interpretations supporting the
terminology for wave motion.

On the other hand, the presence of almost periodic solutions to a partial
differential equation describing the dynamics of a physical process, regardless
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of its particular type, can be naturally interpreted as representing wave-like
motion of the system or process. We shall deal below with cases that pertain
to this situation.

The literature on almost periodic functions provides many examples of
equations with partial derivatives of elliptic type that possess such solutions.
Since these equations do not describe dynamical processes (one may say that
they describe stationary phenomena), the property of almost periodicity is
encountered with respect to one of the space variables.

We will mention here a classical example concerning harmonic functions in
two variables. For the details, we send the reader to a book by C. Corduneanu
[23] where a complete solution is presented.

The problem we want to discuss can be formulated as follows. Find a
harmonic function u(x, y) defined in the half-plane x > 0 that is continuous
in x ≥ 0 such that u(0, y) = f(y), y ∈ R, with f an almost periodic function
(Bohr).

It is relatively easy to prove that the (unique) answer is given by

u(x, y) =
1
π

∫

R

x f(s)ds

x2 + (y − s)2
, x > 0.

The solution u(x, y) is almost periodic in y uniformly with respect to x > 0.
More complex results are related to the equation utt+Δu = 0 with Δu the

Laplacian in n ≥ 1 variables (see C. Corduneanu [29]). This type of problem
will also be discussed in this chapter even though our attention will be focused
on dynamical equations (in which t will mean time).

In concluding this section, we want to stress again the fact that any time
we can prove the existence of almost periodic solutions to a dynamical e-
quation, the almost periodicity being valid for the time variable, the process
described by such equations can be naturally related to the concept of wave
motion.

7.2 Periodic Solitary Waves in One-Dimensional
Hyperbolic and Parabolic Structures

This section is dedicated to the discussion of the existence of periodic waves
of a certain type in the case of phenomena whose dynamics are described by
parabolic or hyperbolic equations. In this approach, we will have the occasion
to apply some classical results from the theory of nonlinear oscillations as well
as emphasize the concept of solitary (or traveling) waves. This kind of wave
represents an important chapter in the theory of wave propagation and its
applications in several fields.

We shall provide first the basic result concerning the ordinary differential
equation of second order known as the Liénard equation. It is written as

y′′ + f(y)y′ + g(y) = 0, (7.11)
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where y′ = dy/dx with f(y) and g(y) two given functions that are generally
nonlinear. The main problem we shall discuss and apply in this section is the
existence of a periodic solution of Liénard’s equation.

The following existence result is a classical one, and it can be found with
full proof in the book by F. Brauer and J. A. Nohel [17] or in the book by
Coddington and Levinson [22].

Theorem 7.1. Assume the following conditions are verified by equation
(7.11):

(1) f(y) and g(y) are continuous and differentiable functions from R to R.
(2) yg(y) > 0 for y �= 0;
(3) If we denote F (y) =

∫ y

0
f(u)du, y ∈ R, then

lim |F (y)| = +∞ as |y| → ∞.

(4) There exist real numbers α and βsuch that

F (y) < 0 for y < −α or 0 < y < β

and
F (y) > 0 for − α < y < 0 or y > β.

Then, there exists a nontrivial periodic solution to equation (7.11).

Remark 7.1. Conditions (1)–(4) do not guarantee the uniqueness of the pe-
riodic solution to equation (7.11). If one admits the extra condition that f(y)
is symmetric, while g(y) is antisymmetric, then uniqueness holds.

We shall apply Theorem 7.1 in what follows in order to derive the existence
of periodic waves in systems described by the nonlinear hyperbolic equation

−utt + uxx + f0(u)ux + g0(u) = 0 (7.12)

or by the similar parabolic equation

−ut + uxx + f0(u)ux + g0(u) = 0 (7.13)

under assumptions to be specified below for each type of equation.
Let us now consider equation (7.12), and try to find special solutions of

the form
u = y(x + ct), c ∈ R. (7.14)

Equation (7.14) leads to the ordinary differential equation

(1 − c2)y′′ + f0(y)y′ + g0(y) = 0, (7.15)

which is obviously of the Liénard type.
We shall consider only the case where |c| < 1, so 1− c2 > 0. Conditions of

existence of a periodic solution can also be formulated in the case |c| > 1. Let
us note the fact that |c| represents the speed of the wave defined by equation
(7.14).
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Equation (7.15) can be rewritten in the form (7.11) with

f(y) = (1 − c2)−1f0(y), g(y) = (1 − c2)−1g0(y). (7.16)

In order to obtain the existence of a periodic solution to equation (7.12),
one has to ensure this property for equation (7.15). The following conditions
are sufficient to secure this property.

Theorem 7.2. Consider equation (7.12) under the following conditions:

(1) f0(y) and g0(y) are continuously differentiable functions from R into R.
(2) yg0(y) �= 0 for y �= 0.
(3) If we define

F (y) =
∫ y

0

f0(s)ds, y ∈ R,

then
lim |F (y)| = +∞ as |y| → ∞.

(4) Condition (4) in Theorem 7.1 applies.

Then, there exists a nontrivial periodic solution to equation (7.12) of the form
u(t, x) = y(x + ct), |c| < 1, with y(x) a periodic solution to the nonlinear
Liénard equation (7.15).

Remark 7.2. The case |c| > 1 also leads to the conclusion expressed in
Theorem 7.2, but the case |c| = 1 does not lead to the same conclusion.
In this case, only the solution of the wave equation utt = uxx is represented.

A special case of equation (7.12) is the equation

−utt + uxx + g0(u) = 0 (7.17)

corresponding to the choice f0(u) ≡ 0. The associated equation similar to
equation (7.15) has the form

(1 − c2)y′′ + g0(y) = 0, (7.18)

which is of the pendulum type.
Using Theorem 7.1 from the book of G. Birkhoff and G. C. Rota [11], one

obtains the following existence result for periodic solutions to equation (7.17).

Proposition 7.1. Consider equation (7.17), and assume g0(y) is conti-
nuously differentiable from R to R, antisymmetric, and such that yg0(y) > 0
for y �= 0. Then, for each c ∈ R, |c| < 1, there exists a family of periodic
solitary waves for equation (7.17) depending on a real parameter.

An analogous result can be obtained for |c| > 1.
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Using various results concerning the existence of periodic solutions to
Liénard’s equation (7.15), one obtains the existence of solitary waves for equa-
tion (7.12). Such results can be found in books by G. Sansone and R. Conti
[86], E. A. Coddington and N. Levinson [22], and F. Brauer and J. A. Nohel
[17].

We shall now consider equation (7.13), known as a reaction–diffusion
equation. Looking again for solutions of the form (7.14), we find the following
ordinary differential equation:

y′′ + [f0(y) − c]y′ + g0(y) = 0. (7.19)

Compared with equation (7.11), we have the following relations:

f(y) = f0(y) − c, g(y) = g0(y). (7.20)

The application of Theorem 7.1 to equation (7.19) leads to the following
result for equation (7.13).

Theorem 7.3. Consider equation (7.13) under the following assumptions.

(1) The functions f0(y) and g0(y) are continuously differentiable from R
into R.

(2) The same assumptions as in Theorem 7.2 apply.
(3) f0(y) satisfies the condition

lim
∣∣∣∣−cy +

∫ y

0

f0(s)ds

∣∣∣∣ = +∞ as |y| → ∞.

(4) The same assumptions as in Theorem 7.1 apply, with

F (y) = −cy +
∫ y

0

f0(s)ds, y ∈ R.

Then there exists a periodic solution of equation (7.13) that can be represented
as u(t, x) = y(x + ct) for any c ∈ R such that conditions (3) and (4) are
verified.

The proof is already provided due to the fact that conditions of
Theorem 7.3 and equation (7.20) imply those of Theorem 7.1.

Remark 7.3. The constant c, which represents the wave velocity, can be cho-
sen arbitrarily. Restrictions on the range on which we can choose c may appear
if we require more from the periodic solution (e.g., the uniqueness). Let us
mention such a situation. It does require another result, one that is similar to
Theorem 7.1.

Proposition 7.2. Consider Liénard’s equation (7.11) under the following as-
sumptions:
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(1) f : R −→ R is continuous, even, and f(0) < 0.
(2) g : R −→ R is locally Lipschitz, odd, and such that yg(y) > 0 for y �= 0.
(3) F (y) =

∫ y

0
f(s)ds has a unique positive zero y = b, and it increases at +∞

for y > b.

Then there exists a unique periodic solution of equation (7.11). Moreover, it is
the only limit cycle of the system equivalent to equation (7.11), y′ = z−F (y),
z′ = −g(y), and it is orbitally stable.

The proof can be found in F. Brauer and J. A. Nohel [17].
From Proposition 7.2, one easily derives the following existence result for

equation (7.13).

Theorem 7.4. Consider equation (7.13) under the following hypotheses:

(1) f0 : R −→ R is continuous, even, and c > f0(0).
(2) g0 : R −→ R is locally Lipschitz, odd, and yg0(y) > 0 for y �= 0.
(3) F (y) = −cy +

∫ y

0
f0(s)ds has a unique positive zero y = b, and it is

increasing to +∞ for y > b.

Then, equation (7.13) has a unique periodic solution u(t, x) = y(x+ct), x, t ∈
R, with y the only periodic solution of (7.11), in which f and g are given by
equation (7.20).

The proof follows from the fact that the hypotheses of Theorem 7.4 repeat
those in Proposition 7.2, and they imply the existence and uniqueness of the
periodic solution.

Remark 7.4. The orbital stability of the corresponding plane system y′ =
z − F (y), z′ = −g(y), equivalent to equation (7.11), allows us to conclude
that equation (7.11) has solutions that are asymptotically periodic. Of course,
there are infinitely many solutions of this kind that generate similar solutions
to equation (7.13).

Remark 7.5. The conditions of Theorem 7.4 imply some kind of interrelation
between the data, in particular, some restrictions on c. For instance, taking
f0(y) = 3y2 − 1, condition (1) implies c > −1. Since F (y) = y3 − (1 + c)y,
one sees that a unique positive zero for F (y) is possible only if 1 + c > 0 or
c > −1. In other words, the restriction of c to the half-axis (−1,+∞) is the
consequence of the hypotheses of Theorem 7.4.

The procedure used above to derive results for partial differential equations
by means of reducing them to ordinary differential equations is widespread in
the literature. Let us note that more general equations than equations (7.12)
or (7.13) can be reduced to ordinary differential equations when looking for
traveling waves. We will mention here the equations

−utt + uxx + f(u, ux) = 0 (7.21)
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and
−ut + uxx + f(u, ux) = 0. (7.22)

Under rather mild assumptions, the corresponding ordinary differential
equations, when we let u(t, x) = y(x + ct), are

(1 − c2)y′′ + f(y, y′) = 0 (7.23)

and
y′′ − cy′ + f(y, y′) = 0. (7.24)

Various properties of solutions to equation (7.21) or (7.22) can be derived
from the investigation of equation (7.23) or (7.24). One advantage in dealing
with equation (7.23) or (7.24) resides in the fact that each of these equations
can be reduced to a first-order equation. There is a classical procedure taking
y as the independent variable and equation y′ = z as the dependent one. Then
y′′ = z dz/dy, and equation (7.23) or (7.24) becomes of first order in z.

7.3 Almost Periodic Heat Waves

In this section, we shall deal with the nonlinear heat (scalar) equation

ut = Δu + f(t, x, u), (t, x) ∈ R×Ω, (7.25)

where u = u(t, x), x = col(x1, x2, . . . , xm), Δ is the classical Laplace opera-
tor, Δu = div(gradu), with the grad acting on the x-variables only. Equation
(7.25) is also known as the reaction–diffusion equation and describes, besides
the process of heat transfer, other physical phenomena such as the diffusion
of a substance in a solution or such processes as the spread of a population in
a certain area.

In the heat transfer interpretation, the meaning of the variables involved in
equation (7.25) is as follows: u = u(t, x) represents the temperature at the mo-
ment t, at the point x of a domain Ω ⊂ Rm. Of course, in this interpretation,
one must assume m ≤ 3.

The function f(t, x, u) takes real values, is defined in the set R×Ω×R,
and is usually interpreted as the density of heat sources in Ω. It says that the
output of these sources depends on the temperature as well as their location
and time.

The domain Ω ⊂ Rm will be assumed to be bounded, and its boundary ∂Ω
should be a smooth enough manifold in Rm such that the Dirichlet problem
related to equation (7.25) under the boundary value condition

u|∂Ω = ϕ, t ∈ R, (7.26)

where ϕ is a given function on ∂Ω (real valued), is solvable. Other boundary
value conditions are encountered. Condition (7.26) means that the temper-
ature is known on the boundary ∂Ω at any moment. If instead of equation
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(7.26) one assigns the value of the normal derivative ∂u/∂n on ∂Ω, this will be
understood as being the exchange of heat between Ω and its external region.
Besides equation (7.25), other equations will be discussed that are usually
more general than equation (7.25).

The results we are going to establish are of the Bohr–Neugebauer type.
This means that the conditions imposed on the data must be of such a na-
ture that the existence of a bounded solution (assumed) in the sense to be
considered in the problem is also almost periodic, such as a map from R into
L2(Ω) : t −→ u(t, x), t ∈ R, x ∈ Ω, or into another function space on Ω.

We shall also prove that, under our conditions, the uniqueness of the almost
periodic solution is assured.

The following basic assumptions will be accepted in regard to equa-
tion (7.25):

(a) The domain Ω ⊂ Rm is bounded, and ∂Ω is such that the Dirichlet problem

Δu + λu = 0 in Ω, u|∂Ω = 0, (7.27)

has a sequence of eigenvalues {λk; k ≥ 1}, 0 < λ1 < λ2 < · · · < λk <
λk+1 < · · · , λk → ∞ as k → ∞.

(b) The map f : R×Ω×R → R is continuous and L2(Ω)–almost-periodic in t
uniformly with respect to u ∈ R; i.e., to each ε > 0, one can associate a
number � = �(ε) > 0 such that any interval (α, α+�) ⊂ R contains a point
τ with the property

∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx < ε2 (7.28)

for all t, u ∈ R.
(c) The map f is of class C(1) with respect to u, and fu = ∂f/∂u satisfies one

of the following inequalities:

fu ≤ μ < λ1 in R×Ω×R (7.29)

or
λk < pk ≤ fu ≤ qk < λk+1 in R×Ω×R, (7.30)

where k ≥ 1 and μ, pk, qk are real numbers as seen in formulas (7.29), and
(7.30).

(d) For each k, there exists m = m(k), pk < m < qk, such that

max{(m − λk)−1(m − pk)−1, (m − λk)−1(qk − m)−1,

(λk+1 − m)−1(m − pk)−1, (λk+1 − m)−1(qk − m)−1} < 1.

Remark 7.6. Taking into account condition (a), we see that conditions (7.30)
are mutually exclusive for different values of the integer k. Condition (c)
postulates the existence of the numbers μ, pk, qk, k ≥ 1, such that formulas
(7.29) and (7.30) are verified.
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We shall now establish our first result of this section, stating the almost
periodicity of solutions of equation (7.25) under the assumption that they are
L2(Ω)-bounded, i.e., a condition of the form

∫

Ω

u2(t, x)dx ≤ M < ∞, t ∈ R, (7.31)

takes place for some M > 0.

Theorem 7.5. Consider equation (7.25) under assumptions (a), (b), (c), and
(d). If u = u(t, x) is a solution of equation (7.25) such that u|∂Ω = 0 and
formula (7.31) is verified, then u(t, x) is almost periodic in t as a map from
R into L2(Ω). When f is periodic in t, so is u(t, x).

Proof. We are distinguishing two complementary situations. First is when fu

satisfies condition (7.29) and second when one of conditions (7.30) takes place
for a given k. The methods of proof will be different for each case.

Case 1. Let u(t, x) be a solution of equation (7.25) satisfying the condition
stipulated in Theorem 7.5. For the function u(t + τ, x) with fixed τ ∈ R, we
have the equation

ut(t + τ, x) = Δu(t + τ, x) + f(t + τ, x, u(t + τ, x)).

Let us denote v(t, x) = u(t + τ, x) − u(t, x) for fixed τ ∈ R, and subtracting
equation (7.25) from the above, side by side, we obtain for v(t, x) the equation
(similar to equation (7.25))

vt = Δv + f(t + τ, x, u(t + τ, x)) − f(t, x, u(t, x)), (7.32)

which together with the boundary condition

v|∂Ω = 0, t ∈ R, (7.33)

leads to a qualitative inequality for

V (t) =
∫

Ω

v2(t, x)dx, t ∈ R, (7.34)

namely

1
2

dV

dt
≤ −(λ1−μ)V +

√
V

(
sup

∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx

)1/2

, (7.35)

in which the supremum is taken for t, u ∈ R.
Indeed, multiplying both sides of equation (7.32) by v and integrating both

sides on Ω, one obtains
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1
2

d

dt

∫
v2(t, x)dx =

∫

Ω

vΔv dx

+
∫

Ω

v[f(t + τ, x, u(t + τ, x)) − f(t, x, u(t, x))]dx.

Applying Green’s formula to the first integral on the right-hand side, one
derives

1
2

d

dt

∫

Ω

v2(t, x)dx

= −
∫

Ω

|grad v|2dx +
∫

Ω

v[f(t + τ, x, u(t + τ)) − f(t + τ, x, u(t, x))]dx

+
∫

Ω

v[f(t + τ, x, u(t, x)) − f(t, x, u(t, x))]dx.

Poincaré’s inequality

λ1

∫

Ω

v2(t, x)dx ≤
∫

Ω

|grad v(t, x)|2dx,

with λ1 the smallest eigenvalue of the Laplace operator (see condition (a) of
Theorem 7.5), combined with the preceding equation, allows us to write the
inequality

1
2

d

dt

∫

Ω

v2(t, x)dx ≤ −λ1

∫

Ω

v2(t, x)dx +
∫

Ω

(
∂f

∂u

)∗
v2(t, x)dx

+
(∫

Ω

v2(t, x)dx

)1/2 (
sup
t,u

∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx

)1/2

,

(7.36)

where
(

∂f
∂u

)∗
stands for an intermediate value of ∂f/∂u between u(t, x) and

u(t + τ, x). Taking into account condition (7.29) and the notation (7.34), we
see that inequality (7.36) is exactly inequality (7.35) for V (t).

The qualitative inequality (7.35) can be treated using Proposition 6.5,
leading to the estimate

V (t) ≤ (λ1 − μ)−2 sup
∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx,

the supremum being taken with respect to t, u ∈ R. In other words, we can
write the inequality

sup
∫

Ω

|u(t + τ, x) − u(t, x)|2dx

≤ (λ1 − μ)−2 sup
∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx,

(7.37)

with the supremum on the left-hand side taken for t ∈ R.



260 7 Almost Periodic Waves

The inequality (7.37) shows that the solution u(t, x) of equation (7.25) sa-
tisfying u|∂Ω = 0 and formula (7.31) is in AP(R,L2(Ω)). From formula (7.37),
we also derive that if f(t, x, u) is periodic in t, then u(t, x) is also periodic in
t with the same period.

This ends the proof of Theorem 7.5 under assumption (7.29) for fu.

Case 2. In this case, fu will satisfy an inequality of the form indicated in,
formula (7.30). In what follows, the integer k will be fixed. An auxiliary result
is needed in order to carry out the proof in this case.

Namely, let m ∈ (λk, λk+1), and consider the equation

ut − (Δu + mu) = f(t, x), (t, x) ∈ R×Ω, (7.38)

under the Dirichlet boundary value condition u|∂Ω = 0. If u and f are L2(Ω)-
bounded (i.e., they satisfy a condition like formula (7.31)), then the following
inequality holds:

sup
∫

Ω

u2(t, x)dx ≤ max{(m−λk)−2, (λk+1−m)−2} sup
∫

Ω

f2(t, x)dx. (7.39)

In order to prove formula (7.39), we rely on the properties of L2(Ω) as
a Hilbert space. If one denotes by uj(x), j ≥ 1, the eigenfunctions of the
problem (7.27) corresponding to the eigenvalue λj , j ≥ 1, we can assume,
without loss of generality, that the system {uj(x); j ≥ 1} is orthonormal in
L2(Ω). This means that

∫

Ω

uj(x)uk(x)dx = δjk, (7.40)

where δjk is Kronecker’s symbol. Then, we can write for (t, x) ∈ R×Ω

u(t, x) =
∞∑

j=1

aj(t)uj(x), f(t, x) =
∞∑

j=1

bj(t)uj(x), (7.41)

the convergence being that of L2(Ω). It is known that Parseval’s formulas

∞∑
j=1

a2
j (t) =

∫

Ω

u2(t, x)dx ≤ M,

∞∑
j=1

b2
j (t) =

∫

Ω

f2(t, x)dx ≤ M,

(7.42)

hold, with M > 0 independent of t ∈ R. If we substitute equation (7.41) into
equation (7.38), we obtain after proper identification the equations

ȧj(t) + (λj − m)aj(t) = bj(t), j ≥ 1. (7.43)
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Each equation (7.43) is of the type examined in Section 5.4, and we have
found there the estimates

sup |aj(t)| ≤ (m − λk)−1 sup |bj(t)|, t ∈ R, j ≤ k. (7.44)

It has to be noted that from equations (7.42) there results that all aj(t) and
bj(t), j ≥ 1, are bounded functions on R.

In a similar manner, we can obtain the inequalities

sup |aj(t)| ≤ (λk+1 − m)−1 sup |bj(t)|, t ∈ R, j > k. (7.45)

Taking equations (7.42) and formulas (7.44) and (7.45) into account, we
obtain formula (7.39).

We can now proceed further, and we denote w = w(t, x) = u(t + τ, x) −
u(t, x), (t, x) ∈ R×Ω. It is easily seen that w is a solution of the equation

wt − Δw = fu(t + τ, x, ũ(t, x))w + f(t + τ, x, u(t, x)) − f(t, x, u(t, x)) (7.46)

satisfying the boundary condition w|∂Ω = 0. We have denoted by ũ(t, x) an
intermediary number between u(t, x) and u(t + τ, x).

Let us now rewrite equation (7.46) in the equivalent form as follows:

wt − (Δw + mw) = [fu(t + τ, x, ũ(t, x)) − m]w

+f(t + τ, x, u(t, x)) − f(t, x, u(t, x)).

The equation above for w(t, x) is of the form (7.38), for which we have
established formula (7.39). By applying formula (7.39) to w(t, x), which makes
sense if we also keep in mind the condition w|∂Ω = 0, one obtains based on
L2-norm properties

sup
(∫

Ω

w2(t, x)dx

)1/2

≤ max
{
(m − λk)−1, (λk+1 − m)−1

}

× sup
(∫

Ω

[(f∗
u − m)w + f(t + τ, x, u(t, x)) − f(t, x, u(t, x))]2dx

)1/2

.

One more step leads us to the estimate

sup
(∫

Ω

w2(t, x)dx

)1/2

≤ max
{
(m − λk)−1, (λk+1 − m)−1

}
max

{
(m − pk)−1, (qk − m)−1

}

×
(∫

Ω

w2(t, x)dx

)1/2

+ max
{
(m − pk)−1, (qk − m)−1

}

× sup
(∫

Ω
[f(t + τ, x, u(t, x)) − f(t, x, u(t, x))]2dx

)1/2
.

It is now obvious from hypothesis (d) that we can choose m, pk < m < qk,
such that
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max{(m − λk)−1, (λk+1 − m)−1}max{(m − pk)−1, (qk − m)−1} < 1, (7.47)

and then one obtains from the last inequality an inequality of the form

sup
(∫

Ω

w2(t, x)dx

)1/2

≤ K sup
(∫

Ω

|f(t + τ, x, u(t, x)) − f(t, x, u(t, x))|2dx

)1/2

,

(7.48)

with K > 0, which implies the almost periodicity in L2(Ω)-norm of the so-
lution u(t, x). This is because w(t, x) = u(t + τ, x, u(t, x)) − u(t, x, u(t, x))
and formula (7.48) expresses exactly this property. The periodic case is also
covered by the inequality (7.48).

Remark 7.7. Assumption (d) in Theorem 7.5 does not appear in Y. Yang’s
paper [101], from which the second part of the proof is adapted. It is stated
that one can always choose m, with pk < m < qk, such that hypothesis (d) is
satisfied. In fact, this is not the case in general.

First, we shall note that assumption (d) is equivalent to the statement that
at least one of the inequalities (m − λk)(m − pk) > 1, (m − λk)(qk − m) > 1,
(λk+1 − m)(m − pk) > 1, or (λk+1 − m)(qk − m) > 1 possesses a solution in
the interval (pk, qk).

If this fact were true, then from the inclusion (pk, qk) ⊂ (λk, λk+1) and
each of the four inequalities above, we obtain (λk+1−λk)2>1 or λk+1−λk>1.

Therefore, a necessary condition for the existence of m ⊂ (pk, qk) satisfying
assumption (d) is λk+1−λk > 1. That this condition is also sufficient one can
easily see from the first of the four inequalities above (any m in the interval
is good). Let (pk, qk) ⊂ (λk, λk+1), qk − pk > 1, which is always possible. The
first inequality means

m2 − (λk + pk)m + λkpk − 1 > 0, (7.49)

and the greatest root of the polynomial on the left-hand side of formula
(7.49) is

rk =
1
2

(λk + pk) +

√
1
4

(pk − λk)2 + 1. (7.50)

One can easily see that this root is in the interval (pk, pk +1) ⊂ (pk, qk) when
qk − pk > 1. Any m ∈ (pk, qk) is a solution to our problem.

Therefore, a necessary and sufficient condition for the existence of m =
m(k), satisfying assumption (d), is

λk+1 − λk > 1 (7.51)

for the particular k such that pk < fu < qk.
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Condition (7.51) is not automatically verified for every k ≥ 1. The distri-
bution of eigenvalues of the problem (7.27) is dependent on the domain Ω.

In conclusion, hypothesis (d) cannot be eliminated from the statement of
Theorem 7.5. On the other hand, it must be noted that formula (7.51) is not
a severe restriction in many situations.

Remark 7.8. Another approach to the second part of the proof of Theo-
rem 7.5 can be based on a paper by Amann. It is presented in a book by
C. Corduneanu [25]. The space L2(Ω) is the particular Hilbert space in which
Amann’s result must be applied.

We shall now elaborate on the case where the right-hand side of an equa-
tion similar to equation (7.25) is actually an operator acting on the space
L2(Ω) for each t ∈ R. For instance, such an operator could be of the form

f(t;u) =
∫

Ω

k(t, x − ξ)u(t, ξ)dξ, (7.52)

which will make the equation

ut = Δu + f(t;u), t ∈ R, (7.53)

an integro–partial differential equation, of course under adequate conditions
on k (we do not specify them here, but the reader can easily formulate such
conditions).

Let us point out the fact that a better notation for the left-hand side of
equation (7.53) would be f(t;u)(x), x ∈ Ω. In equation (7.53), x does not
appear explicitly, but u(t, x) ∈ L2(Ω) for each t ∈ R.

The following result can be stated for equation (7.53).

Theorem 7.6. Consider equation (7.53) under the following hypotheses:

(a) Condition the same as in Theorem 7.5.
(b) u(t, x) −→ f(t;u)(x) is a map from L2(Ω) into itself, for each t ∈ R,

verifying the condition (monotonicity)
∫

Ω

(fu − fv)(u − v)dx ≤ μ

∫

Ω

|u − v|2dx (7.54)

for each u, v ∈ L2(Ω), μ = const., t ∈ R.
(c) For each u ∈ L2(Ω), the map t −→ f(t;u) is almost periodic from R into

L2(Ω) uniformly with respect to u in any bounded set of L2(Ω).
(d) μ < λ1 = the smallest eigenvalue from condition (a).

Then any solution u(t, x) of equation (7.53) defined on R×Ω such that it
satisfies formula (7.31) and vanishes on ∂Ω is in AP(R,L2(Ω)).
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Proof. Before we get into the details, a few comments are in order. Namely,
we regard equation (7.53) as an equation in which the unknown u(t, x) is a
map from R into L2(Ω). Hence, the derivative ut must be understood as a
limit in the convergence of L2(Ω) of the ratio h−1[u(t + h, x) − u(t, x)] as
h −→ 0. The equality of this limit with the derivative ut when the latter exits
in the usual sense (i.e., as the limit in R) and is uniformly continuous in Ω
necessarily takes place.

All we need to prove is the monotonicity of the operator Δu + f(t;u) on
the space L2(Ω). This can be carried out easily if we rely on the well-known
inequality ∫

Ω

(u − v)Δ(u − v)dx ≤ −λ1

∫

Ω

|u − v|2dx, (7.55)

where u, v ∈ C2(Ω) ⊂ L2(Ω). The inequality (7.55) is the consequence of the
classical Green’s formula and Poincaré’s inequality (see the proof of Theo-
rem 7.5). We assumed that both u and v vanish on ∂Ω (it is obviously sufficient
to assume that they coincide on ∂Ω).

Let us now combine formula (7.55) with condition (7.54) imposed on f .
For the operator A = Δu + f(t;u), we obtain the inequality

∫

Ω

(Au − Av)(u − v)dx ≤ −(λ1 − μ)
∫

Ω

|u − v|2dx. (7.56)

The formula (7.56) shows that the operator −A is monotone. This does
not pose any problem because in qualitative inequalities on R one can change
t into −t and obtain the same result for the inequality. See also Remark 6.9
to Proposition 6.5.

According to Remark 6.25 to Proposition 6.13, Theorem 7.6 is proven.

Remark 7.9. The monotonicity of the right-hand side of equation (7.53)
guarantees also the uniqueness of the almost periodic solution (if any) un-
der the conditions of Theorem 7.6. We send the reader to Remark 6.22 of
Proposition 6.13, which covers the monotonicity case.

We will consider in what follows an equation similar to equation (7.25) but
in which the operator Δ is substituted by an operator of higher order; more
precisely, an elliptic operator of order 2n, n ≥ 1. Using standard notation in
the theory of partial differential equations, we shall consider the differential
operator

A(D)u =
2n∑

|j|=0

aj(x)Dju, x ∈ Ω, (7.57)

where aj(x) are continuous and bounded in Ω ⊂ Rm together with their
partial derivatives up to the order 2n (n ≥ 1).

The ellipticity condition is expressed by the inequality
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(−1)n
∑

|j|=2n

aj(x)ξj ≥ c0|ξ|2n, c0 > 0, (7.58)

where ξ = col(ξ1, ξ2, . . . , ξm) ∈ Rm and ξj = ξk1
1 ξk2

2 . . . ξkm
m , |j| = k1 + k2 +

· · · + km being the length of the multi-index j. We always have kp ≥ 0 and
kp ≤ 2n for those kp, p = 1, 2, . . . ,m, involved in ξj . Let us point out that the
concept just defined is also known as strong ellipticity.

For the notation used above and the definition of ellipticity, see, for in-
stance, S. Mizohata [72].

We will now formulate an auxiliary result known as G̊arding’s inequality.
Its proof can be found in the book by S. Mizohata quoted above as well as
several books on partial differential equations.

Proposition 7.3. Assume the differential operator A given by equation (7.57)
is strongly elliptic in Ω. Then one can find real constants K and C > 0 such
that the inequality (G̊arding)

∫

Ω

uAudx + K‖u‖0 ≥ C‖u‖2
m (7.59)

holds for any u ∈ W 2m,2
0 (Ω).

The proof of Proposition 7.3 is carried out first for u ∈ C∞
0 (Ω); i.e., for

those u : Rm −→ R infinitely differentiable and with compact support in Ω.
Then, it is extended to the case W 2m,2

0 (Ω), which is the Sobolev space ob-
tained by the completion of the space C∞

0 (Ω) with respect to the norm

‖u‖m =

⎛
⎝
∫

Ω

2m∑
|j|=0

|Dju|2dx

⎞
⎠

1/2

. (7.60)

It is understood that D0u = u, which implies the fact that ‖u‖0 is the L2(Ω)-
norm on Ω.

Remark 7.10. The inequality (7.59) can be rewritten in the form
∫

Ω

u(A + KI)u dx ≥ C‖u‖2
m, (7.61)

which is telling us that, when dealing with G̊arding’s inequality, we can always
reduce the general case to the special one, corresponding to K = 0.

This remark will be used below. We shall now state and prove a result
related to equation (7.53) with A given by equation (7.57). This result is
similar to Theorem 7.6.

Theorem 7.7. Consider equation (7.53) for u = u(t, x), (t, x) ∈ R×Ω, un-
der the following assumptions:
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(a) The operator A given by equation (7.57) on the space W 2m,2
0 (Ω) with

Ω ⊂ Rm a bounded domain satisfies G̊arding’s inequality with K = 0
(see Remark 7.10 to Proposition 7.3).

(b)The map f : L2(Ω) −→ L2(Ω) for each t ∈ R satisfies the (monotonicity)
condition ∫

Ω

(fu − fv)(u − v)dx ≥ μ

∫

Ω

|u − v|2dx (7.62)

with μ ∈ R a constant.
(c) The map t −→ f(t, u) from R into L2(Ω) is Stepanov almost periodic

uniformly with respect to u in any bounded set of Ω.
(d)The constant C occurring in G̊arding’s inequality

∫

Ω

uAudx ≥ C‖u‖2
m (7.63)

and μ in formula (7.62) are such that

C + μ > 0. (7.64)

Then, any solution u(t, x) ∈ W 2m,0
0 (Ω) of equation (7.53) such that inequality

(7.31) takes place is almost periodic (Bohr).

Proof. Let u = u(t, x), (t, x) ∈ R×Ω, be a solution of equation (7.53) satis-
fying condition (7.31), and denote by τ ∈ R an arbitrary number fixed in the
following estimates. We will need to prove that the map t −→ u(t, x) from
R into L2(Ω) is almost periodic; i.e., it belongs to the space AP(R,L2(Ω)).
Some uniformity of the almost Stepanov periodicity in respect to u will also
be proven.

It is clear that it will suffice to show the monotonicity of the right-hand side
of equation (7.53) with respect to u uniformly with respect to t ∈ R. Indeed,
if one denotes by Bu the right-hand side in equation (7.53), one obtains for
u, v ∈ L2

∫

Ω

[Bu − Bv](u − v)dx

=
∫

Ω

[Au − Av](u − v)dx +
∫

Ω

[fu − fv](u − v)dx,

(7.65)

which leads, from formulas (7.62), (7.63), and (7.64), to the inequality
∫

Ω

(Bu − Bv)(u − v)dx ≥ C‖u‖2
m + μ

∫

Ω

(u − v)2dx. (7.66)

But ‖u‖m ≥ ‖u0‖ and

‖u‖2
0 =

∫

Ω

u2dx,

which allows us to write
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∫

Ω

(Bu − Bv)(u − v)dx ≥ (C + μ)
∫

Ω

(u − v)2dx. (7.67)

According to condition (d) of Theorem 7.7, (C + μ) > 0, which means that
the operator B is a monotone operator on L2(Ω). Therefore, we can conclude
that any solution of equation (7.53) satisfying formula (7.31) is almost periodic
(Bohr–Bochner).

Remark 7.11. With more refined estimates, including a better form for
G̊arding’s inequality (see, for instance, K. Yosida [103]), one can obtain also
the almost periodicity of some derivatives of u, Dju.

Remark 7.12. Condition (c) of Theorem 7.7 requires the Stepanov almost
periodicity for the maps t −→ (fu)(t) from R into L2(Ω) for each u ∈ L2(Ω).
In Section 6.4, we have shown the validity of the statement in the case of
Bohr almost periodicity for the term f(t, u), t ∈ R, because Theorem 5.3 is
obviously true for Hilbert spaces and not only for Rm. The key to this problem
is the application of Proposition 6.1 with particular regard to the qualitative
inequality (6.121) in Section 6.6. We leave the details to the reader.

7.4 Almost Periodic Waves; a Linear Case

In this section, we shall discuss the almost periodicity of solutions to the linear
wave equation

utt = [p(x)ux]x − q(x)u, (7.68)

which is slightly more general than the classical wave equation utt = uxx −
q(x)u and usually appears in nonhomogeneous structures (like a nonhomoge-
neous string, for instance).

The equations of the form (7.68) under various assumptions concerning
the functions p(x) and q(x) have been investigated by many authors and
appear in many books dedicated to partial differential equations. The solu-
tion is usually constructed in the form of a series obtained by applying the
method of separation of variables.

Let us note that the special case p(x) = 1 and q(x) = 0 has been discussed
in the introduction to this book. This case leads to the simplest form of the
wave equation in the presence of a single spatial dimension.

We shall quote first a result of existence for equation (7.68) that can be
found in the comprehensive treatise of V. I. Smirnov [91]. More precisely, we
shall prove that the solution of equation (7.68) is given by a series of the form

u(t, x) =
∞∑

k=1

(Ak cos
√

λk t + Bk sin
√

λk t)ϕk(x), (7.69)

in which λk and ϕk(x), k ≥ 1, are the eigenvalues and the eigenfunctions of
the Sturm–Liouville problem
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d

dx

(
p(x)

dϕ

dx

)
+ [λ − q(x)]ϕ = 0, x ∈ [0, �], (7.70)

with the boundary conditions

ϕ(0) = 0, ϕ(�) = 0. (IC)

Without loss of generality, one can assume that {ϕk; k ≥ 1} is an orthonormal
system in L2([0, �], R).

To obtain equation (7.69), one has to look for solutions of equation (7.68)
in the form u(t, x) = T (t)φ(x), which when introduced in equation (7.68)
leads to the following equations (after separating variables):

T ′′

T
=

(pφ′)′ − qφ

φ
= −λ = const. (7.71)

From equation (7.71), one obtains

T ′′ + λT = 0, t ∈ R, (7.72)

and
(pφ′)′ + (λ − q)φ = 0, x ∈ [0, �]. (7.73)

Since the eigenvalues λk, k ≥ 1, are positive under assumptions to be spec-
ified later, equation (7.72) leads to the solutions Tk(t) = Ak cos

√
λk t +

Bk sin
√

λk t. Taking into account that equation (7.73) is the same as equa-
tion (7.70), and denoting by ϕk(x) the eigenfunction corresponding to λ = λk,
there immediately follows that equation (7.69) is a series whose terms are so-
lutions to equation (7.68).

Anytime this series is convergent (we shall specify later the type of conver-
gence), we can expect that it represents a solution (classical or generalized)
of equation (7.68) under boundary value conditions

u(t, 0) = 0, u(t, �) = 0, t ∈ R. (7.74)

It is well known that initial conditions of the form

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ [0, �], (7.75)

must be associated to equations (7.68) and (7.74) in order to obtain a unique
solution.

The classical result, which appears, for instance, in V. I. Smirnov [91], can
be stated as follows.

Theorem 7.8. Consider the equation (7.68) under boundary condition (7.74)
and initial conditions (7.75). Assume the following conditions on the data:

(1) p : [0, �] −→ R is of class C(2), and p(x) > 0 for x ∈ [0, �; ].
(2) q : [0, �] −→ R is of class C(1), and q(x) ≥ 0 for x ∈ [0, �; ].
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(3) u0 : [0, �] −→ R is of class C(3) and such that

u0(0) = 0, u0(�) = 0, (7.76)

and
d

dx
[p(x)u′

0(x)] − q(x)u0(x) = 0 at x = 0, x = �. (7.77)

(4) u1 : [0, �] → R is of class C(2) and vanishes at the ends x = 0 and x = �.

Then the function u(t, x), t ∈ R, x ∈ [0, �], given by the uniformly conver-
gent series (7.69), is of class C(2) in both t and x and satisfies equation (7.68)
inside the strip R×[0, �]. The series in equation (7.69) is uniformly convergent
in the strip R×[0, �] together with the series obtained by differentiation term by
term up to the second order. Moreover, the solution given by equation (7.69),
in which Ak =

∫ �

0
u0(x)ϕk(x)dx and

√
λk Bk =

∫ �

0
u1(x)ϕk(x)dx, k ≥ 1, is the

unique function of class C(2) satisfying all the conditions stipulated above.

Remark 7.13. The uniform convergence of the series (7.69) is a strong prop-
erty required for the existence (and representation) of the derivatives of u(t, x)
up to the second order. Such assumptions on the initial functions are rather
restrictive, and the attempt to relax them will lead to a generalized solution.
We shall illustrate this concept in the case of equation (7.68), constructing a
solution that may not enjoy all the regularity properties mentioned in Theo-
rem 7.8. Nevertheless, it will have some legitimacy, conferred by the properties
it possesses.

Remark 7.14. What’s the connection between the solution given by equation
(7.69) and the concept of almost periodicity?

The question above has a very satisfactory answer. We express it in the
following corollary to Theorem 7.8.

Corollary 7.1. The solution u(t, x) given by equation (7.69) is almost perio-
dic in t uniformly with respect to x ∈ [0, �]. This property holds also for the
derivatives of u(t, x) up to the second order.

Proof. As we know from the constructions of the series (7.69), each term

uk(t, x) = (Ak cos
√

λk t + Bk sin
√

λk t)ϕk(x)

is a solution of equation (7.68) satisfying the boundary value conditions (7.74).
Since the series (7.69) is uniformly convergent in the strip R × [0, �], there
results that u(t, x) is almost periodic in t uniformly with respect to x ∈ [0, �]
because each term is almost periodic in t uniformly with respect to a ∈ [0, �].

Actually, each term of equation (7.69) is periodic in t. But the distribution
of λk’s on the positive semiaxis is, generally speaking, arbitrary. We invite the
reader to reflect about the following statements:
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(a) The solution u(t, x) is periodic in t iff the set {
√

λk; k ≥ 1} is such that√
λk = kω, k ≥ 1, ω > 0 fixed.

(b) The solution u(t, x) is quasi-periodic iff there exists an additive group of
real numbers containing the set {

√
λk; k ≥ 1} and having a finite number

of linearly independent generators (with respect to the field Q of rationals).
(c) If neither (a) nor (b) is valid, then the solution u(t, x) is almost periodic

in the most general sense. More precisely, the set of periods of simple
harmonics involved in equation (7.69) has an infinite basis.

The material presented in Section 4.6 will help in clarifying the statements
above.

Remark 7.15. The boundary value conditions (7.70) could be replaced by
other (linear) types of conditions. For instance, in the introduction to this
book, we considered the boundary value conditions u(t, 0) = 0, ux(t, �) +
hu(t, �) = 0, where h > 0 is given. As seen there, the distribution of the eigen-
values is determined by the transcendental equation in λ, h−1

√
λ+tan(

√
λ �) =

0, and it appears highly unlikely (if not impossible!) to obtain periodic solu-
tions or even quasi-periodic ones.

The result on the almost periodicity of solutions (all of them!) to equa-
tion (7.68) is an illustration of the fact that the wave equation is, by its own
structure, a generator of almost periodic solutions.

We can surmise that this type of result prompted S. L. Sobolev [92] to en-
title his series of papers quoted above “Sur la presque périodicité des solutions
de l’équation des ondes.”

We shall return now to the series (7.69) and introduce the concept of
a generalized solution to equation (7.68). This is also related to Sobolev’s
approach to the subject of generalized solutions to partial differential equa-
tions, and we will pursue here a rather elementary aspect that just aims to
illustrate these ideas.

Equation (7.68) will now be considered under boundary value conditions
(7.74) and initial conditions (7.75). Instead of imposing the restrictions ap-
pearing in the statement of Theorem 7.8, we shall make the weaker assump-
tions on the data p(x), q(x), u0(x), and u1(x):

I. p : [0, �] −→ R is positive and of class C(1).
II. q : [0, �] −→ R is nonnegative and continuous.
III. u0 : [0, �] −→ R is such that u′

0 ∈ L2([0, �], R) and u0(0) = u0(�) = 0.
IV. u1 : [0, �] −→ R is such that u1 ∈ L2([0, �], R).

Under conditions I–IV, the series (7.69), in which Ak and Bk are chosen
as in Theorem 7.8, does not converge uniformly in general. In the very special
case where

√
λk = k, k ≥ 1, for fixed x ∈ (0, �), we obtain from equation (7.69)

a classical Fourier series (the periodic case), or the convergence (pointwise or
uniform) of Fourier series is a very intricate subject. There are continuous
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functions whose Fourier series are uniformly convergent. Also, there are con-
tinuous functions with Fourier series diverging at infinitely many points, even
on sets of points that are uncountable. For details on this topic, the reader is
sent to the book of R. E. Edwards [36], where more references are indicated.

If we note the fact that the series (7.69) is well defined under hypotheses
I–IV stated above, it is natural to investigate what kind of convergence could
be fit under such hypotheses. This is one possible path toward the introduction
of generalized solutions for equations like equation (7.68). We shall now state
the following result providing the existence of a generalized solution to equa-
tion (7.68) under boundary conditions (7.74) and initial conditions (7.75) as
well as its almost periodicity.

Theorem 7.9. The series (7.69), constructed as shown above, converges in
the space L2([0, �], R) uniformly with respect to t ∈ R. The sum u(t, x) is, by
definition, a generalized solution of our problem. Each partial sum Un(t, x) =∑n

k=1uk(t, x) of the series (7.69) is a classical solution of equation (7.68),
verifying the boundary condition (7.74). The initial conditions (7.75) are sa-
tisfied in the following sense:

lim
n→∞

∫ �

0

[u0(x) − Un(0, x)]2dx = 0, (7.78)

lim
n→∞

∫ �

0

[
u1(x) − ∂

∂x
Un(0, x)

]2

dx = 0. (7.79)

Then the map t −→ u(t, ·) from R into L2([0, �], R) is almost periodic (Bohr).

Proof. We shall prove first that the series (7.69) is convergent in the space
L2([0, �], R) uniformly with respect to t ∈ R. This will enable us to have
a series that defines a (real) function in the strip R×[0, �]. Indeed, if one
takes into account the fact that {ϕk(x); k ≥ 1} is an orthonormal system in
L2([0, �], R), one obtains

∫ �

0

{
n∑

k=m

(Ak cos
√

λk t + Bk sin
√

λk t)ϕk(x)

}2

dx

=
n∑

k=m

(Ak cos
√

λk t + Bk sin
√

λk t)2

≤
n∑

k=m

(A2
k + B2

k)

(7.80)

because (a cos x + b sin x)2 ≤ a2 + b2 for any a, b, and x real.
Now let us note that the series of real numbers

∞∑
k=1

(A2
k + B2

k) < ∞. (7.81)
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From Parseval’s identity, there follows

∞∑
k=1

A2
k =

∫ �

0

[u0(x)]2dx,

∞∑
k=1

λkB2
k =

∫ �

0

[u1(x)]2dx. (7.82)

But it is known that λk → ∞ as k → ∞, which means λk > 1 for sufficiently
large k > 0. Therefore, from the second formula in equation (7.82), we derive
that ∞∑

k=1

B2
k < +∞. (7.83)

Hence, taking into account equation (7.82) and formula (7.83), one obtains
formula (7.81).

Now, returning to equation (7.80) and taking formula (7.81) into account,
we can write

∫ �

0

{
n∑

k=m

(Ak cos
√

λk t + Bk sin
√

λk t)ϕk(x)

}2

dx

≤
n∑

k=m

(A2
k + B2

k) < ε,

provided n,m ≥ N(ε). This proves the convergence in L2([0, �], R) of the series
(7.69) uniformly in t ∈ R.

We shall now prove that the series obtained from equation (7.69) by dif-
ferentiating with respect to t is also convergent in L2([0, �], R) uniformly with
respect to t ∈ R. This series is

∞∑
k=1

√
λk (−Ak sin

√
λk t + Bk cos

√
λk t)ϕk(x),

from which we can see that it is sufficient to show that
∞∑

k=1

λk(A2
k + B2

k) < ∞ (7.84)

in order to assure its convergence.
If we take equation (7.82) into account, we see that in order to obtain

formula (7.84), it suffices to show

∞∑
k=1

λkA2
k < ∞. (7.85)

This convergence can be obtained by starting from the inequality
∫ �

0

[p(x)y
′2 + q(x)y2]dx ≥ 0, (7.86)
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valid for any y ∈ C(1)([0, �], R), and letting

y(x) = u0(x) −
n∑

k=1

Akϕk(x). (7.87)

Keeping in mind that {ϕk(x) : k ≥ 1} is an orthonormal system in
L2([0, �], R), after elementary calculations, we obtain from equation (7.87)

n∑
k=1

λkA2
k ≤

∫ �

0

[p(x)(u′
0(x))2 + q(x)(u0(x))2]dx.

From condition I, the right-hand side in the inequality above is finite, which
implies formula (7.85).

Therefore, we have proven that by differentiating equation (7.69) term by
term with respect to t, we obtain a series that has the same type of convergence
as equation (7.69).

Based on the discussion conducted above, we can infer the existence of the
function u(t, x) defined on R×[0, �] and taking real values. For each t ∈ R,
u(t, x) is in L2([0, �], R) only (generally), even though each ϕk(x), k ≥ 1, is
of class C(2). But the type of convergence does not allow us to conclude that
u(t, x) possesses some regularity properties in x. Such properties may occur,
as seen in Theorem 7.8, but under stronger assumptions. On the other hand,
u(t, x) is differentiable in t, regarded as a map from R into L2([0, �], R).

Concerning the initial conditions (7.78) and (7.79), we note that they are
satisfied, this being a consequence of the fact that any function in L2([0, �], R)
can be represented as the sum of its Fourier series with respect to the complete
orthonormal system {ϕk(x); k ≥ 1} ⊂ L2([0, �], R).

The last property of u(t, x) we need to establish is its almost periodicity
(as a function of t with values in L2([0, �], R)). This property will follow from
the fact that the limit of a uniformly convergent sequence of (Bohr) almost
periodic functions with values in a Banach space is almost periodic (see Section
3.2, property III, for the case of complex-valued functions).

This ends the proof of Theorem 7.9.

Remark 7.16. From formula (7.84) there results that ut(t, x) does exist and

ut(t, x) =
∞∑

k=1

√
λk (Bk cos

√
λk t − Ak sin

√
λk t)ϕk(x).

The convergence of the series representing ut(t, x) is in L2([0, �], R) uni-
formly with respect to t ∈ R.

We shall now conduct a brief discussion regarding the term generalized
solution used above. As usually understood, this means a generalized solution
in the sense of Sobolev or even a distributional solution.

It is interesting to know if the generalized solution defined above can also
be interpreted as being of Sobolev type. The matter is rather intricate, and
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we will simply note that in the (very) special case where the series (7.69)
is uniformly convergent in R×[0, �], in V. I. Smirnov [91] it is shown that
the definition for a generalized solution adopted above is compatible with
Sobolev’s definition.

In concluding this section, we shall briefly illustrate the method used above
in the case of waves that are linear but not necessarily one-dimensional.
In other words, in equation (7.68) we will consider the case where x =
(x1, x2, . . . , xn) ∈ Ω ⊂ Rn, and to simplify the description we shall take
p(x) ≡ 1, q(x) ≡ 0. This leads to the scalar equation

utt(t, x) = Δxu(t, x), (7.88)

which is the homogeneous wave equation in n spatial dimensions. Concerning
the domain Ω, we shall consider that ∂Ω is a smooth enough boundary that
the Dirichlet problem

Δv + λv = 0 in Ω, v|∂Ω = 0, (7.89)

has a sequence {λk; k ≥ 1} of positive eigenvalues with λk → ∞ as k → ∞,
while the corresponding eigenvalues {vk(x); k ≥ 1} form an orthonormal
complete sequence in L2(Ω, R).

Each function of the form

uk(t, x) = vk(x)ei
√

λk t, k ≥ 1, (7.90)

is a solution of equation (7.88) in Ω satisfying the boundary value condition

u|∂Ω = 0. (7.91)

Instead of the series (7.69), one has to deal with the series
∞∑

k=1

Akei
√

λk tvk(x), (7.92)

which is a good candidate for representing an element of AP(R,L2(Ω, R)).
Discussions about the convergence of the series (7.92) and the connection

with the concept of the classical or generalized solution to equation (7.88) can
be found in the book by O. Ladyzhenskaya [59] as well as in many journal
papers.

It is also possible to substitute for the classical Dirichlet condition (7.91)
conditions of a different type (Neumann, Newton’s radiation law).

7.5 Almost Periodic Waves; a Mildly Nonlinear System

We shall consider here the nonlinear system of the form

ut + Au + Bv + g(t, v) = 0,

vt − Bu + cv = 0,
(7.93)
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in which the variables u, v represent the unknowns u, v : R → H with H a
real Hilbert space, while other quantities involved will be described below.

The nonlinear part in equation (7.93) is given by the map g(t, v) from
R×H into H, while A and B are assumed to be linear operators on H.

Let us point out that, by formal elimination, assuming c = 0 (scalar) and
B invertible, from equations (7.93) one obtains for v the second-order equation

vtt + BAB−1vt + B2v + Bg(t, v) = 0, (7.94)

which constitutes a typical equation for nonlinear oscillations (in our case,
in infinite dimension). In order to obtain almost periodicity of the solution
U = col(u(t, x), v(t, x)) with respect to t, we shall rely on a result established
in Section 6.4, where we dealt with differential equations whose right-hand
sides are monotone.

Let us now formulate the condition under which we shall examine the
almost periodicity of the solutions to equation (7.93) with the basic property
that they are bounded in the real axis R.

1. A : H −→ H is a linear operator such that A − αI is monotone for some
number α > 0.

2. B : H −→ H is linear, self-adjoint, and invertible.
3. g : R×H −→ H is almost periodic (Bohr) with respect to t uniformly

in the second argument on bounded sets of H; moreover, it satisfies a
Lipschitz type condition

‖g(t, x) − g(t, y)‖ ≤ m‖x − y‖ (7.95)

for some m > 0.
4. The constants α,m, and c satisfy the inequality

m2 < 4αc. (7.96)

Remark 7.17. It is obvious that c must be a positive number (c > 0).

We can now formulate the result of almost periodicity for the solution
U = col(u, v) of the system (7.93).

Theorem 7.10. Let U(t) = (u(t), v(t)) be a solution of system (7.93) defined
on R and bounded there. If conditions 1–4 formulated above are verified, then
U(t) is (Bohr) almost periodic from R into H×H.

Proof. As suggested by the statement of Theorem 7.10, the underlying space
is the product H×H. This is again a Hilbert space over the reals with a scalar
product defined by the well-known relation

〈(x, y), (x′, y′)〉 = 〈x, x′〉 + 〈y, y′〉 .

We shall now find the first-order differential equation for U(t) = col(u(t), v(t)),
equivalent to equation (7.93). Let us denote
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A(t) = B1 + B2 + B3 + G(t, ·), (7.97)

where

B1 =
(

A 0
0 0

)
, B2 =

(
0 B

−B 0

)
, B3 =

(
0 0
0 νI

)
,

and
G(t, U) = col(g(t, v), 0). (7.98)

Then equation (7.93) can be written in the form

U ′(t) + A(t)U(t) = 0, t ∈ R. (7.99)

We agree to designate by 0 the null element in either space H or H×H.
From equation (7.99), in the product space H×H, we can easily derive the

result on almost periodicity of the bounded solution U(t), provided we can
show the monotonicity of the operator A(t) : R → H×H. Then, by applying
Proposition 6.12 with φ(r) = Kr2, K > 0, and ψ(r) ≡ 0, one obtains the
desired result.

Let us now prove that the operator A(t), given by equation (7.97), is a
monotone operator on the space H×H. More precisely, we have to show that
an inequality of the form

〈
A(t)U −A(t)Ũ , U − Ũ

〉
≥ μ‖U − Ũ‖2, μ > 0, (7.100)

is verified, where the scalar product is the one in H×H.
The following inequalities are immediate consequences of our assumptions:

〈B1U,U〉 ≥ α‖u‖2, ∀U ∈ H×H, (7.101)

〈B2U,U〉 = 0, ∀U ∈ H×H, (7.102)

〈B3U,U〉 ≥ c‖v‖2, ∀U ∈ H×H, (7.103)
〈
G(t, U)−G(t, Ũ), U−Ũ

〉
=〈g(t, v)−g(t, ṽ), u−ũ〉≥−m‖u−ũ‖ ‖v−ṽ‖. (7.104)

If we rely on the elementary inequality ab ≤ 1
2 (a2ε + b2

ε ), a, b, ε > 0, then
equation (7.104) allows us to write

〈
G(t, U) − G(t, Ũ), U − Ũ

〉
≥ −m

2
(ε‖v − ṽ‖2 + ε−1‖u − ũ‖2). (7.105)

Summing up formulas (7.101)–(7.103) and (7.105), we obtain the following
inequality:

〈
A(t)U −A(t)Ũ , U − Ũ

〉
≥ min

{
α − m

2ε
, c − mε

2

}
‖U − Ũ‖2. (7.106)
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It is now obvious that we can satisfy formula (7.100), provided we can choose
ε > 0 in formula (7.106) such that

μ = min
{

α − m

2ε
, c − mε

2

}
> 0. (7.107)

But equation (7.107) is verified, provided ε > 0 is chosen such that

m

2α
< ε <

2c

m
· (7.108)

Taking into account condition (4) of Theorem 7.10, we note that this is always
possible. This ends the proof of Theorem 7.10 because the validity of equa-
tion (7.107) implies inequality (7.100); i.e., the monotonicity of the operator
A(t) : H×H → H×H.

The result of Theorem 7.10 is taken from the paper [31] by C. Corduneanu
and J. Goldstein.

Remark 7.18. This result belongs to the category of Bohr–Neugebauer since
it states the almost periodicity of any bounded solutions of equation (7.93).
The first result of this nature is given in Proposition 5.12.

Remark 7.19. We have obtained the second-order differential equation for
v, eliminating u from equation (7.93).

It is interesting to see what we obtain if one eliminates v. From the second
equation (7.93), we obtain v in the form

v(t) = Ke−ct +
∫ t

0

e−c(t−s)Bu(s)ds,

where K ∈ H is arbitrary. Substituting this in the first equation (7.93), one
obtains

ut + Au + B

(
Ke−ct +

∫ t

0

e−c(t−s)u(s)ds

)

+ g

(
t,Ke−ct +

∫ t

0

e−c(t−s)u(s)ds

)
= 0.

(7.109)

Obviously, equation (7.109) is an integro-differential equation for u(t). Since
K ∈ H is arbitrary, we have in fact a family of such equations involving the
parameter K ∈ H.

If g(t, v) is linear with respect to the second argument, then equation
(7.109) becomes a linear integro-differential equation of the form

ut + Au + β(t)
∫ t

0

e−c(t−s)u(s)ds + γ(t) = 0, (7.110)

where β(t) and γ(t) are known. More precisely, β(t) is a family of operators
on H, while γ(t) is a function with values in H.
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In the remaining part of this section, we shall consider the case of partial
differential equations, which occurs, for instance, when A is a differential ope-
rator and H is chosen to be a function space such as L2(Ω) with Ω ⊂ Rm a
fixed domain. Then u = u(t, x), (t, x) ∈ R×Ω, and R � t → L2(Ω) is the map
defined by t → u(t, x), x ∈ Ω. In other words, the map t → u(t, ·) ∈ L2(Ω) is
the map from R into L2(Ω). This is how we can consider a partial differential
equation as an ordinary differential equation whose unknown variable takes a
value in a Hilbert space (or another abstract space).

Let us briefly illustrate how the abstract equation (7.110) can be viewed
as a partial integro-differential equation in the Hilbert space L2(Ω). If we
examine equation (7.110), we see that a choice can be made for the operator
A in the class of partial differential operators. It turns out that one can take,
for instance, A = −Δ = the Laplace operator. Indeed, using the same notation
as in Section 6.3, under the same assumptions for Ω ⊂ Rm, one easily finds∫

Ω

(−Δu, u)dx =
∫

Ω

|grad u|2dx ≥ λ1

∫

Ω

u2dx, (7.111)

the last inequality being known as Poincaré’s inequality. Since λ1 > 0, we see
that −Δ is monotone. Then, −Δ − αI, for 0 < α < λ1, is also monotone on
L2(Ω), as required in Theorem 7.10.

An equation related to equation (7.110) is the partial integro-differential
equation

ut = Δu + a(t, x)u +
∫ t

0

B(t, s, x)u(s, x)dx + f(t, x), (7.112)

in which t ∈ R or R+ = [0,∞), Ω ⊂ Rm being a bounded domain with smooth
enough boundary ∂Ω, and the boundary value condition (Neumann)

∂u

∂n
= 0, (t, x) ∈ R+×∂Ω. (7.113)

The result of existence and almost periodicity we shall provide here, without
proof, is due to S. Murakami and Y. Hamaya [74]. Some technicalities in the
proof make it somewhat lengthy, and we will omit the details.

The following assumptions will be made on the functions appearing in
equation (7.112).

(1) a(t, x) and f(t, x) are almost periodic in t uniformly with respect to x ∈ Ω,
while B(t, t + s, x), assumed continuous for −∞ < s ≤ t < +∞, x ∈ Ω, is
almostperiodicintuniformlywithrespectto(s, x) ∈ R−×Ω,R− = (−∞, 0).

(2) a(t, x), f(t, x), and B(t, s, x) satisfy a Lipschitz–Hölder type condition of
the form

|a(t, x) − a(s, y)| ≤ L(|t − s| + |x − y|α),

|f(t, x) − f(s, y)| ≤ L(|t − s| + |x − y|α),∫ τ

0

|B(t, s, x) − B(τ, s, y)|ds ≤ L(|t − τ | + |x − y|α),

(7.114)

in their domains of definition, with L > 0 a constant, and 0 < α < 1.
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(3) For each ε > 0, one can find S = S(ε) > 0 such that

sup
t∈R

∫ t−S

−∞
|B(t, s, x)|ds = sup

t∈R

∫ t−S

−∞
|B(t, t + s, x)|ds < ε

for any x ∈ Ω.
(4) There exists a classical solution of equation (7.112), u = u(t, x), defined

for t ∈ R+ and x ∈ Ω such that

sup{|u(t, x)|; t ∈ R+, x ∈ Ω} < +∞.

Remark 7.20. Condition (4) requires the existence of a bounded solution
defined only for t ∈ R+. We note that this condition is similar to that encoun-
tered in the finite-dimensional case (see Section 6.2).

Before we state the basic result on the existence of an almost periodic
solution to equation (7.112), we need one definition related to a certain kind
of stability of the zero solution of the homogeneous equation corresponding
to equation (7.112), namely

ut = Δu + a(t, x)y +
∫ t

0

B(t, s, x)u(s, x)ds. (7.115)

In what follows, g : R− −→ [1,∞) is continuous and nonincreasing, and
g(t) → ∞ as t → −∞.

One says that the solution u = 0 of equation (7.115) is g-uniformly stable
if the following property holds: For each ε > 0, there exists δ = δ(ε) > 0 such
that any solution of equation (7.115) for which ‖ut0‖g < δ(ε), t0 ≥ 0, x ∈ R,
satisfies ‖u(t, x)‖ < ε for all t ≥ t0.

The norm ‖ut0‖g above should be understood in the following sense: If
ϕ ∈ C(R−×Ω, Rm) is a bounded map, then

‖ϕ‖g = sup
τ∈R−

{g−1(τ) sup
x∈Ω

|ϕ(τ, x)|}. (7.116)

ut0 is the restriction of u to (−∞, t0].
The result we have in mind can now be formulated as follows.

Theorem 7.11. Assume conditions 1–4 above are verified for equation
(7.112) under the boundary value condition (7.113). If the solution u = 0
of equation (7.115) is g-uniformly stable for a function g as described above,
then there exists a solution u = u(t, x), t ∈ R, x ∈ Ω, of the problem such
that u(t, x) is almost periodic in t uniformly with respect to x ∈ Ω.

Remark 7.21. If one considers equation (7.115), in which |B(t, s, x)| =
k(t−s)|x| with

∫∞
0

k(t)dt < 1, then g can be chosen in such a way that
∫ ∞

0

k(t)g(−t)dt < 1.
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Obviously, the choice makes sense. For instance, when k > 0, one can take

g(−t) = [k(t)]−1m(t)

with m(t) in L1(R+, R) and
∫ ∞

0

m(t)dt < 1.

7.6 A Case with Data on Characteristics

As we know, the wave equation in two dimensions can be written in the form

uxy = f(x, y, u, ux, uy) (7.117)

because by the change of variables x and y according to the formulas x = η+ξ,
y = η−ξ, the mixed derivative uxy must be replaced by − 1

4 (uηη −uξξ), which
is the typical part for the wave equation.

A semilinear form associated with equation (7.117) is

uxy + a(x, y)ux + b(x, y)uy = c(x, y, u), (7.118)

which can be reduced by the substitution u = v exp
{
−
∫ x

0
b(ξ, y)dξ

}
to the

simpler form
vxt + a(x, t)vx = C(x, t, v). (7.119)

We have changed y by t since in the interpretation given in gas dynamics (see
Tikhonov and Samarskii [94]), t plays the role of time.

Let us point out the fact that by the reduction of equation (7.118) to the
simpler form (7.119), we do not lose the generality as it appears in equa-
tion (7.118). Of course, some obvious assumptions have to be made on the
coefficients a and b in equation (7.118) in order to operate the substitution.

What is really advantageous in working with equation (7.119) is the fact
that by denoting V (x, t) = vx(x, t), equation (7.119) is reduced to a functional
equation, namely

Vt + a(x, t)V = C

(
x, t, ϕ(t) +

∫ x

0

V (ξ, t)dξ

)
, (7.120)

where
ϕ(t) = v(0, t). (7.121)

This condition represents a datum on the characteristic x = 0 of equation
(7.119).

We shall need some facts about the counterpart of equation (7.120), namely
the linear equation

Vt + a(x, t)V = c(x, t), (7.122)
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under various assumptions to be specified below. Here the variable x ∈ [0, �]
plays the role of a parameter. The independent variable is t ∈ R.

We shall denote in subsequent text

D = {(x, t); (x, t) ∈ [0, �]×R}, (7.123)

which will be the domain of investigation of equations (7.119), (7.120), and
(7.122). From our notation V (x, t) = vx(x, t), and taking into account equa-
tions (7.120) and (7.121), we will obtain in D

v(x, t) = ϕ(t) +
∫ x

0

V (ξ, t)dξ, (7.124)

which will represent the solution of equation (7.119) in D with condition
(7.121). Of course, we need to make precise the conditions that allow us to
perform the operations indicated above.

We shall look first at the auxiliary equation (7.122) in the domain D. The
following assumptions will be made:

(1) a(x, t) is continuous from D to R and such that

a(x, t) ≥ m > 0, (x, t) ∈ D. (7.125)

(2) c(x, t) is continuous from D to R and bounded:

|c(x, t)| ≤ A < ∞, (x, t) ∈ D. (7.126)

We will prove the following result.

Proposition 7.4. Under conditions (1) and (2) above, there exists a unique
bounded solution in D of equation (7.122), V = V (x, t), given by the formula

V (x, t) =
∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}
c(x, τ)dτ. (7.127)

Proof. Due to condition (7.125), the convergence of the improper integral on
the right-hand side of equation (7.127) is absolute. One easily finds

|V (x, t)| ≤ A

m
, (x, t) ∈ D, (7.128)

which proves the boundedness of V (x, t) in D. By differentiating the right-
hand side of equation (7.127), we obtain

Vt(x, t) = c(x, t) − a(x, t)
∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}
c(x, τ)dτ, (7.129)

which shows that V (x, t) satisfies equation (7.122). The differentiation under
the integral sign is justified by the fact that one obtains again an integral that
is absolutely and uniformly convergent (in x).



282 7 Almost Periodic Waves

Remark 7.22. One can obtain regularity properties of V (x, t) besides the
existence of Vt(x, t) if we make extra assumptions on the data a(x, t) and
c(x, t).

Remark 7.23. The boundedness condition (7.126) can be improved consider-
ably in order to obtain the boundedness of V (x, t). Namely, one could assume
c(x, t) ∈ M(R,R) in t uniformly with respect to x ∈ [0, �].

Corollary 7.2. If we make the extra assumption that both a(x, t) and c(x, t)
are almost periodic in t uniformly with respect to x ∈ [0, �], then the unique
bounded solution of equation (7.122) given by equation (7.127) is also almost
periodic in t uniformly with respect to x ∈ [0, �].

Proof. Indeed, for V (t, x) given by equation (7.122), one can write the equa-
tion involving the difference V (x, t + T ) − V (x, t), where t ∈ R and T is a
fixed real number:

[V (x, t + T ) − V (x, t)]t + a(x, t + T )[V (x, t + T ) − V (x, t)]

= c(x, t + T ) − c(x, t) − [a(x, t + T ) − a(x, t)]V (x, t).

Now applying the estimate (7.128), one obtains the following inequality:

|V (x, t + T ) − V (x, t)| ≤ 1
m

sup |c(x, t + T ) − c(x, t)|

+
A

m
sup |a(x, t + T ) − a(x, t)|.

(7.130)

Since both a(x, t) and c(x, t) are almost periodic in t uniformly with respect to
x ∈ [0, �], we will choose T ∈ R to be a common (mε)/2-almost period of c(x, t)
and mε/2A-almost period of a(x, t) corresponding to ε = min{mε/2,mε/2A}.
Then, for such T , we obtain from formula (7.130)

|V (x, t + T ) − V (x, t)| <
ε

2
+

ε

2
= ε, (7.131)

which holds true for t ∈ R and x ∈ [0, �].

We shall now consider equation (7.120) for V (x, t), and based on Proposi-
tion 7.1, we shall try to prove the existence of a bounded solution. Conditions
(1) and (2) above will be preserved, but we need to formulate adequate con-
ditions on ϕ(t) and C(x, t, u).
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Namely, it appears to be appropriate to assume the following:

(3) ϕ(t) ∈ BC(R,R).
(4) C(x, t, u) is a continuous function on D×R with values in R and satisfies

a Lipschitz type condition in its domain,

|C(x, t, u) − C(x, t, ū)| ≤ L|u − ū|, (7.132)

for some constant L > 0. Moreover, C(x, t, 0) is bounded in D.

In regard to equation (7.120), the following result holds true.

Theorem 7.12. Consider equation (7.120) in the domain D = [0, �]×R under
assumptions (1)–(4). Then there exists a unique solution V = V (x, t) bounded
on [0, �]×R = D.

Proof. Since we look for bounded solutions, it is natural to consider the inte-
gral equation

V (x, t)=
∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}
C

(
x, τ, ϕ(τ) +

∫ x

0

V (ξ, τ)dξ

)
dτ. (7.133)

This equation has as support formula (7.127), which we have used to produce
a bounded solution to the auxiliary equation (7.122). It can be seen easily
that any bounded solution of equation (7.133) is also a solution to equation
(7.122).

We can now proceed by successive approximations, keeping in mind that
we need uniform convergence in D.

Let us choose V0(x, t) ≡ 0 in D, which implies

V1(x, t) =
∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)
}

C (x, τ, ϕ(τ)) dτ. (7.134)

We note that C(x, τ, ϕ(τ)) is bounded in D because of assumptions (3) and (4).
We now construct the sequence {Vk(x, t); k ≥ 1} of functions continuous

on D according to the iterative formula (k ≥ 2)

Vk(x, t)=
∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}
C

(
x, τ, ϕ(τ)+

∫ x

0

Vk−1(ξ, τ)dξ

)
dτ. (7.135)

Formula (7.135) makes sense for every k ≥ 1 and defines the sequence
{Vk(x, t); k ≥ 1} consisting of bounded functions on D. This last property
is a consequence of the fact that C

(
x, τ, ϕ(τ) +

∫ x

0
Vk−1(ξ, τ)dξ

)
is bounded

in D for k = 1, and if we assume it to be bounded for some k > 1, then we
find from assumptions (3) and (4) that C

(
x, τ, ϕ(τ) +

∫ x

0
Vk(ξ, τ)dξ

)
is also

bounded on D.
According to the standard procedure for iteration, we can write the ine-

quality
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|Vk+1(x, t) − Vk(x, t)|

≤ L

∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}∫ x

0

|Vk(ξ, τ) − Vk−1(ξ, τ)|dξ dτ,
(7.136)

taking into account also the Lipschitz type condition for C(x, t, u) with respect
to u. Since the integral on the right-hand side of formula (7.136) is absolutely
convergent, we can change the order of integration and obtain

|Vk+1(x, t) − Vk(x, t)|

≤ L

∫ x

0

∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}
|Vk(ξ, τ) − Vk−1(ξ, τ)|dτ dξ.

(7.137)

Let us now denote dk(x) = supt∈T {|Vk(x, t) − Vk−1(x, t)|}. It is known
that this definition makes sense due to the boundedness in D of each Vk(x, t),
k ≥ 1. Moreover, each dk(x) is upper semicontinuous on [0, �]. Then formula
(7.137) allows us to write

dk+1(x) ≤ L
∫ x

0
dk(ξ)dξ

∫ t

−∞ exp
{
−
∫ t

τ
a(x, θ)dθ

}
dτ

≤ L

∫ x

0

dk(ξ)dξ

∫ t

−∞
e−m(t−τ)dτ <

L

m

∫ x

0

dk(ξ)dξ.

In other words, we have the following recurrent inequality, k ≥ 1:

dk+1(x) ≤ L

m

∫ x

0

dk(ξ)dξ, x ∈ [0, �]. (7.138)

By induction on k, one obtains in the usual manner from formula (7.138) the
inequality

dk+1(x) ≤ M

k!

(
Lx

m

)k

, k ≥ 1, (7.139)

with M ≥ d1(x), x ∈ [0, �].
Summing up the estimates above, we can write the inequalities (k ≥ 1)

|Vk+1(x, t) − Vk(x, t)| ≤ M

k!

(
L�

m

)k

, (x, t) ∈ D. (7.140)

From formula (7.140), we derive by applying the Weierstrass criterion on
uniform convergence that

lim
k→∞

Vk(x, t) = V (x, t) (7.141)

uniformly for (x, t) ∈ D. There results that V (x, t) is a continuous function
on D.

The fact that V (x, t) given by equation (7.141) satisfies equation (7.120)
can be easily checked if we note that
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lim
k→∞

∫ t

−∞
exp

{
−
∫ t

τ

a(x, θ)dθ

}∫ x

0

|Vk(ξ, τ) − V (ξ, τ)|dξ dτ = 0

uniformly with respect to (x, t) ∈ D, just using simple estimates like those
used above.

The uniqueness of the bounded solution can be obtained by means of the
usual pattern with successive approximations.

Corollary 7.3. If one assumes that the functions ϕ(t), a(x, t), and C(x, t, 0)
are almost periodic in t uniformly with respect to x ∈ [0, �], then the unique
bounded solution V (x, t) of equation (7.120) with the condition V (0, t) = ϕ(t),
t ∈ R, is almost periodic in t uniformly with respect to x ∈ [0, �].

Proof. Indeed, the conditions imposed on the data ϕ(t), a(x, t), and C(x, t, u)
being satisfied, they imply the conditions of Theorem 7.12.

On the other hand, Corollary 7.2 to Proposition 7.4 assures the almost
periodicity in t, uniformly with respect to x ∈ [0, �], of each Vk(x, t). Based
on the properties of the functions in this category given in Section 3.6 and
due to the uniform convergence in D of the sequence {Vk(x, t); k ≥ 1}, one
concludes that the limit of this sequence (i.e., the solution V (x, t)) is also
almost periodic in t uniformly with respect to x ∈ [0, �].

Since the usual interpretation of the wave equation is not applicable to
the case considered in this section, it seems adequate to provide some expla-
nations.

A physical model for which equation (7.118) is the key ingredient is pro-
vided by the passing of a gas through a tube or cylinder containing an ab-
sorbent substance. The gas has to be purified, the undesirable component
being absorbed during the passage.

The unknown function v(x, t) in equation (7.118) represents the concen-
tration of the gas in the pores of the absorbent. Since t is the time, by x one
denotes the abscissa of the section of the tube (the axis of the tube is taken
as the x-axis).

What Corollary 7.3 above states can be rephrased in the following terms:
If on the terminal cross section x = 0 of the tube we maintain a concentration
of the gas that is varying almost periodically, then this property remains valid
for any cross section of the tube (x ∈ (0, �]). In other words, the whole process
is almost periodic (uniformly with respect to x).

We shall conclude this section with the remark that for v(x, t) appearing
in equation (7.118) we easily obtain the double integral equation

v(x, t) = ϕ(t) +
∫ x

0

∫ t

−∞
exp

{
−
∫ t

τ

a(ξ, θ)dθ

}
C(ξ, τ, v(ξ, τ))dξ dτ, (7.142)

which can be treated also by the method of iteration to obtain the existence
and uniqueness of a bounded solution in D = [0, �]×R.
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7.7 Miscellanea

In this section, we shall discuss some problems concerning the existence of
almost periodic solutions or waves related to various classes of equations en-
countered in applied fields or just from an abstract point of view.

We shall start with an inhomogeneous wave equation of the form

utt − uxx = f(t, x) (7.143)

with f ∈ C(1)(R×R,R).
It is known (from any classical book on partial differential equations) that

the solution of equation (7.143) under zero initial conditions,

u(0, x) = ut(0, x) = 0, x ∈ R,

is given by the simple formula

u(t, x) =
1
2

∫ t

0

∫ x+t−τ

x−t+τ

f(τ, σ)dσ dτ. (7.144)

Formula (7.144) provides a u(t, x) that is in C(2)(R2, R) and suggests sub-
stituting into the nonlinear equation

utt − uxx = f(t, x, u) (7.145)

with zero initial conditions the following integral equation in two independent
variables:

u(t, x) =
1
2

∫ t

0

∫ x+t−τ

x−t+τ

f(τ, σ, u(τ, σ))dσ dτ. (7.146)

A solution of equation (7.145) that satisfies the zero initial conditions is
also a solution of equation (7.146), and under some regularity conditions for
f(t, x, u), including being of class C(1) with respect to all its arguments, any
solution of equation (7.146) is a C(2)-solution of equation (7.145) under zero
initial conditions.

In Section 7.6, we actually dealt with an equation similar to equation
(7.146) corresponding to a partial differential equation of hyperbolic type,
namely

utx + a(t, x)ux = f(t, x, u),

with characteristic data and considered in the strip t ∈ R, x ∈ [0, �]. We have
proven the existence of almost periodic solutions with respect to t, which may
constitute an indication that equation (7.146) is worth investigating in regard
to the existence of solutions (almost periodic or otherwise).

We also consider that equation (7.146) could be a source defining some kind
of “generalized” solution for equation (7.145). A difficulty that may occur in
investigating nonlinear integral equations such as equation (7.146) is certainly
related to the fact that the domain of integration changes with (t, x).
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We suggest that the reader try the direct investigation of equation (7.146)
in order to obtain valid results for the wave equation (7.145).

Obviously, more general wave equations than equation (7.145) can be con-
sidered, and it is right to mention the fact that they occur in applications (for
instance, damping forces involving the velocity ut). Such equations have the
form

utt − uxx = f(t, x, y, u, ut, ux), (7.147)

or in higher dimension with respect to x,

utt − Δu = f(t, x, u, ut,∇u), (7.145′)

where f is a known function, generally nonlinear. It has to be almost periodic
in t if we want to get almost periodic solutions in t.

If we preserve the zero Cauchy data for u, then equation (7.147) can be sub-
stituted by an integro–partial differential equation similar to equation (7.146)
but more difficult to handle. In the case of equation (7.146), we will need a
function space for the solution that will admit a norm expressed only in terms
of u, while if f = f(t, x, u, ut, ux), we will need a norm of Sobolev type.

We must say that the literature does not offer a large number of contribu-
tions with nonlinear f in the almost periodic case. Nevertheless, some results
are available, and we shall dwell here on the paper [104] by Rong Yuan.

Equation (7.147) will be considered in the strip R×[0, 1] under dissipative
boundary value conditions

u(t, 0) = 0, ux(t, 1) + hu(t, 1) = 0, (7.148)

where h > 0 is a real parameter.
We shall consider classical solutions to equation (7.147) under boundary

value conditions (7.148). The term classical means that

f : R×[0, 1]×R3 −→ R (7.149)

is of class C(2) with respect to all five of its arguments (t, x, u, v, w), while the
derivatives involved exist and are continuous.

The almost periodicity of f with respect to t ∈ R uniformly in regard to
(x, u, v, w) ∈ [0, 1]×R3 is understood in the sense made precise in Section 3.6.

The following existence result for almost periodic solutions to equation
(7.147), is given in the paper [104] by Rong Yuan.

Theorem 7.13. Consider equation (7.147) in the domain R×[0, 1]×I3 with
f of class C(2), and assume the following hypotheses are verified:

(1) f is almost periodic in t uniformly with respect to (x, u, v, w) ∈ [0, 1]×I3.
(2) ‖f‖C(2) is small enough. More precisely,

‖f‖C(2) = max{sup |Dαf |; 0 ≤ |α| ≤ 2} < γ, (7.150)
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each supremum being taken for (t, x, u, v, w) ∈ R × [0, 1] × I3, where
I = [−1, 1],

γ = h̄/600et̄, (7.151)

with

h̄ =

{ |h − 1||h + 1|−1, h �= −1,

1/2, h = 1,

and
t̄ = 2(1 − ln 20/ ln h̄).

Then, there exists a classical solution u = u(t, x), (t, x) ∈ R×[0, 1] of equation
(7.147) such that:

(a) u(t, x) is almost periodic (Bohr) in t∈R uniformly with respect to x∈[0, 1];
(b) mod(u) ⊂ mod(f); and
(c) u is uniformly asymptotically stable on R+.

The proof of Theorem 7.13 is entirely based on methods of classical and
functional analysis and the theory of almost periodic functions (as presented
in the preceding sections). It does require lengthy consideration and we shall
omit it, sending the reader to the paper of Rong Yuan quoted above.

We shall only mention that the proof relies on the estimate of the solution
of a linearized problem. Namely, the auxiliary equation is utt − uxx = g(t, x),
(t, x) ∈ [0, T ]×[0, 1], and the boundary value conditions are from equation
(7.148). The estimate has been obtained by Y. Shi [90], who dealt with the
case of a periodic f (covered by Theorem 7.13).

Remark 7.24. Condition (7.150) is a very restrictive one, and it shows that
the theorem is valid only for f satisfying a “smallness” condition. The nonlin-
ear case leads in some situations to results of existence of the so-called small
solutions.

We shall consider now a problem of almost periodicity related to equations
of elliptic type. In cases like the wave equation (hyperbolic) or heat transfer
diffusion, equations of parabolic type can possess almost periodic solutions.
The almost periodicity is meant with respect to t, the variable representing the
time. The elliptic equations usually describe stationary phenomena, and an
interpretation of one of the variables as time is not accommodating. Neverthe-
less, one can provide reasonable conditions that secure the existence of almost
periodic solutions to such equations.

The type of elliptic (nonlinear) equation we will consider is of the form

utt + Δu = f(t, x, u) (7.152)

in a domain R×Ω ⊂ Rm+1, where Δu is the Laplacian in m variables,

Δu = ux1x1 + ux2x2 + · · · + uxnxn
,
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and f(t, x, u) : R×Rm×R −→ R is a given function whose properties will
be specified below. The boundary value condition associated to equation
(7.152) is

u(t, x)|x∈∂Ω = 0, t ∈ R, (7.153)

the more general case where the right-hand side in equation (7.153) is a func-
tion of t ∈ R and x ∈ ∂Ω being reducible by a substitution like u = v + ũ
to the special one in equation (7.153). ũ must be a regular enough function,
such that u|∂Ω = ũ|∂Ω.

The following result, of Bohr–Neugebauer type, can be proven by using
the same approach as in the proof of the first part of Theorem 7.5, which
dealt with the heat equation.

Theorem 7.14. Consider equation (7.152) in R×Ω, with Ω ⊂ Rm a bounded
domain with a smooth boundary. Assume further that condition (b) of Theo-
rem 7.5 is satisfied. Moreover, assume that f(t, x, u) is continuous in R×Ω×R,
of class C(1) with respect to u, and fu satisfies the inequality fu ≥ μ,
λ1 + μ > 0, where λ1 is the first eigenvalue of the Laplacian in Ω. Then
any C(2)-solution of equation (7.152) bounded in the mean on R, i.e., such
that ∫

Ω

u2(t, x)dx ≤ M < ∞ (7.154)

is almost periodic as a map from R into L2(Ω) : t −→ u(t, ·) (i.e., it is Bohr
almost periodic and L2(Ω)-valued).

Proof. We shall closely follow the proof of the first part of Theorem 7.5. The
only difference is that we shall rely on the second-order qualitative inequality
from Section 6.4.

Let us denote v(t, x) = u(t+ τ, x)−u(t, x), where τ ∈ R is a fixed number
and u(t, x) is the solution of equation (7.152) whose existence is postulated in
Theorem 7.14. The function u(t + τ, x) satisfies the equation

utt(t + τ, x) + Δu(t + τ, x) = f(t + τ, x, u(t + τ))

for t ∈ R, x ∈ Ω. From the equation above and equation (7.152), we obtain
(for v) by subtraction

vtt + Δv = f(t + τ, x, u(t + τ, x)) − f(t, x, u(t, x)),

which we rewrite as

vtt + Δv = f(t + τ, x, u(t + τ, x)) − f(t + τ, x, u(t, x))

+ f(t + τ, x, u(t, x)) − f(t, x, u(t, x)).

We now multiply both sides of the last equation by v(t, x) and obtain

vvtt + vΔv = v[f(t + τ, x, u(t + τ, x)) − f(t + τ, x, u(t, x))]

+ v[f(t + τ, x, u(t, x)) − f(t, x, u(t, x))].
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Integrating both sides of the last equation on Ω, we obtain after elementary
estimates

1
2

d2

dt2

∫

Ω

v2(t, x)dx −
∫

Ω

v2
t (t, x)dx +

∫

Ω

v(t, x)Δv(t, x)dx

=
∫

Ω

v[f(t + τ, x, u(t + τ, x)) − f(t + τ, x, u(t, x))]dx

+
∫

Ω

v[f(t + τ, x, u(t, x)) − f(t, x, u(t, x))]dx.

According to Green’s formula, we can write
∫

Ω

v(t, x)Δv(t, x)dx = −
∫

Ω

|grad v|2dx,

and Poincaré’s inequality says

λ1

∫

Ω

v2(t, x)dx ≤
∫

Ω

|grad v(t, x)|2dx,

with λ1 > 0 the smallest eigenvalue of the Laplacian in Ω.
Combining the last three relations and using the mean value theorem as

well as Cauchy’s inequality, one obtains the differential inequality

1
2

d2

dt2

∫

Ω

v2(t, x)dx ≥ λ1

∫

Ω

v2(t, x)dx +
∫

Ω

fu(t + τ, x, u∗)v2(t, x)dx

−
(∫

Ω

v2(t, x)dx

)1/2 (
sup

∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx

)1/2

,

where the supremum is taken with respect to t, u ∈ R.
Let us now denote

V (t) =
∫

Ω

v2(t, x)dx (7.155)

and keep in mind that fu ≥ μ. Then the last inequality leads to

1
2

d2

dt2
V (t) ≥ (λ1 + μ)V (t)

−
√

V (t)
(

sup
∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx

)1/2

,

(7.156)

which represents a qualitative inequality of the form treated in Section 6.4.
Since V (t) is bounded in R, according to formulas (7.154) and (7.155), from
formula (7.156) we derive for t ∈ R

V (t) ≤ (λ1 + μ)−2 sup
t,u

∫

Ω

|f(t + τ, x, u) − f(t, x, u)|2dx.
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The last inequality above and equation (7.155) lead to the concluding
inequality

∫

Ω

|u(t + τ, x) − u(t, x)|2dx

≤ (λ1 + μ)−2 sup
t,w

∫

Ω

|f(t + τ, x, w) − f(t, x, w)|2dx,

with the supremum taken for t, w ∈ R.

Remark 7.25. The supremum taken for w ∈ R is a strong requirement. Un-
fortunately, it is not possible to substitute into it an assumption of the form
w ∈ I ⊂ R with I a bounded interval. Indeed, a function u(t, x) satisfying
formula (7.154) may not be bounded on R×Ω.

Results concerning the almost periodicity of solutions of elliptic equations
are available in the literature (see, for instance, Zaidman [107]).

We shall conclude this section with some considerations regarding almost
periodicity in parabolic (heat) equations of the form encountered in Section
7.3 with only one spatial dimension,

uxx = ut + f(x, t, u), (7.157)

in the strip (x, t) ∈ R×[0, T ], T > 0.
To equation (7.157) one attaches the initial condition

u(x, 0) = u0(x), x ∈ R, (7.158)

and since we look for solutions that can be candidates for almost periodicity
(with respect to x ∈ R), we do not impose boundary value conditions. Or, as
sometimes appears in the literature, the boundary conditions are at ±∞, and
they require boundedness of u(x, t).

The treatment of the problem is inserted in our book [23], and it relies
on the so-called method of lines. This method is a reduction procedure of
problems in partial differential equations to similar problems for systems of
ordinary differential equations.

In the case of equation (7.157), this method can be presented in the fol-
lowing manner. First, we discretize in equation (7.157) with respect to t,
substituting into ut the quotient h−1[u(x, t + h) − u(x, t)] with nh = T . We
fix h as shown in nh = T , which means h → 0 as n → ∞. We denote tk = kh,
k = 0, 1, . . . , n. The “approximate” value for u(x, tk) will be denoted by uk(x),
k = 1, 2, . . . , n. The ordinary differential system for uk(x), k = 1, 2, . . . , n,
will be

d2uk

dx2
= h−1[uk − uk−1] + f(x, tk, uk−1), (7.159)

where u0(x), x ∈ R, is assigned according to equation (7.158). The system
(7.159) is a recurrent one, and since u0(x) is assigned, we can determine each
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uk(x), k = 1, 2, . . . , n. We need to consider only bounded solutions on R for
equation (7.159) due to the fact that an almost periodic solution of equation
(7.157) is bounded in the strip (almost periodicity in x uniformly with respect
to t ∈ [0, T ]).

In order to prove that uk(x) is indeed approximating u(x, tk), k =
1, 2, . . . , n, we will examine the “errors” occurring in the process. Namely,
let us denote for k = 1, 2, . . . , n,

εk(x) = u(x, tk) − uk(x). (7.160)

One can find by means of elementary calculations the system for εk(x),

d2εk(x)
dx2

− h−1εk(x) = h−1εk−1(x) + rk(x), (7.161)

taking into account equation (7.157) for t = tk and system (7.159). The term
rk(x) is given by the formula

rk(x)= ut(x, tk) − h−1[u(x, tk) − u(x, tk−1)] + f(x, tk, u(x, tk))

− f(x, tk, uk−1(x)), k = 1, 2, . . . , n.
(7.162)

In order to estimate εk(x), we need to state the hypotheses on the data. These
hypotheses are:

1. f(x, t, u) is almost periodic in x uniformly with respect to (t, u) ∈
[0, T ]×[−A,A], A > 0, and is Lipschitz continuous in u.

2. u0(x) is (Bohr) almost periodic.
3. u(x, t) is a solution of equation (7.157) in the strip R×[0, T ] satisfying

equation (7.158), and such that both u and ut are uniformly continuous
in the strip with modulus ω(h).

Theorem 7.15. If conditions (1), (2), and (3) above are verified, then the
solution u(x, t) of equation (7.157), |u(x, t)| ≤ A, (x, t) ∈ R×[0, T ], is almost
periodic in x uniformly with respect to t ∈ [0, T ]. The approximation procedure
is valid, and for some M > 0 one has

sup |εk(x)| ≤ Mω(h), k = 1, 2, . . . , n, (7.163)

M being independent of n.

Proof. We shall first prove the convergence of the approximation method
(of lines). Each equation (7.161) has the form

d2y

dx2
− α2y = f(x), x ∈ R, (7.164)

with α > 0 a positive number. When f(x) is bounded on R, there exists only
one solution of equation (7.164) bounded on R. It is given by the formula
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ỹ(x) = − 1
2α

{
eαx

∫ ∞

x

e−αtf(t)dt + e−αx

∫ x

−∞
eαtf(t)dt

}
,

which can be obtained by variation of parameters, and it satisfies the estimate

‖ỹ‖ ≤ α−2‖f‖, (7.165)

where ‖ · ‖ stands for the supremum norm (on the whole R).
If we apply these simple facts to equation (7.161), there results

‖εk‖ ≤ ‖εk−1‖ + h‖rk‖, k = 1, 2, . . . , n. (7.166)

Based on our assumptions, including the Lipschitz type condition for f(x, t, u),
namely

|f(x, t, u) − f(x, t, v)| ≤ L|u − v|, (7.167)

(x, t, u), (x, t, v) ∈ R×[0, T ]×[−A,A], and using in estimates the modulus of
(uniform) continuity ω(h), we obtain for ‖εk‖ the inequality

‖εk‖ ≤ (1 + hL)‖εk−1‖ + (1 + L)hω(h), (7.168)

which holds true for k = 1, 2, . . . , n. Of course, ‖ε0‖ = 0. By recursion, from
formula (7.168) we obtain the estimate

‖εk‖ ≤ ω(h)(1 + L)L−1[(1 + hL)n − 1] (7.169)

for k = 1, 2, . . . , n. From formula (7.169), we get the final estimate (7.163),
taking into account that nh = T and choosing M = (1+L)L−1(eLT −1). The
procedure based on the method of lines is thus justified.

We shall now use the result above in order to prove the almost periodicity
of the solution u(x, t), whose existence is postulated in the statement of Theo-
rem 7.15.

First, let us note the simple fact, directly following from the estimate
(7.165) for each difference uk(x+ξ)−uk(x), x ∈ R and ξ ∈ R fixed, that each
uk(x), k = 0, 1, . . . , n, is almost periodic.

Then, we rely on the following elementary inequality and the validity of
the method of lines (see above). We can write the inequalities

|u(x + ξ, t) − u(x, t)|≤ |u(x + ξ, t) − u(x + ξ, tk)|
+ |u(x + ξ, tk) − uk(x + ξ)| + |uk(x + ξ) − uk(x)|
+ |uk(x) − u(x, tk)| + |u(x, tk) − u(x, t)|
≤ 2(M + 1)ω(h) + |uk(x + ξ) − uk(x)|.

In the inequality above, for each t ∈ [0, T ] one must choose a k such that
|t − tk| ≤ h. Then h must be “small enough” or n large enough (because
nh = T ). Finally, ξ must be chosen to be a common almost period to all
uk(x), k = 0, 1, . . . , n, for the large n fixed as indicated above. In this way, the
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left hand side in the inequalities above can be done arbitrarily small, which
proves the almost periodicity of u(x, t). The argument above in fact shows the
almost periodicity with respect to x uniformly with respect to t ∈ [0, T ].

This ends the proof of Theorem 7.15.

Remark 7.26. The method of lines can be used to prove the existence of
solutions to partial differential equations. An illustration can be found in
V. I. Smirnov [91].

7.8 Quasi-periodic Waves

We have defined the quasi-periodic functions in Section 4.6 and noted that
they are almost periodic functions whose set of Fourier exponents contains
a finite basis. The elements of any basis are linearly independent, and in
this case we mean linear independency over the field Q of rationals. If the
basis consists of a single element, we obtain the periodic functions. It appears
natural to deal first with quasi-periodic solutions and waves on the scale of
complexity from periodic to almost periodic.

It appears, when examining the recent literature, that this is really the
case. The papers dealing with quasi-periodic waves outnumber those related
to the general concept of almost periodicity. In the general case of almost
periodicity, one has to deal with modules of Fourier exponents having infi-
nite (but countable!) basis, a feature that complicates the discussion of the
properties.

The quasi-periodic functions were discovered and their theory was devel-
oped before Bohr presented his theory of almost periodicity during the years
1923–1925. It is admitted that the creators of quasi-periodicity were P. Bohl
and E. Esclangon (see our book [23] for more details). In regard to applica-
tions, these authors were concerned only with ordinary differential equations.

We shall review in this section some results obtained during the last 20–30
years, leaving aside the proofs. Usually, they are rather lengthy, and may rely
on facts or results not included in our exposition.

Besides the classical wave and heat equations, known for about two cen-
turies and closely investigated in relation to their physical interpretation, we
shall also consider the Schroedinger equation, which constitutes the basic tool
in quantum mechanics. Some authors claim that the Schroedinger equation
plays the same role in quantum mechanics as Newton’s equation ma = F in
classical mechanics.

The Schroedinger equation is not deducible in the same way as wave or
heat equations but should be regarded as a postulate in developing quantum
mechanics. It is motivated by its consequences, such as Schroedinger’s famous
paper of 1926 “Quantisierung als Eigenwertproblem,” published in volume 79
of Annalen der Physik, in which Planck’s theory of quanta is theoretically
founded.
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The Schroedinger wave equation in the three-dimensional case can be writ-
ten in the form

h2

8mπ2
Δψ − Pψ =

h

2πi

∂ψ

∂t
(7.170)

with

Δψ =
∂2ψ

∂x2
+

∂2ψ

∂y2
+

∂2ψ

∂z2
,

h standing for Planck’s constant (in many sources, one finds �), and P denotes
the potential energy of the particle associated with the wave, P = P (x, y, z).
The function ψ has a probabilistic interpretation.

In one spatial dimension, the Schroedinger wave equation becomes

h2

8mπ2

∂2ψ

∂x2
− Pψ =

h

2πi

∂ψ

∂t
, (7.171)

and this form is often used in studying problems in quantum mechanics. The
higher-dimensional case presents difficulties, and we do not attempt to discuss
it in this section.

In the mathematical literature, the Schroedinger equation is “reduced” to
the standard form

iut = uxx − V (x)u − N(u), 0 ≤ x ≤ π, (7.172)

under boundary value conditions

u(t, 0) = 0, u(t, π) = 0, t ∈ R. (7.173)

The term N(u), generally nonlinear, can be regarded as a perturbation of the
linear Schroedinger equation iut = uxx − V (x)u.

The problem of constructing almost periodic solutions to equations of the
form (7.172) is treated by many authors. We shall mention here a paper by
J. Pöschel [81] and another by J. Bourgain [16], both authors being interested
in almost periodic solutions and quasi-periodic ones. The latter are viewed
as “approximate” solutions, a fact that agrees with the property stating the
possibility of approximating any almost periodic solution by means of trigono-
metric polynomials (and these are the simplest quasi-periodic functions).

In J. Pöschel’s paper [81], the potential V (x) is chosen in L2([0, π], R)
with strictly positive Dirichlet eigenvalues. This set of potentials is open in
L2([0, π], R). The nonlinearity N(u), which should normally be of the form
f(|u|2)u, will be replaced by

N(u) = Ψ(f(|ψu|2)ψu), (7.174)

where ψ stands for a smoothing convolution operator (u −→ ψ ∗ u) with ψ
an even function of a special type, while u is extended to R to become an
odd 2π-periodic function. The function f is real analytic in a neighborhood
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of zero with f(0) = 0. The nonlinearity (7.174) is chosen such that equation
(7.172) becomes Hamiltonian with

H =
1
2
〈Lu, u〉 +

1
2

∫ π

0

F (|ψ|2)dx,

where L = −d2/dx2 + V and F =
∫ x

0
f(ξ)dξ.

The solution to equation (7.174) under the conditions mentioned above is
sought in the form of a series, namely

u(t, x) =
∑

k

Uk(x)ei(k·ω)t, (7.175)

where ω = (ω1, ω2, . . . , ωm, . . .) is an infinite sequence of rationally indepen-
dent frequencies, while k = (k1, k2, . . . , km, 0, 0, . . .) stands for any sequence
of integers with only finitely many nonzero elements. k · ω stands for a finite
sum: k1ω1 + · · · + kpωp with km = 0 for m > p.

We can now state the following result of existence for almost periodic
solutions to equation (7.172).

Theorem 7.16. Consider equation (7.172) with boundary conditions (7.173)
and nonlinearity (7.174), the potential V (x) being as described above. Then,
there exist uncountably many almost periodic (in t) solutions of the problem
of the form (7.175) for “almost all” potential V (x). Such solutions belong to
the class of “small” solutions.

Remark 7.27. It is necessary to provide some explanations for the terms
in quotation marks. First, by “almost all” potentials V (x), of course in the
class described above we mean that the set of these potentials for which the
conclusion of Theorem 7.16 may not be true has (probabilistic) measure zero
in L2

+([0, π], R). Such measures are defined in the paper of J. Pöschel [81].
Regarding the term “small,” we can make it more precise by saying that

any neighborhood of u ≡ 0 in the Sobolev space H1
0 ([0, π], C) contains such so-

lutions. This implies, of course, that not only is u small but its first derivatives
also.

Remark 7.28. In Bourgain’s paper [16], the nonlinearity has a slightly diffe-
rent form, namely

N(u) = εf(u), (7.176)

where f(u) stands for a polynomial with adequate properties. The proof of
existence of an almost periodic solution is based on the construction of some
quasi-periodic approximate solutions. The case of a one-dimensional spatial
dimension is dealt with, and different methods are displayed. The potential
V (x) is assumed even and periodic.

A recent contribution to the existence of a quasi-periodic solution to the
Schroedinger nonlinear equation is due to Jiansheng Geng and Yingfei Yi [44].
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They also deal with the polynomial potential. The paper contains a good deal
of references to this type of equation, covering various cases for the potential
function and the nonlinearity.

Let us now consider the wave equation

utt − uxx + V (x)u + εu3 = 0 (7.177)

under conditions (7.173). The solution is sought in the semistrip 0 ≤ x ≤ 1,
t ≥ 0, with the potential function V ∈ L2([0, π], R). It is assumed that ε is a
small parameter.

By means of a celebrated method known as the KAM (Kolmogorov,
Arnold, Moser) method, C. E. Wayne [99] constructed periodic and quasi-
periodic solutions to equation (7.177). The equation is reduced to an equiva-
lent Hamiltonian system (see above in the case of the Schroedinger equation).
This system is infinite-dimensional, and the solutions are represented by se-
ries similar to those encountered in classical texts (separation of variables)
but made much more complicated by the nature of the problem.

Equation (7.177) for ε = 1 is studied in a recent paper by Xiaopin Yuan
[105]. The boundary value conditions are again of the form (7.173), and the
author proves the existence of a family of quasi-periodic solutions for equations
(7.177) and (7.173). One uses the reduction to Hamiltonian systems and the
KAM method to construct such solutions.

The existence result for L2-potentials V is also valid for more complex
equations than equation (7.177), namely

utt − uxx + V (x)u = ±u3 +
∑

m≥k≥2

aku2k+1, (7.178)

in which ak’s are some real numbers and m > 2 is a positive integer.
Another recent significant contribution in constructing quasi-periodic so-

lutions to certain wave equations is due to J. Pöschel [82]. More precisely, he
considers the wave equations of the form

utt = uxx − mu − f(u) (7.179)

under boundary value conditions (7.173). The author constructs families of
quasi-periodic solutions of the form (7.175) but somewhat simpler. Indeed, in
this case there are only finitely many rationally independent frequencies, say
ω1, ω2, . . . , ωn, and the solution (if any) must be representable as

u(t, x) =
∑

lk∈Zm

eik·ωtUk(x), (7.180)

where k · ω = k1ω1 + k2ω2 + · · · + knωn with (k1, . . . , kn) ∈ Zn.
The quasi-periodic solutions constructed are of “small” amplitude, as men-

tioned in Remark 7.28 to Theorem 7.16 above.
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The nonlinear function f(u) in equation (7.179) is analytic and somewhat
more general than the right-hand side of equation (7.178):

f(u) = au3 +
∑
k≥5

fkuk, a �= 0. (7.181)

The main result of J. Pöschel [82] states that, for all m > 0, the quasi-
periodic solutions to equation (7.179) can be regarded as forming a Cantor
manifold that has full density at the origin. Moreover, this set of solutions is
contained in the space of real analytic functions on [0, π] with respect to x.
Further properties of the manifold of solutions are established.

Remark 7.29. Equation (7.179), for m > 0, has also been investigated re-
cently, by Zhenguo Lian and Jiangong You [64]. This paper, besides further-
ing the investigation of equation (7.179), contains results on the existence of
quasi-periodic solutions for the fourth-order beam equation (1-dim)

utt + uxxxx + mu + f(u) = 0, m > 0,

the nonlinearity f having the form

f(u) = au2p+1 +
∑

k≥p+1

f2k+1u
2k+1, a �= 0, p ≥ 1.

This paper contains a list of references in which most major contribu-
tors to the problem of existence of quasi-periodic solutions to the wave or
Schroedinger equations are included (J. Bourgain, L. Chierchia, W. Craig,
C. E. Wayne, S. B. Kuksin, J. Pöschel, Q. Qiu, J. Xu, and others). An inspec-
tion of the Web will help the reader get plenty of items related to this type of
problem.

An interesting contribution to the problem we discuss in this section is
due to P. A. Vuillermot [97], who dealt with quasi-periodic soliton solutions
to the nonlinear Klein–Gordon equation

utt = uxx − g(u) (7.182)

in the case of two spatial dimensions: x = (x1, x2), x1, x2 ∈ R, u = u(t, x1, x2).
One associates a higher-order dynamical system to equation (7.182), and by
a delicate and deep approach without using KAM methods, one obtains the
existence of quasi-periodic solutions to equation (7.182). First, from the as-
sociated dynamical systems, one obtains multiple periodic solutions and then
one takes their values on a line (see Section 4.6, where quasi-periodic functions
are defined).

To conclude the discussion concerning the quasi-periodic or almost periodic
solutions to wave type equations, we will emphasize the fact that this kind
of solution can be obtained by writing the partial differential equation as an
equation in a Banach or Hilbert space. We have briefly illustrated this aspect
in Section 7.5.
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The mathematical literature, in book form, offers the following items:
L. Amerio and G. Prouse [3], A. Haraux [48], and Y. Hino et al. [50].

An early paper of C. M. Dafermos [33] treats the problem of almost
periodicity for the wave equation in this manner by studying it for the abstract
equation in a real Hilbert space H,

(Au̇)˙ + Bu̇ + Cu = θ, u = u(t), t ∈ R,

where A,B,C are linear operators. A and B are acting on H, while C is acting
from V ⊂ H to V ′, V standing for a Hilbert space V ⊂ H, the inclusion being
topologic and algebraic.

In the remaining part of this section, we shall consider only parabolic
equations. As illustrated in Section 7.3, for such equations (heat, diffusion),
the problem of almost periodicity makes sense, a fact that is in agreement
with physical reality.

We point out that the literature is not as rich for these evolution equations
as in the case of wave equations.

First, we shall consider the classical equation of heat (or diffusion) of the
form

ut(x, t) = Duxx(x, t) + f(u(x, t), t), (7.183)

where D > 0 is constant, while f(u, t) is almost periodic in t, t ∈ R, uni-
formly with respect to u in any bounded set of R (see Section 3.6). A less
common hypothesis is that equation (7.183) is bistable. This means that the
auxiliary equation du/dt = f(u, t) has exactly three almost periodic solutions,
say uf

−(t), uf
+, and uf

0 (t), such that

uf
−(t) < uf

0 (t) < uf
+(t), t ∈ R. (7.184)

Moreover, it is assumed that uf
−(t) and uf

+(t) are stable, while uf
0 (t) is unsta-

ble. It is obvious that all three solutions of formula (7.184) are also solutions
of equation (7.183) independent of x.

A classical solution that has the form

u(x, t) = U(x + c(t), t), (7.185)

where U(x, t) and c′(t) are almost periodic with respect to t, seems to be the
right candidate for a generalization of a traveling wave. U(x, t) is the wave
profile, and c′(t) is the velocity of propagation.

A solution of the form (7.185) with the properties stated above is called
an almost periodic traveling wave solution of equation (7.183).

The aim of the author is to prove the existence of such solutions, con-
necting the two stable solutions of equation (7.183). More precisely, the term
connecting means

lim
x→±∞

U(x, t) = uf
±(t), t ∈ R,

uniformly in t ∈ R.
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Wengsian Shen [89; I, II] studies in depth the basic problems related to
equation (7.183) and its almost periodic solutions that constitute periodic
traveling waves (in particular, those called wave-like solutions). The basic
aspects dealt with are existence, stability, and uniqueness. Some similar equa-
tions are also investigated.

Theorem 7.17. Under the above-mentioned conditions on f(u, t) and the ex-
istence of three almost periodic solutions satisfying formula (7.184), there ex-
ists an almost periodic traveling wave solution of equation (7.183), u(x, t) =
U(x + c(t), t), connecting the two stable almost periodic solutions. Also, the
module containment relations

m(c′(t)),m(U(x, t)) ⊂ m(f)

take place for each x ∈ R.

In a paper by Fengxin Chen [21], a more complex equation than equa-
tion (7.183) is investigated that preserves the almost periodicity assumption
as well as the existence of bistable almost periodic solutions to ut = f̃(u, t).
Equation (7.183) is substituted by

utt = Duxx + f(u, J1 ∗ s1(u), . . . , Jp ∗ sp(u), t),

with Jk ∗ sk(u)(x, t) =
∫

R
Jk(x − y)sk(u(y, t))dy, k = 1, 2, . . . , p, Jk ∈ C(1),

and nonnegative, while sk(u) are given smooth functions. f̃(u, t) is defined by
f̃(u, t) = f(u, s1(u), . . . , sp(u), t).

The definition of an almost periodic traveling wave solution being the same
as above, the aim of the author is to construct such solutions connecting the
bistable almost periodic solutions u = uf̃

−(t) and u = uf̃
+(t).

The case where f(u, v1, . . . , vp, t) is almost periodic in t uniformly with
respect to other variables in bounded sets is conducive to a positive answer
for the problem of existence. This paper follows step by step the papers of
Wengsian Shen [89; I, II], but the dependencies of the right-hand side have a
global character.

Early results concerning parabolic evolution equations were obtained start-
ing in the 1960s by the Milano school of almost periodic functions and their
applications (L. Amerio, G. Prouse, M. Biroli, and others).
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Fréchet, 25
functions, 28, 38
Hilbert, 23
linear, 20
Marcinkiewicz, 43, 45
metric, 15

compact, 19

complete, 17
completion of, 34
convergence in, 16
relatively compact, 77

normed, 21
uniformly convex, 15

Stepanov, V. V., v, 40, 61
system

gradient type, 208
perturbed, 225
quasilinear, 185

theorem
Bohr–Neugebauer, v, 151, 231, 289

trigonometric polynomial, 18

vibrating string, 249

wave
equation, 5, 82, 247
heat, 256
in solids, 243, 247
linear, 267
mildly nonlinear, 274
periodic, 251
quasi-periodic, 294
solitary, 5, 251
traveling almost periodic, 299

Weyl, H., v, 88


	0387098186
	Contents
	Preface
	1. Introduction
	2. Metric Spaces and Related Topics
	2.1 Metric Spaces
	2.2 Banach Spaces and Hilbert Spaces
	2.3 Function Spaces: Continuous Case
	2.4 Completion of Metric Spaces
	2.5 Function Spaces: Measurable Case

	3. Basic Properties of Almost Periodic Functions
	3.1 The Space AP[sub(1)](R, C)
	3.2 The Space AP(R, C)
	3.3 The Space S(R, C)
	3.4 Besicovitch Spaces; the Mean Value
	3.5 The Space AP(R,X), X-Banach Space
	3.6 Almost Periodic Functions Depending on Parameters
	3.7 Variations on the Theme of Almost Periodicity

	4. Fourier Analysis of Almost Periodic Functions
	4.1 General Remarks
	4.2 The Fourier Series Associated to an Almost Periodic Function
	4.3 Convergence of Fourier Series
	4.4 Summability of Fourier Series
	4.5 Fourier Series of Almost Periodic Functions in Banach Spaces
	4.6 Further Topics Related to Fourier Series

	5. Linear Oscillations
	5.1 The Equation &#7819;(t) = f(t)
	5.2 Weakly Almost Periodic Functions
	5.3 The Equation &#7819; = f(t) in Banach Spaces
	5.4 Linear Oscillations Described by Ordinary Differential Equations
	5.5 Linear Periodic and Almost Periodic Oscillations in Systems Described by Convolution Equations
	5.6 Further Results on Almost Periodic Oscillations in Linear Time&#8211;Invariant Systems
	5.7 Almost Periodic Oscillations in Linear Time-Varying Systems

	6. Almost Periodic Nonlinear Oscillations
	6.1 Quasilinear Systems
	6.2 Separated Solutions: Amerio's Theory
	6.3 The Second-Order Equation of Nonlinear Oscillations (Liénard's Type)
	6.4 Equations with Monotone Operators
	6.5 Gradient Type Systems
	6.6 Qualitative Differential Inequalities
	6.7 Further Results on Nonlinear Almost Periodic Oscillations; Perturbed Systems
	6.8 Oscillations in Discrete Processes
	6.9 Oscillations in Systems Governed by Integral Equations

	7. Almost Periodic Waves
	7.1 Some General Remarks
	7.2 Periodic Solitary Waves in One-Dimensional Hyperbolic and Parabolic Structures
	7.3 Almost Periodic Heat Waves
	7.4 Almost Periodic Waves; a Linear Case
	7.5 Almost Periodic Waves; a Mildly Nonlinear System
	7.6 A Case with Data on Characteristics
	7.7 Miscellanea
	7.8 Quasi-periodic Waves

	References
	Index
	A
	B
	C
	D
	E
	F
	G
	M
	O
	P
	R
	S
	T
	V
	W



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.001 841.997]
>> setpagedevice




